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OPTIMAL EMPLOYMENT AND INFLATION OVER TIME

Edmund S. Phelps1

Thiz paper presents dynamic models from which are derived the "socially
cptimal” time-path of sggregate employment or capacity utilization., Given this
employment path and the initially expected rate of inflation, the time-path of
the actugl rate of inflation {positive or negative) cen alsc be derived, so that
cne can say egqually well that the present paper studies the optimal path of
inflation over time. These models are oversimplified in several respects; for
example, a closed, nonstochastic economy is postulated in which monetary policy
is exogenous and of & special kind. In view of such simplificstions, I should
not want this paper taken as a declarstion on macro-ecconomic policy. Neverthe-
less 1 feel that many economists -~ including, I hope, many policy-makers -- will

want to know what these models teach,

The principal ingredients of the basic model are the following.
First, a sort of Phillips Curve in terms of price cﬁange, rather than wags
change, that shifts with variations in the expected rate of inflation. Serond,
a mechanism by which the expected inflation rate adjusts to the actual infla-
tion rate. Third, a social utility function that is the sum or integral of
the instantaneous “rate of utility” {possibly discounted) at esch point in
time now and in the future. Last, a derived dependence of the rate of utilicy

gt any time upon current "utilization™ -- the decision variable under fiscal



control -- and upon the money rate of interest, hence, given the real rate of
interest, upon the expected rate of inflation -- the state variable in the
problem at hand., (These novelties will later be elaborated and defended.) An
optimal utilization or employment path is one which maximizes the social utility
integral subject to the Quasi-Phillips Curve and the adaptive expectations

mechanism,.

The choice problem Just sketched is dynamical: An optimal utilization
policy by the government must weigh the consequences for future utility possi-
billities of todmy's utilization decision. By contrast, the conventional
approach to the employment-inflation problem -- if there is s conventional
approach -- is wholly sta.tical.2 I can show where I believe the conventional
approach goes wrong in this respect, and thus explain the ides that motivated

this paper, by the following simple argument.

Vigualize a diagram on which the unemployment-labor force ratio is
measured along the right-hand horizontal axis and the proportionate rate of
price increase or rate of inflstion is measured on the vertical sxis. Now
represent a locus of unemployment-inflation combinations available to the

government when the expected rate of inflation equals zero by the characteristi-

cally shaped Fhillips Curve.” This curve (defined only for positive unemployment)
1s negatively sloped, strictly comvex (bowed in toward the origin) and it inter-
sects the horizontal axls at same unemployment ratio, say u*, o< u* <1l.

The quantity u* measures the "equilibrium" unemployment ratio when the

expected rate of inflation is zero since it is that unemployment at which the

actual rate of inflation equals the expected rate of inflation so that the



expaoted inflation rate remains unchanged. Now superimpose a family of sccial
irdifference curves onto the diagram. These curves are negatively sloped (at
legst in the positive quadrant) and strictly concave (bowed out from the
origin). Suppose that one cof these indifference curves is tangent to the
Phillips Curve at some unemployment ratic, say u , smeller than u*.o The
qugntity { measures the {statizal)} optimum in the conventional approach:

At this unemployment ratio, the "benefits” of a small reducticn of unemployment
are offset by the "costs”" of the increase of the inflation rate that, according
to the Fhillips Curve, would be necesgitated by the reduction of unemployment.
The imequalitcy u < u* stems from the customary (though not unanimous)
judgment that there is some reduction of unemployment balow u* that is worth

the little inflatiom it entails.

Since the statical “optimum” will produce some positive rate of
inflation, the question srises: Will this inflation not sventually create the
expectation of Iinflation by the participants in product and labor markers?

It ie reasonable to believe so. If it does, it is further reasonable to argue,
on the ground that labor and management think in terms of real wages and real
costs, that the Phillips Curve will gradually shift upward (in a uniform verticgl
displacement) by the full amount of the newly expected and previously actusl

rate of inflation,

Alert policy-makers will now recalculate the "optimun®' in the light
of the new, higher Phillips Curve. If the indifference curves are shaped in
the unlikely way that the “optimal” unemployment ratioc does not change, then

the actual rate of inflation associated with this decision will be higher by



the amount of the upward shift of the Phillips Curve. The pattern will now
repeat: The Phillips Curve will shift upward again as expectations are again
revised, If the pelicy-makers persist in their decision tc have an unchanged
unemployment ratic, theare will occur what is popularly calied a 'wage-price
spiral” that is "explosive” or "hyperinflationsry” in character. But it is

not an endless spiral for once the rate of inflgtion has increagsed to & certain

upper bound, the mconetary system will break down.

It is more likely that the indifference curves are shaped in such a
way that any upward, unifermly vertical displacement of the Phillips Curve will
cause the policy-makers to "take out” the loss in the form of an increase of
the unemployment ratic as well as gn increase cof the rate of inflation, Thus
the actually chosen rate of inflation will increass by less than the increase
in the expected rate of inflation. As a consequence, though the Phillips Curve
wiil shift up in the Y“second round,” becasuse & higher rate of inflation was
chosen, it will shift upward by less than the amount cf the first shift. As
the pattern repeats, both the actual and the sxpected rates of inflation will
be increasing all the time, but at s decreasing rate. The rate of inflation
will be incressing because the unemployment ratio is smaller than v*s 8o that
the actugl rate of inflation always exceeds the expected rate with the consequence
that the Phillips Curve is always rising. However, as the statically "“optimsl®
u approaches u® , a stationary eguilibrium will be asymptotically approached
in which u = u* and there is equality between the expected and actual rates of
inflation -- except in the unlikely event that the indifference curves make ;

approach v 80 slowly that the rate of inflation causes the menstary system



to break down before equilibrium can be achieved, Hence, even though a state

of steady inflation is eventually achiaved, it is likely tc be g very high rate

of inflation -- much higher, probably, than the policy-makers would have chosen
had they not ected myopically in alwavs choosing the static "optimum,.” More
precisely, the convantional approach goes wrong in implicitly discounting future
utilivies infinitely heavily. (This is not the only amendment to the conventional

approach that I shall mseke.)

Of course, my criticism is founded upon the postulated "instability”
of the Phillips Curve. Ir fact, & situation of sustained “overemployment” --
more precisely, unemployment less than u# by & nonvanishing amount -- has
been suppesed to produce an explosive spiral through its effects upon the

Phillips Curve., On my assumptions, the only stesdy-state Phillips Curve is &

vertical line intersecting the horizontal axis at u*u4 Now some econometric
work over the past ten years might suggest that, especially on a fairly
aggregative level, the Phillips Curve is & tolerably stable empirical relation-
ship,5 -But thege studies probably astimate some average of different Phillips
Curves, corrasponding to different expected rates cf igflati@m which have
variad only over a small range. Further, some writgrs have fourd the actual
rate of inflation to have a wegk influence on wage (or price) change and this
mgy be explained by the view that the actual rate of inflation is a proxy, but
a Very poor one, for_the expected rate of inflation.e The notion that the
steady-state Phillips Curve differs from the nonstgadywstate curves is intuitively
regsonable and it is gll that is reguired for justification cf a dynamical

analysis rather than a statical ona such as previously described. This is



shown by the fect that, in the dynamic models to be presented, the optimal
employment or utilization policy depends critically upon the rate of time pref-

erence, & concept not really contained in the conventional approach.

I. THE STANDARD MODEL

What I call the "standard model" is the most convenient one with
which to begin. The subsequent three models, which will require only brief
attention once the standard model hgs been understood, can be viewed as
variations on this model. The “standard model” is one with an infinite-time
decision-making horizon, a smooth utility function and no money illusion,
Part II will investigate the model with g finite time horizon, a pathological
case in which the utility function ie not continuous and a rather peculiar

case of "inflation illugion."

A. Possgibilitiez and Preferences

In this section I develop the model and state the optimization

problem. The solution will be discussed in Sections B and C.

1. The 'virtual’ golden age, utilization and interest., I wanted these pre-

liminary models to have three convenient properties. First, to simplify

the preference side of the model, I wanted the money rate of interest to be

a stationary function of employment or utilization, given the expected rate of
inflation. Second, I wanted consumption alone to vary with utilization, not
investment, aghin in order to simplify preferences. Third, I wanted the
marginal productivity of labor rising at the same constant proportionate rate

for avery employment or utilization ratio, in order that the notion of a
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stationary family of Phillips Curves in terms of prices have greater plausi-
bility. I can obtain each of these properties from the postulate that the
economy, thanks to a suitably chosen monetary pelicy and to the nature of
population growth and technological progress, is undergoing "vircual® golden-

age growth. By this I mean thet actual golden-age growth would be observed

in the economy if the employment-labor force ratio or utilization ratio ware
constant (at any level)., Golden-sge growth is said to occur when all verisbiss
change exponentially, sc that investment, consumption and output grow at the

sgme rate {(which may excead the rate of increase of labor).

To generate virtual golden-gge growth I make the following assump-
tion. Let us suppose that the homogeneous labor force (or competitive supply
of labor) depends only upon population, the resl wage rate, disposable real
income per capita and real wealth per capits, and is hence independent of
the real and money rates of interest.7 {(Taxes will be lump-sum so that we nead
not work with after-tex wage rates and gfter-tax interest ramtes.) Population
will be supposed to grow exponentislly at some rate ), >0, It will be
supposed that the lgbor supply function is homogeneous of degree one in
population and homogeneous of degree zerc in the resl wage, disposable rssl
income per hesd and resl weglth per hegd. Hence, whenever the lstter three
variables are in constent ratios to one another -- whenever they are chsnging
equiproporticnately -- the labor supply will grow at rste ¢ . More general

assumptions sre apt to impair the fegsibility of golden-age growth.

As for production, let us think in terms of an sggregste production

function. It would be possible, but inconvenient, to express the necesssary



a8sumptions in terms of a "vintsge” sggregative mcdel; more sericus problems
would be encountered if we were to allow heterogeneous kinds of investments.
Suppose that the sggrepare production function exhibits constant returns to
scele in capital and empioyment and thet technical progress, if auy, enters
in & purely labor-augmenting wey, so thet output is & linesr homogeneous
furczicn of capital and sugmented amployment (or smployment measursd in
“efficiency units™}. Suppose further that the proportionate rate of iabor
sugmentation is & nomnegative constant A > 0 . Then augmented labor supply
will grow exponentiglly st the "natural™ rate, y + A >0 , whenever the
real wage rate, disposable resl income per cepits snd regl per capits weslth

grow in the same proportion,

As for capital, we require that the capital stock grow exponentially
at the ragte ¥ + A . Than {and only then) output will grow syponentially, as
will investment snd hence consumption, &t the rate ¥ + A for any consczant
sugmented employment-capital ratio, This implies that the government hf
monetary actions I shall s«ssume, always brings sbout the right level of
(exponentielly prowing) investment necessary for exponential growth of capital

at the natursl rste snd thus for virtual golden-age grow:h.

On these sssumptions, then, there is virtual golden-gge growth, At
any counstant ratio of augmented employment to capitsl «- which I shall csll the

utilization retio -- output, investment, consumption, cepitel, sugmented employ~

ment and, under marginal productivity pricing, real profits and real wapes will
all grow exponentislly at the natural rate. Marginsl and avergge product of

labor and, under marginal productivity pricing, the resl wage Tate, real



income per capita gnd real wealth per capita will &1l grow at the rgte )\ .
Disposable resl income per head will alsc grow st rate A on plausible assump-
tions (e.g., & constsant average propensity to comsume) such thst the taxes per
head necessary for the exponential growth of consumptior per hesd alsc grow

at rate X . Thus the labor supply will grow at rate ¢ , like population

and employment. The marginal product of capital snd the equilibrium competi-
tive real interest rate will be constant over time. But of course this is

only virtual golden-sge growth: If the sugmented employment-cgpital rario

ie chenging over time, most of these varisbles will not be growing exponsntielly.
It iz only populstion, lgbor augmentstion snd cepital (hence investment) thet

grow exponentially come what may.

As zlready indicated, the monetary authority is peostulated to guids
investment glong ite programued, exponential path. It ie es if the Bank were
bent on (virtuszl) balsnced growth, independently of the fiscal suthority,
which will be gssumed to exert no direct influence on investment demand by
any devices like business income taxes or investment subsidies. The fiscal
authority does, however, have control over comsumption demsnd snd hence, given
the programmed investment dewand, sggregate demsnd and employment. Since
employment is the decision varisble inr the present problem, fiscal devices
are the policy instruments by which consumption demgnd snd thus employment
are contrclled. I postulate the use of lump-sum taxes on households fer this
purpose. While the Fisc is therefore the decision-msker of interest here, I
suppose thgt the Fisc maximizes (&s it sees it) a social wtility function that

reflects the preferences of the individusls in the economy,
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The monetary instruments by which the Bank keeps investment on its
programmed path are assumed to be devices like open-market operations which
operate through the rate of interest or directly upon the demand for capitel.
The Bank must be alert therefore te adjust interest rates in the face of
changes in aggregate demand or utilization engineered by the Fisc. What
kind of interest rate policy is therefore required by the Bank? On the usual
assumption of diminishing marginal productivities, the higher the augmented
employment-capital ratio, the higher will be the marginal product of capitgl
and hence, if capital receives its marginal product, the higher will be the
real profit rate on capital and real profits; according tc the usual neoclassical
theory, therefore, the demand for capital by firms will alsc be higher at any
given real rate of interest. On one kind of theory, it will then be necessary
{and sufficient) for the Bank to raise the real rate of interest by a certain
amount in order to keep the quantity of capital demsnded, and hence the volume
of investment undertaken, from rising above its programmed path. On another
monetary theory holding that the competitive real rate of interest must always
equal the marginal product of capital (in equilibrium), the real interest rate
will gutomatically rise (with marginal productivity) but open-market sales
must still be undertaken to decrease the "demand price” for capital, lest
iovestment exceed its programmed path. The gist of the argument, then, iz that
the real rate of interest will be higher the greater is the ratio of augmentced
employment to capital -- since investment is being guided alomg the exponential

path appropriate to virtual golden-age growth.8 Now let ug pass to the details.

