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A NOTE ON THE ROLE OF MONEY IN PROVIDING SUFFICIENT INTERMEDIATION *

by D. Cass and M. E. Yaari

I. Introduction

In his 1958 article on consumption loans Samuelson [5] showed that
the dynamic competitive equilibriwm involving only trade may not be Pareto
optimal. Later Diamond [4] extended Samuelson's result, and showed that the
dynemic competitive equilibrium involving both production and trade may not
even be efficient. Both Samuelson and Diamond took the position that, because
their models assume that the economy continues indefinitely, their results
must be intimately related to the presence of "infinity."

To the contrary, in two recent pepers we [2,3] have argued that
invoking the presence of "infinity" to explain such phenomena is, while perheps
not wrong, certainly misleading. Our central position rests on the following
argument: BSuppose we have a dynamic model which is infinite and in which the
competitive equilibrium is inefficient (end, a fortiori, not Pareto optimal).

If sufficient intermediation is now admitted into the model, then the difficulty
disappears; efficiency and, indeed, Pareto optimality are assured. This point

was in fact recognized by Samuelson. What neither he nor Diamond did recognize

wes that this situation is not peculiarly associated with the presence of "infinity."
In particular, we have demonstrated that it is possible to construct an analogous

static model which is finite and in which the competitive equilibrium is efficient.

* This paper reports on research carried out under a grant from the National
Science Foundation. A preliminary version was presented at the Symposium on
Optimum Economic Growth held at the University of Chicago during August 1966.
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and Pareto optimal again only when there exists sufficient intermediation (see
Section X of [2]). What can be concluded? Simply that a more pertinent in-
terpretation has to do with the function of markets in intermediating indirect
trade between individuals when direct trade is not possible or desirable,

for example, by means of the use of money.

The purpose of the present paper is to explore further the role of
money in providing suffliclent intermediation, For this purpose we again utilize
a model similar to the simplest of Samuelson's two, as it appears that further com-
Pplications involving such things as technology, preferences or population do
not significantly alter our main conclusions. These are first, that with a
fiat money (i.e., & money which is accepted in trade by virtue of convention)
even positive equilibrium prices of money may not be sufficient 3/3 while by

contrast, second, that with a commodity money (i.e., & money which is accepted in

trade by virtue of intrinsic value) simply mere existence is sufficient.

IX. The Model

People live for two periods, earning a fixed income of one unit of
output in thelir first period and nothing in their second. Output is just a
good which thus appears and which can be elther costlessly storsd or consumed,.
The other good in the model is money; which exists in a given stock M and

which can be bought and sold for output at the nonnegative price Pt at time t .

The group of people born at time t consists of (l+n)t members,
where the nonnegative nmumber n is thus the population growth rate. This

group will be referred to as generation t ., The members of generation t are

}/ We have previously noted this result in a more elaborste model (see Section
VII of [3]).
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jdentical in all respects. Let Ci be first period consumption, Ci be second

period consumption, Xt be first period inventory of output and M% be first

reriod stock of money for a member of generation t . Then the opportunities

open to him can be summarized in the budget equations and nommegativity constraints

1
(1) C, + X +BM =1
CE=X + P M
t + t+1 "¢
1> 2> > >
Ctzo’ct:O,Xt':O’Mt:O-

Here we introduce the assumption which carries the present discussion
beyond those cited above. Namely, & member of generation + 1is assumed o
evalute his opportunities according to a utility function depending on his first
and second period consumptions and his first period stock of money

>
(2) U(cl s c_"; s Mt) defined for c,JG“ 20 s ci 20 and M =0 .

The utility function U 1s common to all generations. In addition to being twice

differentigble, it exhibits the following properties: a) Positive and finite

merginal utility of consumption:

(3) O<—§CHi<m for o<ci<», 1=1,2;
t

b) Generalized diminishing marginal rate of substitution:

2
't 2

. >
(4) {ci ; E,mM i vl const., ok 2 0, C

> > .
L0 My A =0, Mt =O}- is & strictly convex set

¢) Bounded rate of time discount:
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1
C
(5) for some -1 <p<wew, if P 1, then S o '2/
act " ack c?
t t t

Regarding the marginel utillty of money, we will conslder twe poler situations,
first, that in which money never has intrinsic value or is a fiat money,

3U
(6) =0,
B—M-t

end second, that in which money always has intrinsic value or 1s a commodity
money,

ou > > 3/
(7) for some u>0 §ﬁ£ =y for M, =0 .

