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ESTIMATION OF A FIXED
COEFFICIENTS VINTAGE MODEL OF PRODUCTION
Richard Attiyeh

I - INTRODUCTLON .

1. Analysis of the growth and distribution of national income, like
most economic problems, requires knowledge of the production possi-
bilities available to soclety. In order to acquire and apply such
technological information, economists have designed analytical
constructs that attempt to describe the terms on which aggregate
stocks of resources may be converted into aggregate output. These
aggregate production functions have been used in the hoﬁe that the
diverse and complex processes which are observed on the firm level
will appear, when vlewed in the aggregate, to follow a functional
relationship that is both simple and realistic: simple in the sense
that 1t can be manipulated in the context of a complete model and
estimated from the avallable data, and reslistlc In ﬁhe sense that
it exhibits the charescteristics of production essential to the

analysis of growth and distribution.

The course of economic growth In recent years has been de-
ceptlvely favorable to the econometrician who set.s himself the task
of estimating an aggregate production function. The date that have
been generated make it possible to explain the growth of potential
output with models that are extremely B:mele.'r But si.ncé simplicity
is cobtained in large measure by meking crucial untested assumptlions
about the nature of production it is unclear what interpretation
should be glven to these' results. The apparent statistical success
of these modéls may he due simply to the high collinearity of the

data, in which case their structure may be a woefully inasccurste
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representation of the real world. Alternatively, the untested B8 5Ump-
tions may be the appropriate ones to make, and accordingly the models
may be highly useful approximations to actual production processes.

To determine where, between these two extremes, the truth lies it is

éssentia.l to comstruct, test, and estimate more general models.

Iwo types of simple production functlons have been given
extensiire application. One type of model, which has developed from
input-cutput analysis, assumes fixed input coefflcients and has been
used primarily in the analysls of growth as a source of instability.l
The other type of model, which is_ an outgrowth ¢f the neo-classical
theory of production, assumes a positive elasticity of substitution
between factors of production and has been used primarily to explain

the seculer growth of output.2

As indlicated above, bhoth of these models, with appropriate

ellowance for technical change, provide a reasonably good fit to

1. See D. Hamberg, "Full Capacity vs. Full Employment Growth" Quarter
Jowrnal of Economics, 1952; R. F. Harrod, "An Essay in Dynamlc
Economics, " Economic Journal, 1953; E. D. Domar, Essays in the Theory
of Economlc Growth, (New York, Oxford University Press) 1957; and
W. Leontlef, et al, Studies in the Structure of the American Economy,
(New York, Oxford University Press) 1953.

2. See R. M. Solow, "A Contribution to the Theory of Economic Growth,"
Quarterly Journsl of Economics, 1956, pp. 65-94, and "Pechnical
Change and the Aggregate Production Function,” Review of Economlcs
and Statisties, 1957, pp. 312=-320.




aggregate date on potential output, capital and lalbor.5 Nevertheless,
neither model is completely consistent with other availsble in-
formation on the technological faets of life. The observation that

in the short-run changes in relative factor prices and cyclical changes
in demand induce but limited factor substitution on the miecro-economic
level suggests that fixed coefficients is the more accurate assumption.
Yet, the existence of positive income shares for both capital and
labor suggests that a positive elasticity of substitution is the more
reasonsble assumption. Recognition of this conflicting evidence &s

to the relative merits of‘these two simple models has led to several

attempts to integrate them in a more general model.

One' approach was to formulate a production function with a
constant, but unspecified, elasticity of substitution, which would
have as special cases the two simple models aescribed above.h For this
model the value of elasticity of substitutionlwouhﬂ not be restricted
by assumption, but would be left free to be determined by the data.
The preponderance of results from empirical investigation of this model
shows industry values of the elasticity of substitution to very consider-

ably and the overall value to lie between zero and one. Although the

5. For some measures of these series potential output per menhour sappears
to grow at a constant exponential rate and potential output per unit
of capital appears to have no trend. These data are consistent with
either a Cobb-Douglas model with disembodied technical change or a
fixed coefficients model wilth Harrod-neutrsl technical change. (Since
devistions from trend for output per menhour sre inversely correlated
with deviations for output per unit of capitel the Cobb-Dougles model
performs somewhat better.) The fact that both models seem to explain
the data should not be interpreted to mean that they are in any sense
equivalent, since they imply widely divergent results from 8 non-
Proportional increase in factor inputs.

L. See K. J. Arrow, et al, "Capital-Labor Substitution and Economic
Efficiency,™ Review of Economics and Statistics, 1961, pp. 225-235.
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level of statisticeal significence of these results is quite lc::w,5
this model has clearly been useful both by providing useful
opportunities for disaggregation by industry and as & means of
swmzrizing the sggregate relationship between potentisl output

and the factors of production. It does not, -howevgr , Berve to
reconcile the divergent views of the prod.uctionl process that obtain

when both mlcro and meeroeconomic evidence is considered.