The real rate of interest is the money rate of interest minus the
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expected rate of inflation. I assume here that expectations of the current
price trend are “single valued" and held unanimously by the public (but not
necessarily by the policy-makers who, from this point of view, lead an unresl
exigtence). By the money rate of interest is meant the rate of interest
charged on the short-term lending of meney, hence the nominal yield on short-
term bonds. If egquity shares are homogeneous with bonds (i.e., no risk
considerations), it is also the expected yield (including capital gain) on
shares. I1f shares are homogeneous with physical cgpital, it is also the
nominal money yield on physical capital in financigl or portfolio equilibrium;
then, in equilibrium, the real rate of interest is equal to the marginal
product of capitsl. If we let 1 dencte the mwoney rate of interest and let
r denote the real rate of interest, we obtein upon trgnsposing terme in the

previously stated relation,

(1) i

T - X, O <i<4i |,

where x 1s the expected rate of algebraic deflation. Thus -z , which is

to be added to r to obtain 1 , is the expected rate of inflation.g Equation
(1) says, therefore, that as x becomes algebraically smsll, say negative =--
i.e., a8 inflation becomes expected -- the money rate of interest becomes high,
given the real rate of interest; for given the physical or real yield on capital,
the prospects of high nominal capital gains on physical assets (and hence orn
equities) produced by the expectation of inflation will induce people to ask

a high interest rate cn the lending of money, while borrowers will be pre-

pared to pagy a high rate since the logn will be expected to be repsid in

money of a lower purchasing power.
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Since no one will lend money at a negative money rate of interest
when he can hold money without physical cost, the money rate of interest must
be nonnegative, Further, it is assumed that there is & coustant, ib s to
be called the "barter point,”" such that at any money interest rate equal to or
in excess of it money ceases to be held so that the monetary system breaks
down; this is because such a high money rate of interest imposes excessive
opportunity costs on the holding of noninterest-bearing money instead of

earning assets like bonds and capital.

As indicated previcusly, the real rate of interest will be taken to
be an increasing function of the utilization ratio, the ratic of augmented

employment to capital, denoted by v :

(2) r=1r(y), r{y)>0, r'(y)>0, (y)>0,

O<p<y<F<w.

Consider the bounds on the utilizstion ratio. If positive employment is
required for positive output then, by virtue of diminishing marginel producti-
vity of labor, there is some small utilization ratio, denoted by B , such that
output will be only large enough to permit production of the programmed invest-
ment, leaving no employed resources for the production of consumption goods.
Since negative consumption ig infeasible,. no value of y 1less than KB is
feasible. The value p 1is a constant by implication of the previcus postulates.
In the other direction, there is clearly, at any time, an upper bound on

(sugmented) employment arising from the supply of labor function and the size



- 13 -

of population. This explains the upper bound v which, gquite plausibly in

view of the previous assumptions, is taken to be a constant.

Consider now the w(y) function itself in the feasible range of the
utilization ratio. The postulate that r(y) >0 for all feasible y is perhaps
not unreasonable; it could be relaxed. The curvature of r(y) is of greater
importance. (Flgure 2 gives a picture of this function.} On the view thaﬁ
r 1s equal to the marginal product of capital, one is in some difficulty for
there are innumerable production functions that meke the marginal preduct of
capital a strictly concave (increasing) function of the lebor-capital ratio,
e.g., the Cobb-Douglas. Fortunately, I do not really reqguire convexity of
r(y) ; r'"(y) >0 is overly strong for my purpose which, it will later be
clear, is the concavity of U in y in (8). (Even the latter concavity
could probably be dispensed with by one more expert than the present author in
dynamic control theory, though probably the solutions would be somewhat
affected,) T shall later indicate the minimum requirement on r"(y) . At
this moment let it be said that there are countless production functions which
make r"(y) >0 ; for exemple, any production function which makes the marginal-
product-of -labor curve linear or strictly convex in labor {which is uncustomary

in textbooks) will suffice and even some concevity is consistent with (2)e

Finally, a word about the use of the ratio of augmented labor to
capital as a strategic varisble in the model. Since capital is growing like

7ME ile employment is multiplied by et

to obtain augmented employ-
ment, it can be seen that, if N denotes employment and K denotes capital,

then, with suitable cholece of units,
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Hence the definition of the utilization retio used here does not imply & neoclass-
ical model with aggregate "capital” in the background. Only neoclassical properties
like diminishing marginal productivities need to be postulated and these are

mich more general than the necoclassical model. The previous relation shows that

we could as well define the utilization ratio as the employment-population ratio
(since population is growing like eyt) which, in the present model, is a linear
transformatiion of the augmented employment-capital ratioc. Thus the utilization
ratio here measures not only the intensity with which the capital stock is

utilized (the number of augmented men working with a unit of capital) but also

the utilization of the population in productive employment.

2. Inflation, utilization and expectations.

I am goling to postulate that the rate of inflation depends upon the
utilization ratio and upon the expected rate of inflation. In particular, the
rate of inflation is an increasing, strictly convex function of the utilization
ratio, When the expected rate of inflation is zero, the.actuasl rete of inflation
will be zero when the utilization ratio equals some constant y* between pl
and y » Will be positive for any greater utilization ratio and negative for any
smaller utilization ratic. As ¥y is approached, the rate of inflation approaches
infinity. Finally, every increase of the expected rate of inflation by one
point will incresse by one point the actual rate of inflation associated with
any given utilization ratio. Remembering that -x 1is the expected rate of

inflation, one therefore may write
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(3) £i(y) >0, £(y) >0, £f(F) =w, £y ) =0,
H<y*<§3

L

where P 15 the price level and p its absolute time-rate of change so that
;/p is the rate of inflation. Thus we must add the expected rate of inflation
to the function #£(y) to obtain the actual rate of inflation. For every x
we have a Quasi-Phillips Curve relation between é/p and y . The relation-

ship is plctured in Figure l.

I believe there can be no real gquestion that, if the somewhat
Phillipsian notion of the f{y} function is accepted, the expected rate of
inflation must be added to it as in (3). For if, as postulated, there iz mno
money illusion and the supply of labor is independent of the real =znd money
rates of interest and hence independent of the expected rate of inflation,
then, however fast wage rates and prices are advancing at a given utilization
ratio when there is no expected inflation, they must each be advancing one
percentage point faster when the expected rate of inflation is one percent.
(If lebor supply depends upon X% we would have to write f£(y,x) so that
y* ig no longer a constant, independent of x . The last part of this paper
contains a model based on such a case.,}) Note that no assumption of any kind
concerning the formation of expectations has yet been made here; no assumption
of perfect foresight or the like is implied in the formulation of this inflation

function.

The concept of the function £(y) is more vulnerable to criticism.



- 16 -

At bottom, I am simply postulating it, hoping that some approximation to it
(at least) can sometime be derived from basic theoretical considerations and
can be empirically supported. It is surely true that prices tend to rise most
rapidly in periods of high capacity utilization, given inflation expectations.

But it may be that other variables belong in this inflation function.

One line of defense would be to derive equation (3) from the
ordinary Phillips Curve 1in terms of the wage-rate change and the employment -
labor force ratic, adjusted for the rate of expected inflation in the proper
manner. As I shall now show, such an adjusted, ordinary Phillips Curve

together with marginal cost pricing ylelds almost the formulation in (3).

Firat of all, it will be recalled that constancy of the utilization
ratio givés 'virtuael® golden-age growth and, in particular, produces exponen-
tial growth of employment and the supply of labor at rate ¥ , Tthe population
growth rate, 1f the real wage rate equals the marginal product of labor {for
then the real wage rate, real disposable per capita income and real per caplits
wealth will be growing equiproporticnately, namely &t rate A ). Hence the
employment-laber supply retio is constant whenever the wtilization ratio is
constant. On almost any reasonable assumption about the shape of the labor
supply function i1t will follow that these two ratios are monctonically inecreas-
ing functions of one ancther. Therefore we can probably regard the utilization
ratio as a proxy for the employment-labor supply ratioc, which is essentially

the Independent variable used in the ordinary Pnillips Curve.

On this basis we can write our family of Phillips Curves in the

form



...1'?‘_,

% =n(y) - x
ni(y) >0, ny) >0, uF) ==, nyN =0

w<yt<y

where w 1is the money wage rate and hence ;fw is the proportionate rate of
wage increase.lo If ;/w is convex in the employment-labor force ratio, as
usually inferred from data; then h(y) will be convex {as assumed) if the employ-
ment-labor force ratio is convex in the utilization ratio or at least not “too

concave,"”

Now let us suppose, somewhat unrealistically, that price is instantan-
eously equated %o marginal cost so that the money wage rate is continuously equal
to the money marginal value product of labor; that is, w = pm , where m is
labor's marginal product. Differentiation of this with respect to time together
with the marginal product-of-labor relation of the form m = g(y)elt vields

: ; . om , -
’E“%’““ﬂa %J

and therefore, upon substituting the Phillips Curve equation for w/w 5
D _ oy L Ylom ., L] .
P h(y) - » - x y|&m

The bracketed expression is the elasticity of labor's marginal product with respect
to the utilization ratic and must be negative if there is diminishing marginal
preductivity of labor, that is, rising marginal costs. We can ob%ain our Quasi-
Phillips Curve in terms of price change from the above relation if and only if

we are willing to disregard this term, taking it to be negligibly different from
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zero; then, letting f(y) denote h(y) - A , we heve exactly equation (3).

If the last equation is the true relationship, rather than (3), then
my decision to ignore the last term must be reckoned a flaw in my model. But I
believe that inclusion of this last term might divert attention from propositions

and insights which are more important %o develop at thiz stage of inguiry.

Looking at Figure 1 or equation (3) we see that y* can be regarded
as the equiliprium uwtilization ratio for &t y = y* (and only there) the actual
rate of inflation will equal the expected rate of inflation. Mathematically,
:;)/p =% 8t y= y* since f(y*) =0 . The diasgrem likewise shows that all
the points on the vertical dashed line intersecting y* are equilibrium points.
Without intending normative significance, we may refer to y > y* az "over-

{J

*
vtilizetion” and refer to y <y as "under-utilization,” merely from the

point of view of equilibrium.

When there is over-utilization, the actual rate of inflation exceeds the
expected rate and vice versa when there is under-utilization. In either of these
situations there will presumsbly be an adjustment of the expected rate of inflation,
I shall adopt the mechanism of "adaptive expectations™ first used in this context
by Phillip (!a.g«er.n.l2 The (algebraic) absolute time-rate of increase of the expected
rate of inflation will be supposed to be an increasing function of the (algebraic)
excess of the actual rate of inflation over the expected rate; being equal to
zero when the latter excess equals zero. Symbolically, if (;.n/p)e denctes

the expected rate of inflation, the postulate is

Oe LY oe
afer = a |22
dt\ p P P



- 15 -
or, in terms of the expected rate of defletion,

_};ma(%'l'}[) s

a0) =0, a'() >0, av)>HEIEL)

(&)

Concerning the curvature of the function a(p/p + x) , it might be thought to be

linear er it might be conjectured to be strictly convex for positive §»+ x and

strictly concave for negafive % + x ., All I am requiring is that the function

not be "too concave" in the feasible range of y; in particular, it must not be

more concave then the f function iz convex; loosely speaking.

Substitution of (3) into (4} yields
- x =a(f(y) ~ x+x)=alf(y)) .

If we let G(y) denocte -~ a(f(y)) , then, by virtue of (3) and (L) we may write

x=6{y), w<y<¥y,

(5)

G(y*) =0, G(y)<o, G'(y)<oO.

Thus, when y = f* ; the actual and expected inflation rates are equal so that
there is no change in the expected rate of inflation. When ¥ >-y* » 80 that

the actual inflation rate exceeds the expected rate, the expected rate of
inflation will be rising or, equivalenily, the expected rate of deflation will be
falling. The opposite results hold when y < y* . Note that as ¥y 1is increased,

the rate at which the expected rate of inflation is increasing over time will



increase with y at an increasing rate.

In oxder to determine the path of x over time as a function of the
chosen y path, we need to know the (initial) x at time zero, x(0) , which

we take to be & datum:

(o]

(6) x(0) = x

We now have to consider resirictions on x arising from the upper
and lower bounds on the money interest rate given in (1). First, for our
gnalytical problem to be interesting, we require that x, not be so algebraically
swall -- that the initially expected inflation rate not be so great -- that
no feagible y decision by the Fisc can save the monetary system from breaking
down in the first instant; that is, X mst be sufficiently lerge algebrai-
cally that i = r(y) - x, <i  for sufficiently small y >p . Hence we

require that r(p) - x, < ib (or, in later rotation, X, >x_b(p,) Y.