What we have in mind for the latter is a nonreproducible and completely durable
consumption good (i.e., an ideslization of residentiml land or rare minerals).
To complete the model we assume that a member of generation + acts
g0 as to meximize his utility subJject to his oportunities. Applying a variant
of the Kuhn-Tucker theorem to this constrained maximization problem (see Arrow
and Enthoven {1]) , and simplifying the result, thus leads to the marginal
conditions describing the behavior of a member of generation t (besides the

budget equetions end nonmegetivity constraints (1)):

1
2/ S 37, U
Notice that our notion of the rate of time discount (—§ - Lgiven =/ = = 1)
c 3, 35
simply reverses the roles of consumption and marginel uwtility in.the standard
c
EE%/ aﬂé -1 given — =1,
aC

t t Cy

This assumption consideraebly cimplifies the argument in the latter part of Section
V. Though pretty innocuous as it stands, it is probably unnecessarily stringent.

o b

definition of the rate of time preference (

é/With a given stock of money and an indefinitely growing population, the interme-
diate situation in which money has intrinsic value only up to & point eventually
reduces, for all practical purposes, to the second of these two polar situations.



(8) 312- s éy-l- , with equality for X_ >0
3¢ 3¢
% %
and
J ol
(9) 5‘—’ s Py —l{l - P _ay_é ,  With equality for M >0 ,
% act act

There are several possibilities for describing competitive equilibrium
in the dynamic model Jjust outlined, depending on the further specification of the
beginning and the ending of the economy. Our purpose 1s best served by assuming
that the economy hes a definite beginning at period + = Q but an indefinite
ending with period t + « , Then, at the start of period t = 0 we have an older
generation -1 whose members have stored an inventory of output X-l £0 and
have created (condition {6) ) or collected (condition (7) )} a stock of money
Ngl = (1+n) M, and a younger generation O whose members have earned an income
of output 1 . As the only market is that for money, while a member of generation
-1 will sell his money at any nonnegative price, the equilibrium conditions in

this economy are simply the market clearing relations,
(10) (14n)° M, S M, with equality for B, >0,

for each period t =0 , 1, ¢oe »

We now turn to an investigation of the properties of this dynamic
competitive equilibrium under the alternative assumptions of a fiat or a commodity

money.

III. Equilibrium with a Flat Money

To begin with suppose that the utility function (2) satisfies condition
(6). The striking thing about equilibrium under this hypothesis is that, as
noted in the introduction, it msy be inefficient. This property follows from the

fact that the necessary and sufficlent condition for inefficiency in the economy



with flat money is that

(11) for some X >0 there isa T < such that (l+n)X, ZX for t 27T,
an aggregate inventory of output be maintained idefinitelyo&/ Thus, for example,
it is easily seen that when the price of money is identically zero, there is an
equilibrium which, because a member of generation t can save only by storing

an inventory of output, is lnefficient.

The central ldea of this last example can be extended to cases where
the price of money remains positive forever, Roughly speaking, the ides 1s simply
that, with a given stock of flat money, if the price of money is too low, then s
member of generation t can enjoy an optimal lifetime consumption pattern oniy
by storing both an inventory of output and & stock of money, For simplicity let

us consider just the equilibrla in which

(12) B,=P >0 for t=0, 1, ...,

the price of money 1s positive and constant, Faced with such prices, all genera-
tions behave identically, or the economy is stationary (so that we can ignore the
time subscript). Moreover, by adding together the budget equations in (1), we see
that a member of any generation can now consume only those combinations (c::L 5 CE)

satisfying the overall budget eguation

(13) trcfal .

Hence, he will save precisely
1
(1k) 1-¢ >0,

his second period consumption, and his optimality condition (8) must hold with

equality, or, he will consume that combination (Cl , 1 - Cl) for which

Y A formal proof of this theorem is provided in the Appendix to [2].
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b
Bcl
his marginel rate of substitution is exactly one. It follows directly, that, if
(16) O<PM<] - CF,

the price of money is such that a member of generation O must save in both
forms, then

(17) (l—t-n)t X, = (l+n)t (1«01) SPMZ1-Cl-PM>0 for %= 0,100,

an aggregate inventory of output is maintained forever. In other words, for any
positive price of money satisfying condition (16), there is an equilibrium which

is inefficient.

We remsrk for emphasis that none of the foregoing is peculiar to the
present éort of model. Yor example, it is easy'torconstruct a static model with
fist money (along the lines of the model analyzed in Section X of [2]) ) which is
finite, but in which, even though the price of money (in terms of an arbitrarily
chosen numeraire good) is positive, reasonable reserve constraints may entall
that competitive equilibrium is inefficient.