Az for the nonnegativity of the money interest rate, by analogous
regsoning I should require only thsat X, not be so large -- that the initially
expected deflation rate not be so great -- that there is no y that will
permit the Bank to make the real rate of interest low enough to induce the
prograxmed volume of investment; that ieg Xy mist be sufficlently small
that i = r(y) - x, >0 for sufficiently large y < ¥ , hence that
(y) - x, >0 . But I have to confess that I do not take seriocusly the nonp-
négé.tivity constraint in my analysis. To .justify this neglect I wént some-
what stronger assumptions that will prevent the constraint from becaming

binding when an optimal policy is followed. The constraint will not be



binding initially if r(p) - x, >0, since the chosen y must be at least

as great as u . If, further, we postulate that xr(u) - ;c(y*) 0 , whers
ﬁ(y*) is a “satiation" concept later defined, then the constraint will not

be binding in the future either, for our solution will be seen to imply that
the optimal x(t) < max [x_, (y )] for all t . I belleve these conditians
are fairly innocuous (as well as over-strong) and that it is wise not to
complicate the problem at this stags by ssrious consideration of the nonnegativ-
ity constraint., The principal point of these last twe parsgraphs is that the
initially expected deflation rate mist be "admissible®™ in view of the two

constraints on the money rate of interest,

5. Utilization, liguidity and utility. The problem of the Fisc is to choose

a path y(t), t >0, or, equivalently, a policy function, y(x;...) subject
to (5), (6) and the information in (1), (2) and (3). For this the Fisc
requifes preferences. I shall follow Frank Rameey in adopting a "social
utility function® thet is the integral over time of the possibly discounted

instantaneous “rate of utility. wl3

On what variables should the (undiscounted) rate of utility, U ,
at any time t be taken to depend? I am going to suppose that the only
two baslic desiderata ars consumption and leisure. On this ground I am

going to write the twice-differentiable function

(7) U= @§(1,y) = pl=(y) - x, ¥l

Wwhere



o * o _ =
(a) ¢2>0 for y<y 5 ¥ <y <V¥
§, <o for y>y°,
where ¢2(i,y°) =0 for all 1, y° a constant.

<0 forall y .
22

(b) g, =9, =$,=0 for i1, o<i<y,
§ <o, $,<0, f =p,=0 for i>1,

where ﬁl(g,y) =0 forally, 1 & constant.

lim P==-a .

i+:‘i_b
Tt should be noted that the function @ is taken to be determined up to
a linear transformation so that the agsumptions on the gigns of the second
partisl derivatives are meaningful. Figure 2 shows the contours of constant

14 olh Now the explansation.

Consider first the dependence of the rate of ubtility upén utiliza-

tion for a fixed money rate of interest. I.e., consider (7a). Clearly, as

y is increased, therewlll be more cutput, assuming elwsys positive marginal
productivity of labor, so that, given exogenous investment, there will be
more congumption. In addition, there will be a reduction of involuntary
unemployment, at least in a certain range. But, on the other hand, there
will alsc be a reduction of leisure. Further, a discrepancy between ¥y and.

y* implies the fallure of expectations to be realized, which suggests that
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that people will have wished they had made different ¢.‘J.e<:is:‘i.ozzts.,:L5

To make order out of this tangle of conflicting influences on
the utility rate, I suggest the following view. Suppose for the moment that
there were & homogeneous national labor market. Then y* would be the
market-clearing utilization ratio at which the gain from & little more income
(or consumption) was just outweighed by the loss of leisure necessary to
produce it; thus the utility peak would be at y* « Since consumption is
sbrictly concave in ¥y while effort increases lirearly with ¥y , we would
expect the curve to be strictly concave everywﬁere s de€., dome-shaped.
Moreover, as Yy a&approaches p , s0 zero consumption i1s approached, the
rate of utility can reasonably be supposed to go to minus infinity; similarly,
a8 ¥y approaches y s it is perhaps natural to suppose that the rate of utility
egain goes to minus infinity (although nothing in the gsolution hinges on this
strong assumption). In such a world, what permits the Fisc to coax employ-
ment in excess of 'y* is the failure of people to predict the magnitude of
the rate of inflation; in this world, some resl normative significance

attaches to Tover-utilization” or "over-employment.™

But in the real world, where there are countless imperfections and
immobilities among heterogeneous sub-markets for different skills of labor in
different industries; an additional consideration is operative. In such a
world, there is substantial involuntary unemployment in some (presumably not
all) sectors of the economy and among certain skill categorieé of labor even
in ﬁtiliza‘bion equilibrivm; the point y* is characterized by a balance betm‘aen

excess demand in same sectors and excess supply in others. (See, for example,
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Bent Bansen's analysis, op. cit.). In view of this end the social undesir-
ability (ceteris paribus) of inveluntary unemployment, I have supposed in
(7) that the dome-shaped utility curve reaches a peak at some constant yo
greater than ‘y* but less than .3.; 16 3 bubt the rate of wtility does
decline with y beyond this polnt as the involuntary over-employment in some
lebor markets and other misallocations by individuale due to their failurs
to expect the resulting inflation become increasingly weighty. I shall

*
indicate later the effect of making ;yo =y copntrary to my postulate.

Note that yo iz & congtant, independent of the money interest rate; this
simplifying assumption seems advisable for consistency with the earliier

postilate that the supply of labor 1s independent of the money infersst rate.

I have discussed (7a) which is to say the profile of ¢ against
utilization for a given money rate of interest. (A diagram of the relation
betwsen U and y for & given x will be shown lster.) Consider now the
depsndence of the rate of utility on tiemoney interest rate for & given

utilization ratlc. The money rate of interest measures the opportunity cost

of holding money in preference to earning assets since, in the sbsence of
own-interast on money, the money interest rate measures the gpread between

the yield on esrning assets and the yizld on inoney. After 8 point; sn
increase of the money interest rate increases incentives to economize on

meney for transactions purposes by beans of frequent trips to banks and the
like. I shall suppose for simplicity that these time-consuming efforts fall
on leisure rather than on labor sizpply ag indicated earlier. As the money rate

of interest approaches the "barter point,” i, » these activities became so
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onerous that money ceases to be held and the monetary system breaks down.
At a suffiziently small (but positive) monsy intersst rate, g , or at any
smaller interest rate; incentives to economize are weak enough to permit
a state of “full liguidity® in which all transactions balances are held in

the form of monayolT

Thusz, conzexning the relation betwsen @ and 1 for given y ,
I suppose that the euwrve is flst in the full-liguidity range, O < i j{g s
negatively sloped and strictly concave for greater i  and that the curve
approaches minus infinity as 1 approaches ih - L do not care how close
) and ib are to one another as long as they are separated, By making the
urv: g8 to minus infinity I insurs that the ophimal policy is not one pro-
1using the breakdown of the monetary syctem, I have now explained (7p)

except for the condition that = ﬁlo <0 . This means that an increase

¢21
of the money interest rate {outside the full-liguidity range)} desreasss or
lear=z unchanged the marginal obility of whillzetion; +his sesms rsasonable
since both an inecrease of 1 and of y imply a reduciion of leisure, making

leizure move or at least not less valuable at the margin,

It iz clear from Figure 2 that, given the dependenss of thz intspest
rate on utilization, neither the value of y such that i = 2 {(full liquidity)
nor y w= yo is geverally & statical optimm, i.e., gives the maximum ewr rent
rate of utility, The decision to make i = E may cogt too mich in terms of
underutilization while the decision y = yo may entail too high an interest
rate, As Figure 2 showe; the staticz optimm is at ; whizh 1s an inersasing

function of x up to yo o I the Fiec sought t0 maximize the current rete
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of utility (which is not optime) to do), it would (except in the case of a no-
tangency, full-liguidity solution) equate the marginal rate of substitution,

- ¢2/¢l , to the slope of the i-function, =r'(y) , taking out any gain from a
downward shift of the i-funetion -~ of an increase of x =-- in the form of
greater y and smaller i ; for all x greater than or egual Yo some large
x . say x(y) , 7 is idemtical of y° and 1 <1 {full liguidity) as the

diegram shows.

We need now to describe the rate of utility ac a fynction of x and
vy , l.e., taking both the direct effect and the indirect effect through 1 ,

given x , of & change of y . From (2) and (7) we obtain

(8) U= U(x,yy 05r(y)-x<ib, p<y <7y
le) vy = 8y wily) +fe >0 for ¥ <ylx)
U <O for y >§ix) , u<yx) <y°,

where U (x,5) = 6 [x(3) - x] 2'(F) + $, [x(3) - %1 =0,

Hyy = _ﬁur‘(y)r’(y) + 2¢21r‘(y) + ¢22 + ¢lr“(y) <0 (forally ) .
ny:-pllra(y) - ¢21 {g} 0 as x{g}ﬁ(y) or i{éj?: o

yix) = - Uﬁjvwgo .

MnU=-®, UnU = - «
yu yrminly, (x),F]

where r(yb) -x =4, yb'(x) >0 .
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() U =U_=U_ =0 for x >x(y)
x XXXy =z
Ux=-¢l>0,Um=¢ll<0,ny=-¢nrg(y)-¢12<0

for x < x(y) s

where r(y) -x=1i, x'(y) >0,

lim  U=-w wiere r(y) x =i, % '(y) >0.
#x, (v) .

(e) UWx,y ) =@fi,y ) =0,

Iet us first interpret the new notation before looking at the disgrams.
The function }(x) has slready been explained; it denotes the y at which the
rate of utility is at a wmaximum with respect to y , taking into account the
influence of y wupon 1 , given x . The quantity ¥y s also an inc¢reasing
function of x ; is that value of y which, given x , is just large enough to
cause a breakdown of the monetary system by virtue of its causing i = l‘b
through the r(y) function; of course, x may be large enough to make 1, >y
in which case yi) ig irrelevant; it will be relevent if x is so negative that
the economy is teetering on the edge of barter. The quantity ;c s which ig
an increasing function of y , is that value of x Jjust sufficiently great,
given y , to permit full liquidity; i.e.; t.o permit 1 = ;. ;s slnce an increase
of y entails a higher r , i.e., r‘(y) >0 , we shall need greater x to
maintain i = E the higher is y ; of course, any X >;c(y) is also con-
sistent with full liquidity, as ;c is the minimum x consistent with full

ligquidity. The guantity X, s which is certainly negative even for large y

is that value of x 80 small algebraicaliy that, given ¥y , i = :Lb so that
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the monetary system breaks down; since r'(y) >0 , an increase of .y causes
an algebraic increase of X for we then need a smaller expected inflation rate
to save the economy from bartér. Finally, as a matter of notation, 8 denotes
the rate of utility st equilibrium utilization and full liquidity, i.e., at

~~ * -~
y = vy and x >x(y ) ; U is the maximum sustaineble rate of utility.

Figure 3 illustrates the dependence of the utility rate on y ,
allowing for the interest effect of utilization, for two particular values of
X : Pirst, x = ;:(y*) so that there will be full liquidity at ¥y = y* (and
at smeller y ); second, X = Xy <;(y*) , i.e., at a smaller x . I have
supposed for the sake of definiteness that % is so small -~ very negaiive --

that when x = x, full liquidity is not realizable even at very small ¥y so

L
*
that the two curves never coincide; and that x.b(y ) < X, 80 that the right-

*
hand asymptotic lies to the right of ¥ .

Both curves are strictly concave since UW <0 , (It can now be
pointed out that x%(y) >0 is unnecessarily strong for Uyy everywhere,
let slone for UW < 0 1In the neighborhood of ;; as congideration of Figure 2
will show. One can simply postulate UW < 0 noting that this prohibits
r%(y)} from being excesgively negative.) Both curves reach a peak -« the
static optimm -~ left of y° since x < ;(yo) in both cases. The top
curve reaches a peak to the right of y* béca.use at y = y* there is full
liguidity, so ;ﬁl = 0 (right-hand as well as left-hand derivative), while
952 >0 Ddbescause yo >y* , B0 that Uy(;(y*) ,y*) >0 , i.e., the curve must
still be rising at y* . For purposes of illustration it was assumed that

yb(x(y*)) >y 50 that the right-hand asymptote is y . The lower curve,
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corresponding to a much smaller x , has the same shape but reaches a peak,
;(xl) , to the left of Y . This is because, in the case illustrated (if

x iz very small), the marginal gain from higher utilization at y = y*< y°

ig neot worth the concomitant increase of interest rate becsuse the interest
rate ig already so high in this case., (It should be remarked that the portion
of the sclution {discussed later) which can be regarded as "deflationist®

ig not in any way dependent upon the fact that, for sufficilently small =x ,
;(x) <'y* ; defiation (or at least y < y* } can be optimal even for x

mich higher thar the aforementioned value, i.e., even when the static
optinmm is always abtiove y*'o) Looking at the rightshand agymptote, this
reflects the fact that for sufficiently small x , yb(x} < ¥ . I have assumed
for definitzsnsss that yb(xl) 2’y* but the reverse inequality is certainly
possibie.  Note finally, for completeness, that yb(x) approaches u aymptobti-

zally as x falls and approaches xb(uj .

Figure L illustrateﬁ the dependence of the utility rate on x for
two gilven values of y : First, y = y* 50 that there will te full liquidity
at x gf;(y*) : second;, y = yl < y* - Both curves are, loogely speaking,
reversze images of the curve {not drawn but fully discussed) of $ against
i  eince, with y fixed, svery one point increase of x 1is a one point
decreagse of 1 ., Both curves are concave, strictly concave outside the full-
liquidity range., Consider the former curve. It ig assumed for illustration
only that E(y*) >0 meaning that, in equilibrium, deflation is necessary for
full liguidity. As x ig decreased -- the expected Inflation rate increased --

the money rate in interest is increased (at a constant rate) so the rate of utility



- 30 =

falls -- at an increasing rete by virtue of the strict concavity of $ in 1.
As x approaches xb(y*) , 8¢ that i approaches the barter point; the rate
of utility goes to minus infinity. The other curve, corresponding to a smaller
y , hag the same shape. However, because ¥y is smaller in this case and
therefore 1 is smaller for every x , the critical rate X, which drives
the system into barter is algebraically smaller than in the previous case;
i.e., a higher expected inflation rate iz consistent with 1 < ib when y 1is
smaller. Similarly, a smaller algebraic deflation rate;, namely g(yl) , is
needed for full liguidity. DNote that since ¥y <'y* <'yo s Full liquidity

(1 < E) in this cese gives a lower rate of utility than does full liguidity
in the previous cage where ¥y = y*'- While it iz of no significance, these
considerstions imply that the two curves cross: At algebraically very small
X, v >y, >¥{x) =0 that v > y, ectually reduces the rate of wtility in

that range of x .

Refore (8) is ubtilized, some defense of it and consideration of
alternativez is in order. Consider the poor German worker of the early 1920's,
He wag not in the market for equities so that for him the real intersst rate
wag zero; or, rather, for him the real interest rate was only the convenience
yield of holding s stock of consumer durables (cigarettes, bottled beer, etc.)
whish we might regard as becoming rapldly negligible as this stock 1s increased.
It could be argued that for such people the appropriate utility-rate function

is better described by

U=y (“’XJY)



on the ground that the opportunity cost of holding money is gimply the expected
rate of inflation. If we meke assumptions like ¥, <O in the spirit of (7)
we can still arrive at (8). There is little to be gained except simplicity
from this spproach at the cost of neglecting altogether the role of the real
rate of intersst for those peopls who participate in the capital market and

who own a substantial amount of the wealth.

Another issue is my omission of the actual inflation rate from (7).
Observe that; by virtue of {3} which makes the inflation rate a function of
x and y ., the utility rate mst wltimately depend on x and y , as in (8).

We could write

U= ¥(p/p, 1. ¥) = VIE(y) - x, x(y) - %, ¥

and still obtain some version of (8). The issue therefore revolves only around

the shape of the function in (8).

I have already given full weight to the loss of utility arising from
a discrepancy between the actual and expected rates of inflation. It is in
large par: this discrepancy thet motivates opposition to inflation. It is not
really inflation per se that many economists oppose but rather an unexpectedly
high rate of inflation. Nevertheless it might be argued that it is of no
consolation to Pixed-income groups to guess correctly the current rate of
inflation if they did not anticipate when they contracted their fixed money

incomes the bulk of the inflation that has occurred in the intervening time!

On cone interpretation, this is a distributional argument: The real



incomes or real wealth of widows and orphans on previously contracted fixed
incomes will be eroded to socially undesirable levels by inflation. My grounds
for omitting the actual inflation rate, from this point of view; is that the
government hag cther means than the depressing of the utilization ratio to

rectify tolerably the distribution of incam@.lg

To the extent that appropriabte redistribution efforts still leave such
groups toc poor, there ig certainly s case for introducing the sctusl rate
of inflaticn into the utility-rate function, Vv . PBut 1% is encrmously diffi-
cult to introduze it appropriately. For if the actusl and expected inflation
rates should be equal for a long time tren the actual rate of inflation deserves
less and less welght over time:; for eventually the inflation will have become

a fully anticipated one. Thus an appropriate utility-rate functicn must be a

nonstationary function, No zimple possibilities satisfy me. Bub I wish teo

point out that since the optimal path in my model produces asympiotically a
steady rate of algebraic inflation, hence an asymptoticsliy anticipated infilation,
and since the rate of an anticipated inflation makes no diffarence distribution-
ally {(apart from its liquidity effect alresdy recognized), the asymptotic

rropervies of the solution here are immne to criticism from this peint of view.

The actusl inflation rate has ansther influence which, it cowld be
argued; is time-independent and hence persisting for all time. Thiz ig the
nuisance cost of adjusting price lists up or down. If the rate of inflation
is twenty percent or minus twenty percent per anmum, every firm in every
industry will have to revise its price lists very frequently, which again hés

its lelsure or produstion costs, This suggests giving the astual rats of
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inflation a wesk role in the utility-rate function. ¥{ ) can be made a dome-
shaped function of ;/p . The concavity of U in y would be threatened a
little -~ pre:autions would be needed to insure that U&y < 0 everywhere -=
but not mach of (8) would be lost. The main difference is that instead of
having & U maximum in the x plane for all x 2';(y) we would have a
unique, nonflat peak in Figure 4 since too high an expected rate of d=flation
would cause toc high an actual deflation rate from the point of view of price
lists. I shall mention in the next section an instance where it would be

useful te introduce such a modificationulg

My greatest reservations center on the stationarity of the utility-
rate function in {7). Suppose first that A = 0 . Due to virtual golden-
age growth, aggregate consumption and leisure will be growing at rate v ,
like population, at any constant utilization ratio. Since the "pie® is
getting bigger over time, éhould not U be made to depend uwpon t ? Fortun-
ately; however, per capita consumption and per capita leisure -- which depend
only en i and y =- will be constant so that the use of a stationary utility-

rate function iz not wholly unreasonable. The real issue here is "discounting.™

More serious difficulties arise when A >0 . Then a constant 1
and y dimply exponentially growing consumption pef head and constant leisure
per head (by virtue of the labor supply function's properties). In this case
it does seem a little strange that time should not appear as an argument of the
utility-rate function. But I believe that examples of underlying utility
functions could be found such that time would not appear in the derive utility-

rate function § in (7).20
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I shall however allow the rate of utility to be "discounted® at
g nonnegative rate in the usual multiplication way. No solution to our
problen in its present formdation will exist if there is negative discount-

ing.

In deciding which of two (x,y) paths to take ~- actually x(t)
alone suffices to describe a path -~ the Fisc is postulated to compare the
integrals of the possibly discounted rates of utility produced by the two

paths. Hence the "social utility," W , of a path (x,y) 1is given by

o
(9) V= [ e,y at, 5>0,
]
vwhere t is time, e {5 the discount factor applied to the rate of

utility + years hence, and 8 is the rate of ubtility discount. (It is under-
stood in (9) thaet x = x(t), y = y(t) .) The case & = 0 will receive special

consideration in a moment.

The optimization problem of the Fisc can now be stated ag: Maximize
(9) subject to (5) and (6). 'The “optimal policy™ is the function y = y(x)
which gives the-greatest feasible W . Given =x(0) = X, » there is an optimal
path x = x(t) which describes the state of the system at each time. From

this information one can slso derive y = y(t) , since x(t) gives y(t)

by (5).

In the case B = 0 , there may be many feasible paths which cause

the integral in (9) to diverge to infinity, which give infinite W ; intuitively,
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it is unreasonable to regard all of these paths as "optimal" so that a different
criterion of preferences and of optimality is wanted in this case. Such a
criterion will be described briefly in the next section, which also gives the
solution to the zero-discount case., (Nevertheless the sbove formulation of the
mathematice of optimization is essentially correct.} The subsequent section

gives the solution to the case of a positive utility discount rate,

B. Optimal Policy when no Utility Discounting

The opbtimality crifterion now widely used by economists to deal with
no-discount, infinite-horizon problems of thie sort has been called the “over-

i

taking principle.”™ A path (xl(t), yl(t)) ie said to be preferred or indiffer-
ent to ancther path (xe(t), yé(tj) if and only if one can find a time T°
gufficiently large that, for ail T >T°

T T

The former path is preferred because it eventually "overtakes®™ the latter path.
A feasgible path is said to be optimal if it is preferred or indifferent to all
other feasible paths, If one then obtains a solution to the maximization

problem now to be described, this solution is the optimum in this sensengl

The above optimelity criterion justifies the use of a device first
employed by Ramsey in his analysis of the somewhat anaslogous problem of optimal

2 Choose the units in which the utility rate is measured

saving over time:a
in such & way that U=0, i.e., U(x(y ), ¥y ) =0 . This is merely a
linear transformetion of the function U +that will not affect the preference

orderinge implied by the integral comparisons just described. Now go ashead
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with the problem

i
o

-} ~

Mx W= [ Ulx,y)at, U
¥ O

(10) .

subject to x = &(y) , x(0) = X o

The divergence problem cannot now arise This is not to say however

that an optimal policy will exist for all X

Readers familiar with the Ramsey problem will recognize (10) as
rather like the optimal saving problem, There x 1is “capital” and y is
"consumgption."23 There 1s a zero-interest capital-saturation level in Ramsey
that is analogous to our liquidity satiation level, ;(y) ; his income -- the
maximum consumption subject to constant capital -- is analogous to our y* °
His solution was the following: If initial capital is short of capital satur-
ation, consume less than income, driving capital up to the saturation level;
if initial capital exceeds the saturation level, consume more than income,
driving capital dowm to the saturation level; if initial capital equals the
capital-saturation level, stay there by consuming all capital-saturation inccme.
Thus capital either equals for all time or approaches gsymptotically and
ﬁonotonically the capital-saturation level while comsumption either equals or

approaches asymptotically (and monotonically) the capital-ssturation level,

o
The sclution to the problem here is similar in part. If x, < x(y )
*
it is optimal to make y <y for all t , causing x to rise and approach
-~ x *
x(y ) asymptotically, while y approaches y asymptotically and monotoni-

cally. In other words, if the economy "inherits” an initially expected
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algebraic deflation rate that is insufficient for full liquidity when the
utilization ratio ig at its equilibrium value, then; for an optimum, the Fisc
mst engineer undermutiliza‘tiog for all time so as to cause a gradual, asymp-
totic movement of the expected deflation rate up to the level consistent with
full liguidity and equilibirumw utilization; in the limit, as time increases,

under-utilization vaunishes and a full-liguidity equilibrium is realized.

I ox, = ;(y*) then v = y* is optimal for all + , and therefore
X = ;(y*) for 211 t . Should the economy inherit the minimum expected
G.eflatioh rate congistent with full liquidity at equilibrium utiliza‘biog, +then
equilibrium utilization with full liguidity is optimal for all time. The case

~ %
X, >x(y ) will be discussed later.

What will be remarkable to those steeped in the statical approach
~ %
is thst, when x < ®*(y ) , over-utilization is not optimal whether or not
~ *
x is large enough to make y{(x) >y . Further it can be shown that optimal

- ~ *
y i always smaller than y even when y <y. .

Anglogous to the Ramsey-Keynes equation that gives optimel consumpticn
as a function of capitel is the following eguation that describes optimal

utilization as a function of the current expected deflation ra’ce:el!"

(11) u(x,y) + ay) :‘é‘im-" = 0.

For purposes of diagrammatice it is helpful to write U = ¥(x,x) = VIx, &(y)] ,
which we may do since G(y) is monotone decreasing in y , and then to express

(11) in the form
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(12) v(x,6) - & vG(x,G) =0
where 1) (ﬁsY)
- o LN
U G -6"U U
v o= Y V. = ,
GG GGG’ ? Gx G'(y

If we think of x = G(y) as "investment,® then (12) says that the optimal
policy equates the ra.te-of utility to investment multiplied by the (negative)

marginel utility of investment, V., ; this 1s essentially the Ramsey-Keynes '.;"uleo

G
From the information above on derivatives we see that V Iincreases
a8 G is incressed (i.e., as y is decreased fram y of yb(x) s Whichever
is smaller) up to G(;) whereupon V then decreeses, going to minus infinity
as @ approaches G{(p) . Only this latter decreasing region, where V. <0

G

or I‘J:)’r >0 is of relevance; in that region, V., <0 unamblguously.

GG
In Figure 5 the solid curve depicts the possibly realistic case of
X, great enough that ;(xo) ?y* , 8o that G’r(;r(xo)) < 0 , but not great
enough for full liguidity when y =y , i.e., x, < %(y") . Thus the solid
utility curve, for x = x o * hag & peak left of the origin but it passes under
the origin, since U(x o,y*) <fx = 0 . The tangency point, at (VO, GO) s Bhows
the optimal initial G(y) and hence the optimal y ., Since optimal G(y) >0
(i.e., ¥y < y*) s % will be inecreasing and the V curve will therefore shift
iip and possibl& to the left; as this process occurs, the tangency point approaches
the origin, so that y =y  and x = x(y') in the limit.2> The dashed curve
represents the asymptotic location of.the V¥V curve., Just as equilibrium

utilization is approached only asymptotically, it can be shown that full
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liquidity (i <) is approached only asymptotically. (This follows from

rt(y) >0 and the results that Uy >0 along the optimal path. )

The case X, = ;.(y*) is now obvious. Here we are in long-run
equilibrium to begin with, as shown by the dashed V curve in Figure 5. The
tangency point occurs at the origin so y = y* is optimal initially; this means
that the equality x(t) = ;c(y*) continues sc that y = y* conbinues to be

optimal for all t .