To sumarize the main point of this section : A fiat money may not
provide sufficient intermediation to insure that competitive equilibrium yields
an efficient allocation of resources. And, in particular, this result can occur

even when the price of money in terms of goods is positive.

IV. Equilibrium with a Commodity Money

If we now drop condition {6) and assume instead condition (7) then an
interesting result emerges. Namely, in the economy with commodity money the

equilibrium must be efficient and, indeed, Pareto optimal.

To see this result, cbserve initially that such an economy will surely
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be inefficient unless generation t holds the entire stock of money. However,
provided 1t dees so, condition (11) is sgain necessary and sufficient for in-
efficlency. Now, in equilibrium, generation *t mt in fact hold the entire
stock of money (i.e., the market clearing relation (10) must hold with equality).
For suppose that in some period + the price of money were zero. Then each member
of generation t cculd demand an arbitrarily lerge amount of money, and would,

by virtue of the assumption of conditlon (7), in general demand an amount grester
than that available (M/ (l—l-n)t) . That is, there would be an excess demand for
money, or, the money market would not be in equilibrium. Thus, we conclude that

we need only concern ourselves with the second possibility for inefficiency of

equilibrium,

Suppose then that, in eguilibrium, aggregate inventories of output

satisfy condition (11). Then it must be the case that

(18) P, >PB,, for t =17, T+, ..o,

after period t = T the price of money is always falling, as otherwise in some
period t 2T the real rate of return on money (]?,G +1/Pt - 1) would be at least
as large as the real rate of return on output (O) , and a member of that period's
generation would clearly prefer to hold only the former because it also has
intrinsic velue. But as the decreasing sequence (18) is bounded below by zero,

the price of money must converge to some nonnegative value P,

(29) lim B, =P 20 .

tober v
Now conslder what must characterize the optimel lifetime allocation of a member
of generation t 2 T given that (11), (18) and (19) prevail in equilibrium,
On the one hand, (11) and (18) imply that the marginal conditions (8) ard (9)

describing his optimum are satisfied with equality, or, substituting from (8) into



(9), that

U ou U
(20) =(P -P _.) == (=(P ~P ) =),
ﬁ(b Tt t+1 ac% t 41 ac,f

On the other hand, (19) implies that, as the generation becomes sufficlently
distant, his marginal wtility of money (20) becomes arbitrarily small, or,
explicitly applying (19) to (20), that

30 3/

(21) lim =0 .

But our conclusion (21) is inconsistent with the assumption of condition (7), and
we see that equilibrium in which an aggregate inventory of output is mainﬁa.ined

forever is also impossible,

The contradictory result (21) can in fact be deduced from a weaker

statement of condition (11), namely that
(22) for some T <w (l+n)t X, >0 for t >T,

an aggregate inventory of output be maintained eventually, though perhaps not
indefinitely. (It should be clear that this condition likewise entails that
after period t = T the price of money is always falling, which is the basic
idea of the preceding paragraph.) What this means is simply that s in equilibrium,

there is a sequence of periods, say, ti for 1 =0, 1, +¢s in which

€y
(23) (1+n) L =0,
) i
3/ (19) implies directly that
1lim (Pt - Pt+1) =0,
T

By adding together the budget constraints in (1) we see that this in turn

implies that 1 o
lim (ct+ct) =1 ,

T
Hence, (19) also implies indirectly via assumption (3) that
un & <w@im U <a) .

2

1
trroo Bc'b toreo act
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the aggregate inventory of output is actually zero. We shall utilize this property
to demonstrate that equilibrium in the economy with commedity money, in addition
to being efficient, is also Pareto optimal.

V. Pareto Optimality with either Fiat or Commodity Money

In pursuit of the latter objective, it 1s wortlhwhile expanding the
discussion to include all feasible distribution schemes -- rather than just the
competitive distribution schemes considered thus far -- 1n an economy with either

fiet or commodity money. A distribution scheme is still described simply by

2
t-1

t-1 in period t , 2) +the first period consumption C

1) the second period consumption C allocated to each member of generation

1
+

Mt allocated to each member cof generation + in period t , and 3) the

inventory of output Xt per member of generation t carried over from period

and stock of money

t toperiod t+ 1, for t=0, 1, »«¢ « It is now said to be feasible if it

gatisfies the recursive invenitory equation

X ‘ '02
_ -1 1 _ Tt-1 .
(24) X, =1+ 7= -C ~q3m— s with X, i 0 given,
the money supply eguation
;M
(25) M = KIEE . 2
t (1+n5tm

and the nomnegativity requirements

b 2> 2
(26) C,' =0, C =0, % =0.