~ o *
Consider now the case X >x(y ) . Since there cannct be more than
. . . * * -~ ~ %
full liquidity when y =y ; i.e., U(xo,y ) = U even when X >x(y ),
the tangency point continues to be at the origin. Yet the implied policy

* ~ X
vyt =y , x(t) = %, >x(y ) for all t cannct be optimal. For there is

2 “éu.rplus" of expected deflation here; i.e., 1 < g when y = y*. Since
v 'reaches a peak to the left of y* , there are clearly policies of at least
temporary over-utilization (y > y*) which will permit U >1} for at least
a while and yet sllow U = I’.\I forever after; this is because x = ;(y*) <x,
is sufficient for U(x,y*) ai} . In other words, there is rocm for a "binge”
of at leagt temporary over-utilization while all the time enjoying full liquidity

. %
and while never driving x below x(y ) .

But it cannot be concluded that over-utilization is optimal when
X, > ;t(y*) . For no such temporary or even asymptotically vanishing binge of
over-utilization can satisfy (12), which is a necessary condition for an
optimum; in terms of Figure 5, there is no vay thet such a policy can satisfy

the necessary tangency condition.
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Since neither ¥y >y* , Y= y* nor y < y* is optimal, thelinescap=
able conclusion is that there exists no optimum in this case. An intuitive
explanation is the following: For every binge that you specify which makes
x(t) approach ;(:y*) (as y &approaches y*) s I can, by virtue of the strict
ednéavity of the V cui"ve s specify ancther binge that makes x approach
.;c(y*) more slowly which will be even better, There if no “best binge" (or
even set of “best binges™) just as there is no number clogest to uaity yet not
equal to it. Hence there ig no path preferred or indifferent to all other

feagible paths.

There gre gt least four avemuieg of escape from this disconcerting
situstion. ILet us first asgk, how did Remsey avoid it? He could aveld it
(actually he never recognized it} by postulating that the net marginel product
of capital became negative beyond the capital saturation point so that thers
was an immediate and positive loss from having too much capital. (This is fair
enough if capital deprecistes even in storage.) In our medel there is no
immediate loss from having "too high® an expected deflation rate; i1 < ;.,
is as good ajs i= ;, . To introfuce a loss we need to suppose that U in
(8) is strictly concave in x , reaching & peak at same ;c(y) and falling off
thereafter. As menmtioned earlier, this postulate could be justified by the
price-list congideration that it is a nuisance to have to reduce prices with great
frequency. (But a previous footnote indicates my uneasiness with this congid-
eraticn.) Alternatively one could make assumptions such that Gx(xjy) <0

as 1s done in the last section of this paper.

Another avemue of escape is the introdluction of a positive utility



discount, ae J have done in the next section. Then there will be a "best

binge” so there will be an optimum for all x_ (in the admissible range).

A third avenu= is to employ a finite-time horizon. Then any binge
mist come to an end at the end of scome given number of years. There will be
a "best binge®” and an optimum will always exist. See the second part of this

paiae.r for such & model.

The fourth avenue of escape is to postulate that yo = y* s0 that
;r(x) < y* for all x and therefore the V peak cannot occur to the left of
the origin. I find this unsatisfactory although some readers may not. The
reader can now work out this case using s diagram like Figure 5. If
x, < ;(y*) » under-utilization is optimal as before; if x > ;é(y*) 5 equil-
ibrium utilization is optimal. Anyone who wants to go as far as postulsting

*
yo <y will encounter problems of the nonexistence of an optimum.

Some of the qualitative results of this section may be expressed by

the following "policy functiom®™ derived from (12):

(13) y = yix) , x<x(y)

~ %
where ¥ (x) (210 as x (S} x(y ) ,
* ~ %
=y if x = X(;Y ) 5
Y(X) %* - *
<y i x<x(y ),

Hm y(x) =p .

xrx (1)

Iet us turn now to the mathematically more congenial case of a

positive discount.
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C. Optimael Poliey When Pogitive Utility Discounting

Qur problem now is

® -8t
Lf?xW:J'em U(x,y) at , 5 >0,
O
(14)

subject to x = Gly) , x(0) = Xy o

A mathematical analysis, in which (14) is a special case, is contained in the

appendix of this paper. I ghall describe the solution here.

The optimal path of the variable x(t) either coincides with or
asymptotically and monotonically spproaches (from every X, ) a "long-run

. * . . ,
equilibrium” value, x , which is uniquely determined by

N * *
U (% ¥ ) G'(y )

*  *
Uy(x 5Y )

(15) B =

It is easy to see from (15), the inequality G'(y) < O and the observation
that an optimal path would never make Uy(x,y) < 0 , that I}fx(x*,y*) >0 .
This and (8) yield the result that x < x(y ) . Thus, in the long run, there
will be less than full liquidity when there is positive discounting of future
utility rates. This is because the current géin from high utilization slways

offsets the discounted future loss due to & short fall from full liguidity.

*
Ir %y <X , 50 that the expected deflation rate is below its long-
*
run optimal value, then, to drive x(t) monotonically toward x we require
¥* *
Yy <y , i.e., under-utilization; y(t) will epproach y only asymptotically

* * *
as x{t) approaches x . If X, =X , then y =y is optimal for all ¢ .
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* *
If x, >x , then; to drive x(t) monotonically toward x we require

* *
y >y , i.e., over-utilizetion; but, again, y(t) will approach y  asymp-
totically, {It does not appear that the path y(t) is necessarily monotonic

but this is of little importance.)

This last result -- the optimality of over-utilization in some
cireumstances -- ig of considerable interest. The previous section laid a
possible foundation for a “deflationist®™ policy when the initially expected
defiation rate was insufficient for full liguidity with equilibrium utili-
zation; more precisely, under-utilization was optimsl in that circumstance
s0 that the actusl rate of inflation resulting would be less than the ex-
pected rate, though it need not be negative initially (or even asymptotically
if ;(y*) >0 ). Moreover, an "inflationist® policy of over-utilizetion, though
it might be better than any under-utilization policy, was never optimal for
there could never exist an over-utilization optimm. We see here that, when
there is a positive utility discount, over-utilization will be optimal when
X >k s  =mince X < J’E(y*) ; this embraces the case x = :::(y*) s degoy

the ecsge in vhich there would be full liquidity at equilbrium utilization.

The greater ie the utility discount rate, the smaller algebraically

will be the equilibrium deflation rate, Differentietion of (15) yields

* ¥,..2
(16) d.x* ‘[Uy(x sy )]

. ¥ F TR, % — <0
3 - -- — —
I;ny(x sy )UX(X o5 ) - U}m‘x sy )Uy.(x s )]G"(y )

2

* "~ %
since the denominator is unambigously negative for all x < x{y ) , hence for



5 >0 . This indicates that, given some X, s We are more likely to find over-

*
utilization initially optimal (xo >x ) the larger is the utility discomt rate.

*‘
Revertheless one cannot; by choosing sufficiently large & , make x
*
arbitrarily smsll (algebraically), not even as small as xb(y } . It is the
~ % * *
inequality y(x ) >y that lles behind the optimelity of y >y when
3 * -~ ¥*
X, >%° . Tt can be shown that x  cannot be made larger than =x(y ) , where
~ ~ *
x 1is defined by y(x) =y ; for as 8 goes to infinity, the derivative
® * *® _
U&(x ¥ ) in (15) goes to zero (while Uk(x 5¥ ) stays Pinite), indicating that

*® ¥
% approaches the value such that Uy(xsy ) = 0 , hence approaches the value

=y .

The value ;(y*) is precisely the level of x to which the myopic,
statical approach would drive x(t) . That approach, which maximizes the current
rate of utility at each time, leads to a policy y = ;(X) 5 under that policy,
equilibrium is realized only when (asymptotically) x = ;(y*) so that ;(x) = y* o
Thus the statical approach and the case of an infinitely high discountrrate lead
to the same equilibrium value of x . Indeed, it can be seep from the appendix
{in particular, the equivalent of the BEuler condition) that infinite utility
discounting makes Uy(ysx) = 0 always, which means y = ;(x) s B0 that the
statical approach and infinitely heavy discounting lead tc identical policies

throughout time.

But optimal behavior in the limit as & goes to infinity is of little
interest. Given any (finite) value of & s the dynamic approach yields different
results from the statical policy ¥ = y(x) . Firet, since U&(x,y) >0 along

any dynamically optimal path, the optimal vy < § for all x ., Sec(-):ude9 and this
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needs emphasis; even if X, is such that ;(xo)> y* s 80 that myopic maximi-
zation of the initial rate of utility would csell for y > y* s the truly optimal
y < y* if (and only if) x, < x . Thus, if the currently expected rate of
inflation igs 2 percent while the long-run equilibrium (asymptotically optimal)
expected inflation rate lg less, say 1 percent, then under-utilization is optimal
whether or not the current utility-rate curve peaks to the right of y* » This
theme is esgentially a repetition of a theme of the previoug section: A
dynemical approach can lead to a qualitatively different optimsl policy than

a myopic, statical approach. In particular, a “"deflationist” policy of under-
utilization (and hence a rise of x over time) may be optimal even when myopic
maximization of the current rate of utility callis for over-utilization (and

hence 8 fall of x over time).

The above results may be summarized in a qualitative way as follows:

y = y(x)
where
* 5%
>y if x, >x
. * *
yix) =y if x =x ,

: o}
(17) * *
<y if'xo<x P

‘1im vix) =n, y(x)< ;(x) for all x ,

xx, (4)
~ * ~ * *E{
with x<x (8) <x(y ) forall >0, x (8)<0.

* ~ *
Once sgain we msy ask, what if 70 =y 7 Then y(x) <y forall x.

* * * *
In this event, y <y +when x0<x ag sbove. And if xozx,then Yy=y3;
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hence there is no over-utilization, because there is no gain to be had in the
present (from over-utilization) that is worth a discounted future loss (from
a reduction of future liquidity).
IT. VARIATIONS ON THE STANDARD MODEL
Consider first the finite-horizon version of the model just analyzed.

A. A Finite Time Horizonm

Suppose the economy is believed to come to an end after a length of
time T . Or suppose that people or planners wish to optimiz only over a
finite interval of time beginning at time zero and ending at T . Suppose
further that it iz decided to leave a certain terminal expected deflation rate,

x(T) , to posterity. Then our problem is

T
Mex | "0t U{x,y) dt
y 0
(18) subject to x = G(y) and

x(0) = X, s x(T) =X -

We have to assume, as earlier, that our end-poimts are admissible, i.e.,
X5 %p > x.b(p) ; and once egain we wish to dodge the interest-rate nonnegativity
constraint by assuming that X and xT are not too large. Nobte that there

iz no longer a nonnegativity restriction on & .

I shall make three brief points about the problem in (18), not giving
it the attention that it perhaps deserves. First, an optimal policy will

exist for all edmissible X, and xT + We need not worry sbout the size of
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xo ner whether % =0 oreven 5 <O,

Second, the initially optimal y will be approximately equal to the
initially optimal y (should an optimum exist) in the infinite horizon
problem if T . is "la.i"ge." More precisely, by choosing T sufficiently
large one @anmeke the two values of y (the optimal values in the two
models) as close to one another as one desires. This is,; after all, one
Justification for studying infinite-horizon models: The .optimal policy in
the early years is likely to be a good approximetion to the truly optimal
policy in the early years even if 1r:he world is going to come to an end -- as
long as tha end is far a.way.26 Thus, if T is sufficiently large and & = 0 ,
under-utilization will be optimal initially if x o < ;(y*) . But, in addition,
aver-utilization will be optimal irf X, >;(y*) s the case in which there was

no optimum in the infinite-horizon model.

The third remark concerns the optimal path of x(t) over the whole
intervel. The problem stated in (18) is reminiscent of the Cass-Samuelson
provlem of optimal saving over a finite time interval, out of which smerged
the “catenary turnpike theorem;" just as the infinite horizon model was
reminiscent of the Ramsey problem.eT Anslogous to that theorem is the
following conjecture: There exists a value x = x (8) , given by (15) for
the case & >0 .and determined otherwise for the case & < 0 , such that the
optimal x(t) path will be seen as "arching™ toward that value in catenmry
Tashion; by making T sufficiently large one cen cause the optimsl path x(t)
to spend an arbitrarily large proportion of the time interval arbitrarily

* * o~
near the x value. Thus, when & =0 , the value x = x(y ) is a kind



of turnpike, just as the Golden Rule path is & "turnpike"” when there is no
ubility discounting in the analogous Cass-Samelson problem. When & >0

X (8) from (15) is the twrnpike, with x (8) <=x(y') . When & <0 , x'(5)
will be greatsr than %(fk) s reflecting the optimality of accumulating a
"surplus” of x prior to the negatively-discounted later-yesar feast of over=-

utilization and drawing down of x to its stipulated, terminal value.

B. A "Full Liguidity or Barter” Model

In the standard model (and in ite finite-horizon variant) the rate of
utility wae a gmooth function of the expected deflation rate, given the util-
ization ratio; i.e., even the second derivatives U%x(xjy) and U&X(x,y)
were continuous. One could obtain somewhat different results by supposing
that only the first derivatives were continuous, that the first derivative

X

U (x,y) hag 8 kink at x = x{y) . Hers I shall go to the extreme of

postulating that U(x,y) itself is discontinuous in a particular way.

As explained earlier, x could have appeared in (8) by making
$ in (7) depend upon ﬁ/p = f(y) = x . Let us continue to suppose that the
actual“réte of inflaxionlis a matter of indifference, given utilization
(hence the discrepancy between the actual and expected inflation rates) and the
money interest rate. Let us suppose further that the money interast ra%e affects
the rate of utility only as it permite or prohibits the functioning of the
money economy. In particular, either there is barter (no liquidity) or there

is full liquiditys the money interest rate being s matter of indifferences

(19) U= ¢(y) ir i<i~b9
- if iii‘b .
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In other words, the eccnomy is not sensitive to the money interest so long
as the latter varisble iz short of the barter point. As before, barter is
postulated to be an incalculable disaster which it could not be optimal to

bring about.