Notice, in particular, that we have maintained the assumption that each member of
generation t s treated identically, in accordsnce with our primary concern with
competitive distribution schemes. This means, among other things, that only the

distribution of output, and not the distribution of money -~ whether fiat or
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commodity -- is of direct consequence in the ensuing discussion.

Qur basic approach in analyzing Pareto optimelity of the distribution of
output is to think of the economy as 1f, over time, it transforms output (the
"egpital") into individual utility (the "finel product"), and to ask under what
conditions it does so efficiently. WNow, we know that for many economic models the
answer to such a question can best be formulated in terms of appropriate prices.

This suggests that for the present model we might well look for a similar result.
As we shall see, such an approach turns out to be quite fruitiul.

What are the appropriate prices here? Well, noting again that "production"

tekes place over time, while the "final product” is individuwal utility, one

should not be surprised to find that the relevant price in period t 1is
ou / U

1 2
act_l act_l

(27) r't‘. = -1 b

the marginal rate of substitution of & member of generation +-1 less one, say,

the utility rate of interest.é/ That is, given a feasible distribution scheme,

it is simply the terms on which individual utility today cen be traded for
individual utility tomorrow at the mergin.
To verify that the presence of Pareto optimality can be described in

terms of the utility rate of interest, consider first just the intragenerationsl

&/
Besides this notion of the rate of interest, there are st least two others
which mey be useful in the present model. One, the apperent rate of interest

Ci_l/(lw Ci_l) - 1, we have utilized previously in [2]. The other, the real
rate of interest Pt/Pt—l - 1 , we have encountered earlier in Section IV.
Even glven a competitive distribution scheme the three are not necessarily

equivalent with commodity money (though they are with fiat money). For
example, see the inequality (L41) below.
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(i.e., between a generation's first and second periods) distribution of output.
Specifically, suppose that in some period t+1 Tisl <0 . Then clearly, with

the same output at his disposal, each member of generation t can improve his
welfare by consuming legs in his first period and more in his second (as costless
storage of output is feasible). This possibility is depicted by the movement from
point A on indifference curve 1 to point B on indifference curve II in

Figure 1. Hence, we see that one necessary conditlion for Pareto optimelity

of the intragenerational distribution of output is that

I‘t+l;=>0 fOl‘ txso, l, seey I/

(28)

the utility rate of interest be nonnegative.

e L

i AN Slope=l..
C

1
t

Figure 1

I/ Recall that we are assuming that first period consumption by generation -1 has
already taken place. Thus the shift described above is not possible for that
generation. A similar comment applies for the second necessary condition (29).
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>0 but (1+n)t X, >0 .

Now suppose that in some perioed *+1 r £

T+l
Here again each member of generation + can improve his welfare given the same
output at his disposal, though now by consuming more in his first period and

less in his second (as a reduction in the aggregate inventory of output is feasible).
This possibllity is depicted by the movement from point A' on indifference

carve I to point B' on indifference curve II' in Figure 1. Thus, we

find that a second necessary condition for Pareto optimality of the intragenera-
tional distribution of output is that

(29) if (1m)°X >0, then T, =0 for t=0,1, ...,

4+l
the utility rate of interest be zero when the aggregate inventory of output is

positive.

It is easily seen that conditions (28) and (29) together are also
sufficient; if these conditions are satisfied, then neither a shift from first
veriod to second period consumption nor the opposite can increase (and, indeed,
such shifts must decrease) the welfare of a member of generation t unless there
is a simultaneous increase in the output at his disposal. These results cen also
be read off Figure 1. Notice too that conditions (28) and (29) together are
equivalent to the marginal condition (&); individusl meximizing behavior insures,

at a minimum, Pareto optimality of the intragenerational distribution of output.

With respect to the intergenerational (i.e., between generations)
distribution of output, matters are less obvious. What we would like to have
is @ condition, 1n terms of the utility rate of interest, which tells us when
the following sort of redistribution is impossible: Assume that the original

distribution scheme does not satisfy condition (11) (distribution of output is
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efficient) while it does satisfy conditions (28) and (29) (intragenerational
distribution of output is Pareto optimal). Also let the output left over for
use by generation t after consumption by generation t-1 , say, the intergen-

erational inventory of output in period € be

(30) (1#0)%y, = (1m)® (1 + S U Cf‘“l)
o t 1+n
% L1~ Cp1 = Cpy
= (14+n) (1 + ) ) , substituting from equation (24)