Using the relation i = r{y) - x in (2) we then obtain in place of
(8} the utility-rate function

by} i x>x(y),

(20) U= Uxy) = |
- otherwise,

Thus the expected deflation rate has no effect in the range x > xb(y) where

x, 1s defined by r(y) - x, =i, asin (8); but when = < x;bﬂy-) s the rate

of utility ie really not even defined.

Congider now the infinite-horizon problem

2] “‘5'}’
Max W= [ e ~ Ulx,y) at ; 5 >0,

) ¥ o

(21) o
subject to x = G(y) , =x=(0) = X4 o

Will an optimum exist for this préblem? Not if we suppose; in the

spixit of (7), that $(y) =0 at y=y° >y . Assume initially that

x, >x,(y°) . Certainly the statical, myopic pelicy ¥ = y=y° >y will

not be optimal for that policy will cause x(t) to fall eventuslly to

xb(y°) with barter thus resulting. An optimal policy mist cause v(t) to

£a11 graduslly to y  sufficiently fast that x(t) >xb(ytt)) for all t .

But for every such policy there will be another, better policy which causes
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the economy to come a little closer to the brink of barter. Thers is no
"brinkmanship® optimum. Similarly, even if Xy < x.b(yo} s it is besgt for
y(t) to be always as close as possible %o ¥p(x(t)) ; where v, is defined
by r(yb) = % =1, 3 but there iz again no closest path of pursuit. Hence no

optimm exists for any Xy

The message of this section is therefore the following: 7Tnless the
expected deflation rate enters continuously inte the utility-rate function ﬁ s
either through the door of the money interest rate as in (7) or through the
door of the actuasl rate of inflation, there is the possibility that no optimum will
exist, even §f there {e discounting of future utilities, when an infinite
time-horizon is used; there will be no optimum if barter iz regardsd as
infinitely disestrous. Even the myopic, statical approach produces absurd

results in the discontinuous case just considered.

If varter is regarded as producing only = finite disutility, & great
portion of the utility-rate function in (8) would have to be revised. Tt zeems
a plausible guess that if there is positive utility discounting, an optimal
bath will exist, one which will presumably produse a barter econony after
years of happy over-utilization. For most readers, however, such & model will

seem an instance of thinking about the unthinkable.

C. "Inflation Illusion® .

Throughout this paper I have worked with an inflation function that
yields a vertical steady-state or equilibrium reslation between the inflation

rete (on the vertical axie) and the utilizatiom ratic (on the horizontal axig,)
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Though I am skeptical myself, I wish now to satisfy those resders who believe
"tha,t the steady-state Quasi-Phillips Curve is positively sloped, that & rapld,
s teady, expected inflation is compatible with a higher utilization ratio
than a creeping, steady, expected inflation. Fresumably the thought behind
this belief is that when the inflation rate {both actual and expecied) is
increased, a larger volume of labor is supplied sc that the same unemploy-
ment ratio corresponds to a larger utilization ratio. (Note the shsence of
any implied difference in the unemployment ratic in the highc-infla.ti@n and
low-inflation situations.) Provided that the labor supply is, if dependent
on the meoney interegt rate at all, a nonincreasing function of the money
interest rate -- and this seems reagonable ~-- such postulated bshavior
should perhaps be regarded as irraticnal on the part of labor su.ppliers,QB
In any case, perhaps the following model will portray such behavior

gatisfactorily.
Iet us postulate in place of (3) the relation

[

%mf@)maxg c<e<l

(22)

where f£(x) has the same properties as in (3) and where & is a constant,
Since 8 >0 , the Quasi~FPhillips Curve still shifts upward with a ons
percentage point increase of the expected inflation rate; but since 8 <1,

it does not shift up by the whole percentage point.

*‘
As before, the equilibrium utilization ratio, ¥y , is defined as

that ratio which makes the actual inflation rate equal to the (given) expected



inflation rate. But now we have & locus of eguilibrium utilization ratios,
y* = y*(x) , one for each X . This locus is defined by (22) upon substituting
the expected inflation rate, - x , for the actual inflation rate, p/p .

*
Thus y 1is determined by the relation

0=f(y)+(1L-8)x

where QL:%l = %;il% >0,
(e3) dy -

Qi%‘,lgﬂll >0
* - e
dy 1 e

Thus an increase of the expected inflation rate is associated with an increase
of the equilibrium utilization ratio; the equilibrium or steady-state locus

is positively sloped; bub since (1 - ®) <1 , it is steeper than the individual
Quagi-Phillipe Curves, each of which corresponds to a particula; X » The

equilibrium iocus shares the convexity property of the Quasi-Fhillips Curves.

Before introducing this inflation function into the model; I shall
indicate briefly that an equilibrium locus heaving the properties just mentioned
can be derived by postulating that labor supply ig an inereasing function of
the money interest rate so that, given any utilization ratio, the rate of
inflation decresses with the money interest rate. This 1s, of courze, the
opposite of what we should expect on ligquidity considerations for s high
interest rate causes time-consuming efforts to economize on money. For

simplicity, consider the simple relation
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a

§=f(y):ﬁﬁ[r‘(y)~x]3 B >0 .

Then the equilibrium locus is defined by

0=2(y) -Br(y ) +6 x .

For sufficiently smali P , the locus wilil be increasing, convex and (if

d esired) steeper than the Quasi-Fhillips Curves.

I am going to linearize the adaptive expections function in (k)
80 that no hopelessly camplex conditions for the existence of an optimum and
ite u.niqizeness will arise. Thus, the adjustment coefficient iz now a constant

@ , as used by C&ganagg

o

(24) —;ua(g +x), a>0.

Combining (22) and (24) yields
-x= alt(y) + (1 - 8) %]

*- 0
Thus, vhen y =y (x) , so that f£(y) + (1 -@)x =0 [by (83}], =0 ;
* ©
vhen y >y (x) , - x >0 (the expected inflation rate is increasing) and

* ° :
when y <y (x) , - x <0, both by virtue of the inequality f'(y) >0 .
We may write the previous equation in the form
x = 6(x,y)

*
(25) vhere G(x;y ) =0, G(xy) <0, G (xy)=0,

Gy(x.al‘f) <0, Gw(xs-')r) <0, GXy(XSY) =0 .
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*
Note that G(x,y) = 0 1is an equivalent way of defining the y (x) locus.

* : §
By differentiation one finds that d(-x)/dy = Gy(xﬁy)i/ﬁx(xjy) .

Qur utility-rate function in (8) remains intact in the face of the
sbove revigion of (5). Hence we may state the infinite-horizon version of

our problem as

o

Mx W= f et Ulx,y) dt , 5 >0
N] 0
(z6) .
subject to x = G(x,¥7) . x(0) =x_ .

2}

I shall consider first the case & >0 ;, although all the state=
ments made about this case are valid for 8 = 0 a2 well. In this caze thers

*
ig a long-run esquilibrium value of X , say x , that iz uniquely defined by

U (=3 (a6 (27 (x)

U, 7,y )

(27) 5.6 (x"y (x)) =

Since G <0, Gy <0 and Uy >0 along any optimsl path, {£7) determines
*‘
& value of x  zuch that Ux >0 ;3 thus the long-run equilibrium iz not one

of full liquidity (even in the limit az & approaches zera).

It ig ehown in the appendix that either optimal x({t) coincides
with x* == this is the case when Xy = x* -~ or else x(t) approaches x
asymptotically and monctonically, the optimal path being unigue. Thug, if
x, < % s under-utilization ig optimal, meaning that y < y*(xo) g0 that x
will be increasing toward x* ; under-utilization will vanish: in the 1imit

*
as time goee to infinity. If x_ =X , equilibrium utilization is optimal,
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* . *
meaning y =y (xo) so thet x will be constant. If X >X ; evers

utilization is optimal so that x will be decreasing toward x* a

As in the standard model, the equilibrium and ssymptotically optimal
expected deflection rate is a decreasing function of 5 . As & goes to
infinity, x approaches the lower limit ;* which {e defined by Uy(xsy*(x)) = Q .
This is the value of x which the staticel policy y = y(x) , where
Uy(-},x) = 0, would produce asymptotically. Along & dynemicelly optimal path

(with ® finite of course), y <y for all x and hence for all t .

Since x* is decreasing in & , we are more likely to find a
policy of éver=1rbilization to be optimal the greater ig & . f‘urthens the
greater 5§ the greater will be the asymptotic level of optimal y since
y* is a decreasing function of x ;, i.e., the equilibrium relation between

*
¥y and =x 1is positively sloped.

Consider now the special but important case & = 0 . We adopt the
"overtaking principle” of optimslity and choose the unit of utility such that

* % % *
Ux ,y (x )) =0 where x 1s defined by

) U GFFET) e TG
Uy(x R (x*)} G’y(x*sy*(x*))

This value x 1g determined by the tangency of the y*(x) locus with a'
utility contour in the (x,y) plane. It is the value of x such that the
marginel rate of substitution between x and y , U x/Uy , eguale the
marginal rate of transformation between x and y* , namely G x/Gy = y*"'(x) s

Our convexity sssumptions make it unique. We see therefore that indifference-
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curve analysis has a place here, as in the static approachjco But the tangency
is along the equilibrium locus, ¥ (x) , not along & Quasi-Fhillips Curve.
corrgsponding o a particular x . Moreover, this tangency point at :x*
tells us only the direction in which x(t) should be msde to move, not the
optimal initial y . Finally, concerning X , note that (28) is simply (27

with 8 =0.

The value x* is that steady rate of deflation that gives the

highest rate of utility among all paths of constant x . Hence U(x*jy*(x*)) 5
which has been made equal to zero, is the highest sustainable rate of utility.
Tt takes the place of ﬁ in the standard model. But the path (x*_s y*(x*))
does not yield full liquidity for Ux(x*,y*(x*)) >0 in (B) sgince

Gx(x,y) <Q forall x and y . There is, of course, a range of the y*(x)
locue giving full liguidity; but since Uy(xjy*(x)) >0 in this range, it pays
to "buy" an Incpeage of y* -- moving rightward dlong the equilibrium locug --

at the cost of a short-fall from full liquidity.

The velue % in (28) is the asymptotically optimal or long-run
equilibrium value of x . Thus if X, < x* ; under-ubtilization ig optimal;
if X, = x* then eguilibrium uwtilization is optMal, if Xy >x* then
over-utilization is optimal.

An optimum continues to exist even if x o > x* s, unlike the result
found in the standard model where no optimm exists if x, >%(y") . The
reason an optimum exists here is that it is possible to have "too rmch"
expected deflation in a steady state; any movement in either direction of x

* *
from x reduces the steady rate of ubtility produced by y =y {(z) . This
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is essentially because x has & negative “marginal productivity" in the present
model, Gx(x,y) < 0 , unlike the standard model; this feature makes the present
model rather closer to the Ramsey model in which, when capital exceeds the
saturation level, the net marginal productivity of cepital is negative, close
enough, in fact, to ineure the existence of an optimum,

Analogous to the Ramsey-Keynes formula for the optimal y as a

function of x and to the previous equation (11) is the relationil

U (x,¥)

(29) U(x,¥) ~ G{x,¥) El(m = 0
y 7

*

This can be portrayed geometrically, as (11) was. When x < x , so that
UxGy - Uny >0 ; then there is a tangency point as in Pigure 5 with

*
G>0,U<0g; vwvhen x=x , 50 that UxGy - Uny = 0 , the tangency point

* ¥, % *
occurs at G =0, U=U(x ,y (x )) =0 ; when x >x , so that
UxGy - Uny < 0 ; then the left-hand tangency with- 6 < 0, U >0 , describes
the optimal policy. Noting that G and UxGy - Uny have always the same
elgebraic sign, it can be seen from differentiation of (29) that optimel ¥

is & monotone incressing function of x .

In partial summary of the foregoing, we may say that the optimal
utilization retic has the following properties both whem & >0 and

when 5 =0 :
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y = y(x) for all admissible x ,
*
< j*(x) if x<x ,
*
(30) where y{x)d= y*(x) if x=x ,
* *
>y (x) if x >x

L AR ¥* ~ * o~ *
with x <x (8) <x(y (x}) forall 8>0, x '(8) <0,

ITI, CONCIUSIONS AND RESERVATIONS

Perhaps the principal theme of this paper 'is the following: A tight
fiscal policy preoducing und.er=-utiliza.tlion, and hence producing an actual algebraic
inflation rate that is smaller than the currently expected inflation rate, will be
gptimal if and only if the curréntly expected inflation rate exaeed.s.the long=-run
equilibrium (asymptotically oi:tima.l) inflation rate. The latter is determined by
liguidity considerations and by social time prefereuce (the utility discount rate),
not by the strength of preferences for high or low utiiization at a given rate
of interest. In the standard model possessing a vertical steady-state Quasi-
Phillips Curve, where the equilibrium utillization is independent of the ex-
pected inflation rate; the long-run equilibrium inflstion rate is simply the
maximan expected inflation rate consistent with full liquidity at equilibrium
utilization if the utility discount rate is zero. (This was 2 disconcerting
cage in one regpect for if the initially expected inflation rate exceeds this
full-liquidity rate, then no optimum exists.) If there is positive discount-
ing of future utility rates; in which case an optimum always exists, the
long-run equilibrium inflation rate is greater than the full-liquidity rate;

the equilibrium rate is greater the larger is the utility discount rate. From
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this point of view, therefore, what characterizes the advocates of & "high-
presswe” economic policy of over-utilization is their implicit adoption of &
large discount rate. In favoring high utilization today at the cost of high
inflation in the eventual future equilibrium, they reveal high “time preference"

or “impatience."