= Y+ (i”n)(%*“)t“l) - t)?:l (1+n)s(ci + ci) , solving explicitly.
=0

(Foregoing symmetry, we will continue to refer to the quantity (l+n)t X, as the
aggregate inventory of output in peried t .) Now suppose that we increase the
second period consumption and thereby the welfare of each member of generation 1.
This obviously requires a reduction in the intergenerational inventory of output
in period t = 0 , and therefore, everything else the same, in each periocd
t >0 by virtue of the definition (30). But suppose that we want to maintain
the welfare of each member of generation O and all succeeding generations. If
we attempt to do so by in fact continuing with everything else the same, then,

because the original distribution of output was efficient, we find that
t t 1
(31) (1+n) X, = {1+n) (x, - ct) <0 for some t <o ,

the aggregate inventory of output will become negative eventually, which is
infeasible, In particular, this argument tells us that we will have to decreasze
the Tirst period and increase the seccnd period consumption of each member of

generation t whenever the aggregate inventory of output in period € was
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originally zero. Finally though, suppose that by such shifts in consumption for
each member of some generations t = tj for j=06,1, ... , J S © We can
actually meintain the welfare of all generations +t 2 0] ‘§/ By supposition this

redistribution 1s clearly better than the original distribution scheme.

Observe further, however; that because the original distribution of
output satisfied condition (28), this redistribution requires an increase in

the cutput at the dlsposal of each menber of generation t, Jjust to maintain

J
his welfare. That is; it requires an additional reduction in the intergenera-
tional inventory of output in pericd td + 1 . Thus, the essential quesiion really
is, when is it infeasible to raise this "extra" output, or to lower intergen-
erational iuventories of output so? One useful answer is provided by the

following theorem: Let the present value (i.e., value to a member of generation

-1) of a unit of output in period t be

t
(32) R;l = @2 i (1+rs)“':L
acml s=1
t-1
= -3-112 i (@2 /égl) » substituting from the defirision (27).
ac_l §=0 BCS BCS :

Then , given Pareto optimelity of the intragenersational distribution of output,
a sufficient condition for Pareto optimality of the intergenerational distribution

of output as well is that

§/It should be clear that the opposite shift iscpointless coxcept possibly when

Tyl =D But, because the original distribution of output satisfied condition
(29), if Tyl Zn ; then the opposite shift is infeasidle.
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for scme Finite number R < e« there is & sequence of periods t +1 fur J ~ 0, 2,...

J

(33) t.+1
-1 J <
in which R tj 41 {1+n) =

R,

the present value of a unlt of output per member of generation % be occasionally

bounded.

To inteypret “his condition in terms of the vrousiing discussion, note

initially that it implies that there 1s some subsequence of periods tj + 1 for
k

k. = 0, l, ce e in Which

By +1
-1 k
(34) both R .

Iy

(14n)

Iy

(To see this, suppose otherwise, that is, that there is some J' < » such that
Ty 4 <n for 2 ' .) Without loss of generality we can assume that the
J
subsequence coincides with the original sequerce. Then, by virtue of condition
(29), the condition (33) also implies that in each periocd t = tj
_ tj
(35) () < X

ty

=0,

the aggregate inventory of output is zero. (In & moment we will argue that for
competitive distribution schemes the implication aiso runs the other way, or
more specifically, that because of the property (23), equilibrium in the economy
with commodity money must be Pereto optimal.) Hence, when it is satisfied, any
attempt at the sort of redistribuiion described above-reéﬁires, roughly spesking,

a measurable increase in the output at the disposal of each member of an asrbitrarily
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large nuxber of generatiors. But;, as i1s at least suggested by the last expression
in (30), this .in turn means that the intergenerational inventory of output will
become negative eventually, which is infeasible. A precise formulation of this

fesult is contained in the Appendixugf

Applying the foregoing particularly e competitive distribution schemes,
consider first equilibrium in the economy with commodity momey. We want to show
that the properties of such an equilibrium, especially property (23), imply the
sufficient condition for Pareto optimality (33) (recalling that we have already
noted the equivalence of the marginal condition (8) with (28) and (29)). Thus
we will concentrste asttention on the behavior of e@uilibrium in fhe yeriods

— = + l @
t ti and t ti 4

Now, in every perind t = ti 5 &nd for an arbltrary fraction

0<A<1l, we have either C% Z % or Ct < Ao On the one hand, suppose
i 1

that

(36) ¢y . A >0 .

2/Ancth.er, though less accurate way of looking st the condition (33) is to assume

that 1t is not satisfled, i.e., tha:

Un BT = w .

g K .
One should find plausible that in such a situation it actuslly mey be posgsible
to trede from the indefinite future to the present at an infinite price ("to get
something for nothing"). ,
We mention too that the condition that the present value of a unit of "capital
per head be coccesionally bounded sppears to be a falirly genersl gusrantee that
the “production" of "final product™ is intertemporally efficient (given that
there 1s a diminishing marginal rate of transformation between "final product”
todey end the seme tomorrow). In perticulsr, we heve mlso derived this result
within the context of the standard neoclassical growth model in [3].
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We know from the assumption (5), the marginel condition (8) and the supposition

(36) that

37) Cy I+p %, - Tip °

from the second period budget equetion in (1) and the equilibrium property (23)

that

(38) ¢c = P M
ti ti+1 ti s

‘and from the early part of the discussion in Section IV that

| M
39) M =
( Y (un)®

L

Conbining these results we find

t
(lLO) (l+m i 5 M(1+p) ¢ w
P‘l‘. + l. iy
i

o

Furthermore, from the agsumption (7) and the marginsl condition (9) we see that

U U
0 < - P - & P _
L t 2 4 +1
act_ i act i
i i
or
U dy |
(L41) -, /= < P /P
i i

Utilizing (%0) end (41) along with the definition (32), we can immediately derive

“the geries of relationships

4
: + 41 i 1. +1
S ) ou ou ; AU 1
(%) Rp,, ()t = S, @ =,/ =) (1) <
_ i -1 5=0 5 s
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%
% i+l

QU i Y W Po(3+n) <

Noon ey Gt e B T s
-1 s=0 -1 ‘bi+l

3y PdM (1+n) (1+p) ..

-—--2 l L]

oQ

On the other hand, suppose that

(361) ol < a<1.
i

Then, simply by using the first period rather than the second period budget
constraint in (1), the argument which before ylelded (40) now yields
¥

(kor) (14n) < L < e,

ti

Hence, utilizing in addition the marginal condition (8), the derivation in (L42)

becomes
t, +1 t : t,+1
-1 1 AU i U U i
(42') R {1+n) = — i\ (=, / =) (14n) <
T+l &% s=0 e / et
-1 8 s
t, +1
: i
ég tﬁ-l (P /P )(ég_ /é_q )(l+n)'bi+l < a_U Po(l+n)
X2 se0 s'7e+l’ Ty Lol ST = 2 Py
= ti t S - 1
‘ i
3U PoM(1+n)
- S
-1

Finally, we see that if we let
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P M (1+n)(1+4p) P M {1+n)
(h3) R = max ['a'qe 2 Y ,3_132 JT}:
¢y ac-l

then (42) and (42') together imply the sufficient condition for Pareto

optimality (33).

As emphasized previously, the latter conclusion leans heavily on the
property (23). But it 1s easily seen that if this same property holds for
equilibrium in the economy with fiat money, then it Yoo must be Pareto optimal.
Indeed, the only change necessary in the foregoing srgument is the substitution
of equelity for inequality in (41), corresponding to the effect on the marginal
condition (9) of the substitution of afisumption (6) for assumption (T) «Jﬁ/
Hence, we have some idea of what; at a'maximum, is required of fiat money in
providing sufficient intermediation to insure Pareto optimality: The price
of money should be "high enough" so that, occasionally, money alone will
satisfy generation t's desire to save for its second period of life (a
notion we shall formulate more precisely, glven an additional assumption

about behavior, shortly).

This last point prompts us to emphasize the obvlious, namely, that
the reason why & commodlty but not a fiat money always provides sufficient
intermediation is simply because the former but not the latter is inirinsically
valusble to all. Thus, es we have argued earlier, now speaking heuristically,

if the price of commodity money were oo low {i.e., satisfied the inequalities

10/ Perhaps wote worthy too is the fact that assumption (5) rules out the extreme .
case in which the property (23) helds, but the price of money is identically
zero. In reletion to this, see the argument at the beginning 'of the next
section.
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(18)), then it would be bid up because the coamodity money is desired for its own
sake, while 1f the price of fiat money is toco low (e.g., satisfies the equation

(12) and the inequality (16) ), then it will just remain so.

VI. Classical Saving Behavior and the Price Level

In equilibrium in the economy with fiat money, if the price of money
is ever positive, then it is always positive, and nondecreasing as well. (To
gee this, simply consider the maximizing behavior of a member of generation +

>
1 or Pt >-]?JG+l = 0 . ) Nevertheless

faced with the prices either 0 = P, < P++
we know that the price of money may not be high enough to insure even efficiency,
much less Pareto optimality. In light of the preceding results this naturally
leads to the sort of question, when in fect is the price of money just high
enough so that the property (23) holds, or, more speéifically, gc that money

alone suffices for desired real saving in pericd + ?