Three variants of the standard model were presented. A finite time-
horizon model and its "turnpike" property was discussed. The necessity of
introducing the expected inflation rate inteo the utility-rate function in g
continuous way for the existence of an optimum in an infinite time-horizon
model was shown. Finally, a model was presented with a positively«sloped!
steady-state Quasi-Phillips Curve in texms of the utilization ratio. In this
model it is optimal to give up full liquidity, even if there ig nc discounting
of future utility rates, in order to enjoy asymptotically the high equilibrium
utilization ratio that a high expecgad inflation rate permits. But there is
no hard evidence or strong theoretical case for such a positive slope; indeed,
ligquidity considerations suggest that as the expected inflation ratio becomes

large, the equilibrium utilization locus will exhibit some negative slope.

1 believe these dynamical models, or at least dynamical modelz of
this sort, to be a methodological step forward from the conventional, statical
approach to aggregate demand policy discussed at the outset of this peper. Fut
I wish to disclaim any immediate policy significance for the above models. A
number of modifications and extensions of these models ought to be made before

their implications for policy are seriously considered by governmente.
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I shall first list some simplifying properties of the above models
which it may be desirable to remove, even though doing go may not have any
critical effects. (1) Monetary policy was exogenous in a special way, viz.,
the resl interest rate fumction, r(y) , made investment independent of
utilization so that virtual golden age growth could take place. It would be
more realistic to suppose that the monetary authority incompletely offsets
the effect on investment of variations in utilization, so that there is
some "induced investmentu“sg(Q) A relsted point is thst the possible require-
ment by the monetary authority of a negative money interest rate was ignored,
which is Justifiable only for algebraically large expected inflation rates.
(3) Also related to the efficacy of monetery policy is the postulated non-
stochastic character of the economy. There were no exogenous shocks and
inventory stocks,-which may be destabilizing, were also ignored. (L) The
utility-rate function @ was taken to be stationary (apart from dimcounting).
Probably this 1s not generally legitimate, even under virtual golden-age
growth, if productivity is rising. Relaxation of this stationarity postulate
mey produce a gain in permitiing negative utility discounting to be entertained.
(5) The approach was aggregative, while the very notion of the Phillipz Curve
may require a dlsaggregative model. (6) The utility rate function U wagz made
strictly concave in utilization, which required what msy be a counterfactusl
assumption on r"(y) . (7) The function # was smooth in i whereas the
first derivative may have a kink at 2 . (8) Taxes were postulated to be
lump-sum, the wealth-capital distinction was ignored and labor supply was

taken to be homogeneous of degree zero in real wage rate, disposable per



- Bl -

capita income and per capite wealth; this insured that labor supply would
grow exponentially when the utilization ratioc is-constant (under marginal
productivity pricing). (9) The employment-gutput relation was stationary
without lagged adjustments due to hiring-and-firing costs or due to lagged
adaptation of the capital structure to a change of the output level, {10)
Somewhat related is the postulated stationarity of r{y) . {11) "Nonbarter®
was a result of the model due to the postulate that barter waz “infinitely
disastrous.” It could he argued that nonbarter should be made a constraint
in the problem rather then an implication; or even argued that barter is only
finitely disastrous and therefore an eventuelity that the model should enter-
tain, (12) Even though allowance was made for the effect of a discrepancy
between the actual and expected inflation rates on the rate of social utility,
the actual inflation rate itself was excluded fram the utility.rate function # .
The nuizsance of revising price liste provides some justification for the
inelusion of this varisble in § , although its introductiecn there can affect

only the shepe of the U function, not the identity of its arguments.

There are other extensions or modifications that may have a more
profound effect on the ¢onclusions drawn from the model. (L} Monetary policy
was taken as eX0genous the monetq.x:y authoritles living a life apart from the
fiscal authorities. It would be interesting to suppose that the Bank and
the Fise recognize that their policies combine to affect both utilizetion and
growth, that both affect social welfare and that, for an over-all optimum,
both growth and wiilization need to be optimized simultaneocusly. I‘ suspect

that if this iz done, the asymptotically optimal real interest rate (if such
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exists) will be higher the larger is the utility discount rate: but then the
asymptotic money interest rate will be higher (and liguidity lower) for any
given, asymptotic (actual and expected) inflation rate. Now the asymptoti-
cally optimal money interest rate will presumably be higher the larger ig the
utility discount rate, asz in the models of this paper; but unless it riges at
least as much as the asymptotically optimal real interest rate, the agymptotic
inflation rate will decrease, rather than increase, with the increass of the
utility discount rate; contrary to the case in this paper where the real
interest rate is independent of the utility discount rate. Thus the cop-
clusion of this paper that high time preference is associated with over-
utilization and a high equilibrium inflation rate msy have to be revized if
investment is an endogenous variable under the control of a monstary authority
that maximizes, Jjointly with the fiscal authority, a common social utility
function., (2) The economy of thisg paper was closed Lo foreign trade and
cepital movements. The models here need substantial extensions if they are to
accommodate an open economy. There are two approaches: One may take exchange-
rate policy as exogenous, with the exchange rate being either flexible , dig-
continuously adjustable or absolutely inflexible (never an adjustmant of the
exchange rate): or one may make exchange-rate policy endogeneous, like fiscal
policy and monetary policy so that one ig optimizing utilization, growth and
the payments balance simultanecusly. (3) The rate of inflation was independent

of the rate of change of the utilization ratio in this paper. If, as isg

possible, the Phillips Curves in terms of wage change, rather then the Quasi-

Fhillips Curves in terms of price change, are the correct relstions; then our
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constraint is of the form ;: = G(x,y_g;r) and the nsture of the optimel policy
will be affected. At a minimm, there will be some inertia in the optimal
path of the utilization ratio and it seems plausible that even the long-run
equilibrium will depend somewhat on initial conditions. (4} It may be
desirable to consider, simltaneocusly with optimal utilization poliey,
optimal polizies simed at shifting downward the Fhillips Curves by structural
reform of the labor and goods markets. For suppose that one's models generates
a policy of substantial under-utilization, It should be pointed out sgain
that ¥y < y* implies deflatiorn only if the expected inflation rate is zero
or negative; under-utilization means only that the actual algebraic inflation
rate will be smaller than the expected rate; the attention giver by szome
economists to the size of the unemployment ratio necessary for stable prices
when positive inflation is expected appears tc be without reason. Neverthe-
less, substantial under-utilization would be unpalatable. Such an analytical
finding might only serve to emphasize the desirability of policy instruments
to shift down the Phillips Curves, so that it may be wise to incorporate such
instruments into the model. {(5) Figeal instruments -- rates of taxation --
were continmuously variable over time in this paper. But frequsnt "spinning
of the dialas” by the government would be politically infeasible and perhaps
undesirable; too much uncertainty and speculetive behavior leading to
migsallocetion would result. The government might want therefors to announce
its fiscal intentions over the future and this should be incorporated into
the model. But this leads to the following related problem. (6) Thne

currently expected inflation rate was teken {o depend only upon past
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inflation rates. It is likely to depend alsc upon what the population
believes to be the government 's intentions toward current and future aggre-
gate demand and inflation., Optimal fiscal policies may be grsatly affected
by this consideration. To take an extreme case, if the public cannct be
deceived, if it can predict the inflation rate correctly because it knows
the government's aims, then the government will have no choize but t2

eztablish eguilibrium utilization.

The last point is related to another with which it may be appro-
priate to conslude. The rationale for a policy of under-utilization o
over-utilizetion in the models considered here is that such a policy will
cause the actusl inflation rate to fall short of or to exceed the sxpected
inflation rat~ and thus cause people to revise downward or upward the
ipflation rate that they expect; the government finds it optimal to do this
wvhen, in a geng=, the inflation rate that pecple expect iz “no* good for
them.” Even if one has no qualms about paternalism -- after all, the govern-
ment neede gome nolicy toward aggregate demand -- cne may be troubled by
the deception that such a policy involves. It can be objected that the
only moral policy open to the government is to produce that inflation rate
which people expect, hence immediately to establizh squilibdrium wtilization,
This is & problem that one encounters elsewhere in the arsa of macro-
economic policy. Presumably the answer to this objection is that most

people are willing to be deceived if the deception iz in their own interest.
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Figure 1: Quasi-Phillips Curves for -x=.01,0,-.01
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Figure 2: Contours of Constant #{1,y), the Interest
Rate Function and the Function §F(x).
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Figure 4: Dependence of the Utility Rate cn Expected
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APFENDIX

The problam anelyzed here is

.
Mx [ o Ulx,y) at , 52>0
(A.1) ' 0

gsubject to x = G(x,y) , x(0) = X,

where (8a,b) gives the properties of U and ‘- 25) gives the properties of
G 5 in addition, the consequences of using the simpler (5) in place of ( 25)

will be indlcated. The approach to this classicsl variational problem will

be that of L.S. Pontryagin and associates > Ifhe Mathematical Theory of Optimsl

Processes (New York and London: Interscience Publishers, 1962).

From (A.l) we form the Hamiltonian expression

-5t Bt
(4.2) H(x,y,9) = U(x,y)e + qge G(x,¥y)

From Pontryegin's Theorem 6 (p.69) and additional discuseion (esp. pp. 189-191)
it follows that the conditions which an optimal path must satisfy are that there

exlsts a continuoug function q = q(t) such that x and qeat obey the

relations

(A.os) ‘g% = Mj‘%%g‘)‘ or x = G(x,y) ,
d(qe ")

(A.L) af geﬂat ) OH(x,v,q)

, at = X

or g =8 -¢/(xy)a - Ulxy),
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(2.5) lim g% =0,

todeo

and such that y always maximizes

(A. 6) H(x,y,a) or ¥(x,y,q) = U(x,y) + q 6{x,y) .
At this maximum
\]fy(x9YyQ.) = Uy(x.sy,) + aq Gy(xy}') =0

‘I’y.y(xyy'.sQ.) = UW(X3Y) +4q ny(xJY) <0

whence

Y (x;Y)

=
GG
v X5)

¥

(4.7) q

which is always nonnegative since no account of the constraint 1 >0 1is
taken (for lLIl'y < 0 only if there were a conetraint y _}yc(x) where

Yo >y(x))., It is implied that p <y < y(x) .

% * *
There is a stationary path, x=x , y=y , 4 =q which satis-

fies (A.3) and (A.4). This is given by

(A.8) 0=6(x,y)

(4.9) 0= 6 - 6 (x",y)] a - U(x"\¥)

Using (A.7) we therefore obtain
* % ® %
o,y ) & (" ()

Uy(x*,y*(x))

(A.10) 8 -G (x"y (x) =
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) _
which determines x . It follows from (A.10) and (A.9) thet 0<g <w g0

that (A.5) is satisfied.

We turn now to the solution of the pair of differential equations
(A.3) and (A.4) subject to (A.5) and (A.7). We may eliminate y from (A.3)

and (A.4) since, from (A.7) we may write

(4.11) y = o(x,q)
where
UG -
P = nyfga U""E‘+"G ;
v oy vy vy vy T T Byy
G 6 -G
L RN TTeET
- +
1 Ay G TGy Uy ha Gy

It can be seen that Py <0 while @ >0 vhen x < x(y) and @, =0

otherwise {full liquidity).

How let
(a.12) g(x,a) =x = G(x,y)
(A.13) h(x,q) = c;, = [8-6.(xy)]a-U(xy)

It is shown now that there is a saddle-point solution, (x(t), q(t)) , which

‘ | *
asymptotically approaches the stationary egquilibrium (x ,q*) .

Linear terms of the expansion of (4.12)-(A.13) around the point

* *
(x ,q4 ) yield the two characteristic roots
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: * ¥ ¥ ¥ x ¥ % * o
(A.14) L=gx(x 3q7)+hq(x a)t \[;zx(x ,q)+hq(x ,a )12 - 44|

. * * %
where g (% ,0) g (= ,a)

*Al = % ¥ % *
hL:K(X 5 Q) hq(x )
Using (A.11), it can be shown that

(a.15) |a) = Q)qFGy U, - & ny] + (S-Gx) Iq)x(}y + Gx] ;

which iz negative for & >0 (even if G =0) so that the characteristic
* &
roots are real and opposite in sign, from which it follows that (x ,g ) ie

o saddle-point. (See L.S. Pontryagin, Ordinary Differentisl Equations (Reading,

Mass. ¢ Addiscn-Wesley, 1962), pp. 2u4k-261.)

*
It can also he shown that x approaches X monotonically, so that
* * * . !

either y <y (x) or y >y (x) for all t (unless X, = ¥ in which case

y = y*(x*))n The equation
(A.16) g(x,9) =0 .

which gives all the singular points of (A.12), determines the g such that

x = 0 88 a function of x . Implicit differemtiation of (A.16) yields

' -(G_+6_0q)
(A.27) %39[- .= —F q)y X
: X=0 ¥ 'q
Thus, if we diagram this relation between q ~and x , with ¢ on the vertical

axis, the curve will be positively sloped if G, <O ‘as in (25); if G_=0,
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~ %
as in (5), then the curve becomes horizontal at x = x(y ) and elsewhere to

the right. (A.16) may be expressed equivalently in the form

(A. 168) L o iy )

-6, (v ()

since y = y(x) if x =0 ; from which it may be seen that the curve approaches
minus infinity as x decreases and approaches the value Xy, satisfying

*
Ux(x,y*(x)) = o , which 1s the largest x giving barter when y =y (x) .