Unfortunately, given only the assumptions asbout behavior made thus far,

there is no unambiguous answer to this guestion; desired real saving, and therefore,

say, the minimum requlired price of money in period + may increase or decrease
when the real rate of interest increases. However, assume that the maximizing

behavior of & member of generation t exhibits the further property that

(1 - cl) 3t
()-l-ll-) """-I"Smmji—' = = - Pt z o 9
(L 1) (L
Py Py

his desired real saving never decreases when the real rate of interest incresmses.

(This assumption, which expresses the saving behavior often associated with classical
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macroeconomic theory, is illustrated in Figure 2. ) Then a streaightforward

derivation of the minimum required priceof money in period t is possibleq}}/

Suppose that, in equilibrium; a member of generation + holds a
zero inventory of output, or, from his first period budget equation in (1)

and the merket clearing condition (10), that his real saving is

M

(45) 1-¢f =pM =P .
(1+n)

t Tt t

Under this hypothesis we know, by virtue of the marginal conditions (8) and (9),
that in period 1+l +the utility rate of interest must be equal to the real

rate of interest and greater than or equal to zero

(46) roo= 2 .1 2 o,

But this means, because of the assumption (L4%), that the real saving of a
member of generation t (45) cannot be less than it would be if the real rate

of interest were actually zero (14),

(&7) 1-c

}%/The same result follows from the weaker assumption that the maximizing
behavior of a member of generation t 1mplies that

2
oC, >

_F
3 4l

- Pt

0

his second period consumption 1s never a Giffen good.
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as is shown in Figure 2. Substituting from (46) into (kL) we seeé immediately

K
Figure 2

that & necessery condition for a zero aggregate inventory of output in periecd +

is that

> (1-cH)(1+n)®
(48) p, 2 fim)

Suppose now that, in eguilibrium, a member of generation t holds =
positive inventory of output. Then, by reasoning:along‘the%lineS'of~theopreceding

paragreph, we see tbat his real saving must be "

or, that the price of mbney must satisfy the relationship

1-c1y(14m)®
(49) p, < &0

That is, we see that the condition (48) is also sufficient for a zero aggregate

inventory of output in pericd + . Thus, glven the assumption (kk), we find
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that the minimum required price of money in period t+ is simply

(1-¢H)(14n)"

(50) - ;

the price which would equate the real money supply to desired real saving at =
zero real rate of interest. Or, to put this result more generally, with classical
saving behavior equilibrium in the economy with fiat money will be Pareto optimal

if there is & sequence of periods, again say, ti for 1=0, 1, +es in which

, > (1-01)(1+51ti

the price of money 1s at least as large as its minimme required price in period

t (50),1—2/

It mey be of come interest to note briefly one implication of the
condition: (51), - Now, nothing substantive is altered in the economy with fiat
money if the money supply increases st some perfectly foreseen rete (for example,
by mesns of & "government" transfer to the older generstion +-1 in each period
t ). Moreover, what we have been referring to as the price of money 1is
nothing more or less than the reciprocal of the more familisr notion of the
price level, Hence, we see that (51) implies that & sufficient condition for
both a roughly constant price level and Pareto optimality in distribution is
that the money éﬁpply increase at the same rate as the population. But this is
in fect only a Bpecifié formulatioﬁ‘of fhe proposal for monetary policy usually

associated with Milton Friedman (though here, we can't resist adding, with a

l-2-/As the condition (50) is equivalent to the property (23), it is a sufficilent,
though probably not a necessary conditlon for Pareto opbtimelity.
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rationale other then instinctive distrust of discretionary government power).

VII. A Final Comment

The model we heave been diécussing here drastically siﬁplifies in
order to exaggerate the role of money, and emphasize the coﬁtrast between the
effects of a fiat money and a commodity money. However, at least one simplifying
assumption does require further comment, namely, the assumption that commodity
money has intrinsic value only during the first period of life., This could be
relaxed, but only at the expense of considerable added complication. We have in
mind, in. particular, the fact that if the members of each generation desire to
hold commodity money dﬁring their second'period of life as well, then, at a
minimum, some extra-merket relations between generations are necessary (e.g.; in
the form of bequests). More importantly, the logic of our main point sbout
commodity money does not appear to depend crucially on our present simplified

treatment. But this is a worthwhile area for further investigation.
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Appendix

This asppendix is devoted entirely to the proof of the following
theorem:
THEOREM. Given any feasible distribution scheme described by {24%), (25) and

(26), if in each Period t"‘l = 1, 2} ren
(52) Til 20 , with equelity for (l+n)tXt >0,

and for some finlte number R < « +here is a sequence of pericds tj + 1 for

J = O, 1., vy in vhich

£t +1
(53) R_;l (14n) 3~ S R,
J+1

then that scheme is Pareto optimal.

Proof. As mentioned in the text, the essentlial idea of the proof is to
demonstrate the contradiction that if there were a hetter feasible distribution
scheme, then the interzenerational inventory of output for that scheme would

hecome negative eventually.

Suppose then that the scheme which satisfies the hypotheses of the
theorem is not Pareto optimal, and denote any better scheme with tilded wvariables.

Then, by this supposition, we have the inequalities
(51") U(El ] 62 E] ﬁ ) -U(Cl C2 H M ) z O fOI‘ t b "'l, O, L] With Strict ineq_ual“
t t t t? 7t t

ity for some t ,
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which, because of the assumptions of nonsaotiation (3) and generalized diminishing

merginal rate of substitution (4), imply the inequalities

~ -1, >
(55) (ci—‘ci) + (11, )HEE- )20 for t=-1, 0, ..., With strict inequality for
some T _-1'—3'/

The determination of the latter from the former, which is central to our argument,

is illustrated in Figure 3.

02

~1 2 o~
U(Ct, Cys M%)

1 .2
U(Ct, Cy? Mt)

C2 - Fs + e§;+n!
(Cl-cl)+(l+r )"1(02-02) >0
Ct S hr— o—— e . I t t ’ t !

(cl-ci)+(1+rt)'l(ce-cf) =0

Figure 3
We now proceed .to show that this supposition together with the

hypotheses of the theorem implies that

13/
Recall that we assume that every feasible distribution scheme satisfies (25).
This means that in the derivation of (55) from (54) the term

gg; (ﬁt7M£) equals zero under both assumptions (6) and (7), and can thus be

omitted.,



(56) m Y, = -

which clearly entails our desired conclusion. For this purpose we consider the

present value of the difference between the intergenerstional inventories of

output in reriod tj+1 for the two schemes

. 1 tj+1 .
tj+l = 'Rtj+l (1+n) (Ytj+l - Ytj+l) .

(57)

<t

By utilizing the relationship (24), this present value een be rewritten

~ =0 2
t,j X C i X Cc
~ o -1 s s-1 ~1 . s-1 - s-1 _d_Ts-l

(58) vtjﬂ__ tj+l+ sZo By (140)7( [+ 7= ¢~ —Tm | X 1-[+ o= - c " X 1)

S R7H(14n)°( (8- ¢t e 17NE%- Pl e r X - x])

B sen] S ( s s s+1 8 s s+l s 5

< Jd _.1 ti ~1 1 -1 2 2 <

=- & R () T(Iop - ¢ Wl (17ICT-c0 1) S o,

i=0 "4 i i i i i

where the inequalities follow from (52) and (55). It is easily seen that from the

-expressions (57) and (58) we can derive the following bounds:
(26), (35) and (53)H/ thet

a) By virtue of

t 41
1 b R
J J
1/
In particular, (26) implies that
-2 g ooz 2
Ytj+1 = Ytj+l - c1-,J+1 =X = 0
while (35 ) implies that 2 -
t.
Y _1- = £ 1

+ +1
5o
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and,

-~ < ~ ~
(60) R(Y’cfl - 1) = R(Ytj+l ) Ytj+1) tol

A

and (b) by virtue of (55) that

(61) for some ¢ > 0O there is a J < w such that {r't 1 S ¢ for 3 2 7.
J
But (59), (60) and (61) in turn imply the bounds
-1 tj > =l tj > € >
(62) Rtj {1+n) = Rt_ﬂ (1+n) = T for j=J,
e 2 > o 2 _ v >  e{l+n . >
(65) & -2 2(E -% ) -c = (um)y, ,-F, 0 F SR e yZg,
J J J J J J 3
and
=~ <1 =z
(64) Ytj+1 TR gl

Hence, finally, substituting from (58) and (62) into (64) and taking limits we

find thset
~ J
< € 11 -1a2 2
(65) 1lim Y = - Lim £ (IC_ -c, M[+r, 177[C. -C; 1) = -=,
e tj+l R(1+n) Jowo 1=F ti ti ti+l ti ti

where the second limit follows directly from (63) and the relationships shown

in Figure 3.