~% ~ *
The curve crosses the x-axis at x = x defined by y(x) =y (x) .

The equation
(A.18) h(x,q) = 0

describes the locus of singular points making q = 0. Differentiation yields

Uy _+U
(A.19) (93) - Sl
dx}) (o (B -G - Uy g
For x sufficiently large for full liguidity the numerator equals zearo so
this curve is flat bayond a certain large x . In this rangs, q = 0 by (A.13) .
Elsewhere, the mumerator may be of either sign so the curve nead not be

monotonic. By (A.13) we may write (A.18) in the form

U(x,@(x,a))
(A.18a) I - ?(;x?xffp{(lxgqn

It may be seen that as x=+xb(p,) , g+ g0 the curve is asymptotic to xb(p,)



.,75:.

with negative slope. Admissible x, must satisfy e >xb(p,) . While the
slope may be of either sign for intermediate x , it can be seen that the
q = 0 curve intersecte the X = o curve from above, there being just one

intersection. Using (A.17), we may write (A.19) in the form

@), e - B
wo @ e R

* #*
Bince at (x ,q ) there is not full liquidity, the first term is negative

*® % .
at (x, g ). The numerator of the second term exceeds (dg/dx) , x =0,
if Gx <0, apd is equsl if Gx = 0 ., The denominator of the second term

exceeds 1. Therefore

q=0 X¥=0

50 there is just one intersection.

Since hq(x,q) = 6=wany 9, >0 , we have q >0 sgbove the q =0
curve and q <0 below. Since gq(xgq) = Gy cpq >0 -and gx(x,q) =6 + Gy P <0
we have x >0 above and left of x =0 and X <O below and to the right,

Thus it can be seen that x is monotonically increasing if x < x* and
monotonically decreasing if =x >x* along the hair-line, saddle-resint solution
path. The variable g need not be monctonic in =x So that appsrently the

policy function ¥y = y{x) need not be monctonic.
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As for the case & = 0 , it may be noted that (4. 4) and (A.7) give
the Buler equation whose first integral yields (29)., In this case at least

Y 1is mongtonic in x as can be seen Prom differentiation of (29).
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FOOTNOTES

This paper was written during my tenure of a Faculty Research Grant from

the Social Sclence Research Councll.

A recent example of the approach I have in mind is R. G. Lipsey, "Structursl

and Deficient-Demand Unemployment Reconsidered” in A. M. Ross, ed.,

Euployment Policy and the Iaa‘ﬁor Market (Berkeley: University of California
Prezss , 1965), See also A. M. Okun, “The Role of Aggregste Demand in
Alleviating Unemployment," Princeton University Conference, The Unemploy-
ment Problem in the United States: Trends and Proposals, Princeton,

New Jersey, May 13, 1965.

The locug clagsicusg is, of course, W. A. Phillips, “The Relation Between

Unemployment and the Rate of Change of Money Wage Rates in the United

Kingdom, 1861-1957," Economiza, Vol. 25 (November, 1958), pp. 283-299,

If the Phillipe Curve shifts upward with a one point increase of the
éxpected. inflation rate by less than one point then the steady-state
Phillips Curve will be negatively sloped. But it will be steeper than

the nonsteady-state Fhillips Curves so that my criticism of the conven-
tional approach remaing qualitatively valid. It is true=, howsver, that
the criticism loses more of its force the less gteep iz the steady-state
curve in relation to the nonsteady-state curves. But even the introduction
of money illusion may not be capable of generating s noovertical gteady-

state Phillips Curve in terms of the unemployment ratio 1f the labor
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force {or supply of labor).is correctly measured for then the expansion
of labor supply which unperceived inflation may bring about will be
reflected in & higher unemployment ratio for every given level of employ-
ment. If, however, we construct a Quasi-Fhillipe Curve in terms of the
retic of unemployment to population, then the steady-state curve might
well have such a negative slope under money illusion or inflstion

illusion. Thiz case iz analyzed in the last part of this paper.

Of & hundred references that could be cited, some half of which %end to
support the Phillips Curve with some alteratioms, see, for exsmpls, with
referance to British data, R. G. Lipsey, "The Relation'Bstwesn Unsmploy-
mant and the Rate of Change of Money Wage Bates in the United Kingdom,
1862-1957: A Further Analysis," Econowica, Vol. 27 (February, 1960),

PPe 1-31; and, with reference to American data, G. L. Perry, “The
Daterminants of Wage Rate Changes and the Inflation-Unsmployment Prade-

off in the United States,” Review of Economlc Studies, Vol. 31 {Dctober;

196‘}"-)3 FP’ 28’?93%0
See; for example, Lipsey, 1bid., and Perry; op. cit.

Throughout this paper I neglect the differance batween wealth and caplital,
1.8, s I neglect the government debt. This is really acceptable only if
the wealth-capital ratic is constant over time. While thiz will not eoccur
in my model, that ratio will becoms constant asymptotically as any golden-
age path is approached. I suggest therefore that my error is smwll snough

to be neglected safely.
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8. Two comments are in order here. First, we do uguslly observe, I believe,
that interest rates are relatively high in "good times,” but evidently
they are not sufficiently high or high soon enough to prevent pro-~-cyclical
variations of investment expenditures. Possibly the reason is that buginess
fluctustions are too sharp and imperfectly foreseen to permit the monetary
suthorities to stabilize investment. But if fiscal weapone were used
effectively to control consumpiion demand, as they are assumed to be in
this paper, then the Bank'’s job of controlling investment would be mach
facilitated. It must be admitted however that the whole guestion of
optimsl fiscal and monetary policy in the presence of exogenous stoshastlc
ghocks and policy lags is beyond the scope of this paper.
Second, it should be mentioned that the exclusive assignment of invesiment
control to the monetary suthority is gquite unessential to this paper.
Indeed, it might be more realistic to suppose that investment was controllable
in the desired manner through fiscel weapons. But then one could not iden-
tify the real rate of interest loosely with the pre-tax marginal product
of capital so there would be no simple interpretation of the shape of

the r(y) function in eguation (2).

9. I know that I owe the reader an apology for inflicting this notation on
him. I have chosen to work in terms of expected deflation in order %o
emphasize its resemblance to capital in the well-known problem of optimal

saving, a problem heving some similarity to the present one.

10. In this formulation, I have excluded the “Lipsey term" which makes the
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rate of wage increaze depend also upon the rate of change of the employ-
ment ratio. It may be that the "loops” which Lipsey sought to eliminate
by this term could he explained by cyclical variationg in the expected

rate of inflation go that no such Lipsey term really belongz. 3See R. G.

Lipsey., ibid.

Some readers may st this point demand an snswer to the guestion: <an

the Fhilllips Curve be given a theoretical foundation or is it merely a
spurious empirical relationship which cannot be explained by wiher tested
relationships and which the theorist sghould not attempl to dignify with an
explapation? 1 confess I am unable te give answers at the pra=sent time,

I do believe that the Phillips Curve has validity as an approximstion in
competitive models of heterogeneocus goods and labor in which theve is
imperfect mobility of resources. See, for example, EB. Hansen, "Full

Employment and Wage Stability™ in J. T. Dunlop, ed., The Theory of Wage

Determination; Procesdings of a Conference of the Imternational Economic

Associstion, (London: Macmillan, 1957), pp. 66-78. Such modsle can

explain the coexistence (at least temporarily) of an upward wage trend

in the face of aggregate involuntary unemployment. Neverthelesz those

models need further analysis. Even in a model with a homogeneous but frict-
iongl national labor market producing only one good, it mey be possible to general
a relagion between empleymsnt and wage-rate change by consideration of an
"over-employment® situation in which last period's wage is found to have

less purchasing power than expected bhecause the price level has risen

Taster than wae expected when last period’s wage bargein wae made.
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P. Cagsn, "The Monetary Dynamics of Hyperinflation,” in M. Friedman, ed.,

Studies in the Quantity Theory of Money (Chicago: University of Chicago

Press, 1956), pp. 25=-117.

F., P. Ramsey, "A Mathematical Theary of Saving,” Econcmic Jourmal, Vol. 38,

(September, 1928), pp. 543-559. For a discussion in & different context
of the axicmatic basis for such a ubtility function, see T. C. Koopwans,

“Stationary Ordinal Utility and Impatience,“ Econometrica, Vol. 26,

(April, 1960), pp. 267-309.

The assumptions in (7) guarantee strictly diminishing marginal rate of
substitution above 1 and to the left of y° . But for comvexity to
the right of yo ve require that ¢2l not be "too negative.” Fortun-
ately the contourg are of no interest to the right of ,y° 8C we need

not bother to place & lower bound on ¢21 .

With aggregate investment being fixed, people cannot save too much or
too little in the aggregate. But they can work too much or too little

as a consequence of incorrect expectations.

Tn polling people to determine yo the Fisc does not reveal to people that

the level of the money rate ¢of interest depends upon their social choice of
*

¥ 3 yo is, llke y earlier, a utility peak for a fixed money interest

rate.

A formal analysis of interest apd "full liquidity™ is contained in my
paper, "Anticipated Inflation and Economic Welfare," Jowrnal of Political
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Economy, Vol. 73, {January, 1966), pp. 1-13. That paper deliberately
neglects the steps necessary to establish the desglired expected inflation
rate in the particular case where, as here, no interest can be paid, on
money; it is entvirely comparative statics; unlike the present paper.
Incidentally, it ies assumed there too that the lost time from econom-
izing on money is "taken out" in the form of a leigure reduction rather
than a labor-supply reduction (in order to facilitate diasgrammatic
analysis). Understanding of the present paper does not require knowledge

of that paper.

On ancthet view, the govermment hag a moral obligation to
validate the expectations held by groups who have con‘t;racted for fixed
incomes (whether or not they are poor), even to the extent that if
inflstion has occurred recently the government now owes these groups &
little deflation. The government of my model treats such obligations

as "bygones,” worrying only about the consequences of current deceptions,

not past ones.

Thiz prie-=1ist congideration perhaps ought also to enter in a compli-
cated; nonstationary way since a high, gteady rate of inflation might
eventually call forth ipstitutional changes in the nature of money or

perhaps even some system of “compounded prices.™

It would be somewhat unfair of the "statical econcmists" (whom I attacked
in the introduction) to reproach me on this issue of stationarity since
they have not explained how their indifference curves shift with popu-

latioz; increase or technical progress.
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See, for example,"The Rgmsey Problem and the Golden Rule of Accummlation”

in E. S. Phelps, Golden Rules of Economic ‘GrMh, (New York: W. W. Norton,

1966) and the references cited there.
Remsey, op. cit.

Some differences are that his utility rate was independent of capital;
his investment-consumption relation, G , depended upon capital; utility

was everywhere increasing in consumption; and G'(y) = - 1 in hig case.

For & simple derivation, in which the differentiability necessary for

the Euler condition 18 not assumed, see R. E. Beliman, Dynamic Programming

(Princeton: Princeton University Press, 1956), pp. 249-250. See also
the present peper's Mathematical Appendix which is largely concerned

with the ® >0 case.

The reader may have noticed a second tangency point with G <0 . Pursuit
of that policy would lead asymptotically to y = y* with x = x where
y{x) =y ; since x <x(y ) , such a policy must cause W to diverge to

mimas infinity so that it cannot be optimal.

If it is taken for granted that someday the world will come to an end, then
there has been a great deal of misplaced worry over the failure of some
infinite-horizon models to possess an optimm. Yet finite-horizon models
raise problems of their own, or, perhaps more asccurately, they bring to
light prohlems that are hard to solve but which require facing; for

example, it may be that for T we have only a probability distribution.
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27. See D. Cass, Studies in the Theory of Optimal Growth (Doctoral Disserta-

tion, Stanford University, 1%5) and P. A. Samuelson, “A Catenary
Turnpike Theorem Involving Consumption and the Golden Rule,” American

Economic Review, Vol. 51 (June, 1965), pp. 486-496,

28, Possibly a "redistribution effect" can explain such a postulated (but
not verified) behavioral relation. The ghift to a higher expected
inflation rate will, if it was not full anticipated, cause a loss to

o
fixed-money-income groups and a galn to those individuals and institu-
tions (e.g., the government) for whom the fixed incomes are a lisbility
(e.g.,ibona.s and other pa.per obligations). If the losers increasze their
éupply of labor due to their loss of expected future real income by more
than the gainers reduce their labor supply due to their enrichment, then

aggregate labor supply will increase,
29. Cagan, op. cit.

30. The reader may find it useful to draw a diagram with p/p and - x
measured on the vertical and y on the horizontal axis, drawing in the
Quasl-Phillips Curves, the upward sloping y (x) curve and the scmewhat
dome-shaped utility contours in the (~-x,y) plane. The latter will
have maxima along a negatively sloped ;r curve, and have vertical portions
below a negatively sloped ;: curve, and be defined only in s certain

domain.

531. Bellman, loc. cit.
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32. In his paper on the optimal increase of aggregate demand, J. Blackk
took sccount of induced invesiment but hls approach ie gtatical at

bottom. See J. Black, "Inflation and Long-run Growth,"” Econcmica,

Vol. 26 (May, 1959), pp. 145-153.