A second spproach, which does achieve such a reconciliation,
is to construct a mpdel which disaggregates the capital stock into
capital types'each 10:12’ which 18 characterized by d.iffer_ent :_E‘_j;_i_c_:e_g._
production coefficients. For any unit of new capital no substitution
is possible; but, as lebor is shifted to new capital from existing
capital of another type substitublon between eggregste capital and

ldgbor does occur.

Although there has been considersble theoretical analysis
of this kind of production relation its empirical validity has yet

to be tested. The purpose of this study is to provide such a test.

2. Models of production with heterogeneous capitalhave taken two
forms, which differ in the way production coefficients of new capital

are determined. One formulation allows for a wide range of possible

5. See M. Nerlove, "Recent Empiricel Studies of the CES and Related
Produgtion Funetions,"” in forthcoming volume of Studies in Income
and Wealth, NBER.
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production coefficients for new capital before it is produced.6 This
mem1 of new capital Uypes can be summarized by a capecity indifference
curve along which the labor requirement of & unit of new capacity varies
inversely with the cost of 1ts production. With a given technology,

the type of capital that is most profitable to produce will depend on
investors' expectations about the course of the real wage rate over the

useful life of the capital.

The second formulation of this model, and the one with which
this study is concerned; excludes the possibillity of ex snte substi-
tu.tion.7 In this version the capacity indifference curve is a right
angle to the origin and the production coefficients of neﬁ capital
gre independent of present and fubture wage rates. Given the present
state of knowledge, one may only conjecture whether, in fact, oppor-
tunities for ex ante substitubtion exist to any significant degree.

It is clear, however, that sllowance for ex ante substitution is not
essential to dbbtain all of the resulbts, such as aggregate factor sub-
stitution and positive income sheres for both factors, that characterize

simple neoclassical type production functions. Furthermore, to allow

6. See L. Johansen, "Substitubtion versus Fixed Production Coefficients
in the Theory of Economic Growth: A Synthesis; Econometrice, 1959
PP, 157-76; E. 8. Phelps, "Substitution, Fixed Proportions, Growth
and Distribution," International Economic Review, 1963, pp. 265-288;
and R. M. Solow, "Substitution and Fixed Proportions in the Theory
of Capitel" Review of Economic Studies, 1962, 207-18, and
"Heterogeneous Capiftel and Smooth Production Functions: An Ex-
perimentel Study,” Econometrica, 1963, pp. 625-645.

7. See W. E. G. Salter, Productivity and Technical Change, (Cambridge, 1960)
and R. M. Solow, et al, "A Model of Fixed Capital without Substitution,™
forthcoming Review of Economlc Studies..
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for ex ante substitutlon mekes both theoretical and empirical anslysis

of the model much more difficuli.

Consider the model in which neither ex ante nor ex post sub-
gtitution is possidble. Assume thet technical change takes place, that
in part, at least, it must be embodied in new capital goods, and that
the embodied portion of technical change is not‘strictly capital aug-
menting. This implies that the current vintage of capital can produce
no less output per unit but requires less labor per unit than old

capital.

The aggregative implications of this model for a competitive
economy follow quite simply.s Because of embodied technical progress,
never vintages of capital will be more profitable to operate and the
age of the oldest vintage in use will be less than that of any unused
vintage. The effect of adding an extra unit of labor tc the economy
will be to draw into use the newest unused capital, with the resulting
increase in output being the marginal product of labor. As additional
units are added, capital with higher capital end labor coefficients
will be brought into use, and the marginal product of lsbor will dim-
inish. The effect of adding & unit of new capital will be to draw labor
away from the oldest vintage of capital. Since new capltal bas lower
capital and labor coefficients such a reallocation will increase total
output, this amount being the marginal product of investment. As more
new cgpital is added lebor will be drawn away from increasingly modern

vintages of capital and the marginal product of investment will diminish.

8. The following summary follows Solow, et al, op. cit.

-6 -



The existence of positive but diminiehing marginal products
of lsbor and investment suggests two important results. First, the:
economy can sccomodate investment and labor foree growth in any

proportion.9

Second, in the aggregate competition would glve both
factors of production a relative income share between zero and one.
These two results are exactly those which neoclassical production
functions were designed to produce, yet they are obtained without

agsuming either ex ante or ex post substitution.

The advantages derived from using this model go beyong inte-
greting micro and mecro production behavior. In particular it prov;des
a more useful device thfough whigh production relations can enter into
the theory of short-run fluctuétipns. In thie connection existence
of different types of capital with fixed coefficients clarifies a
number of conceptual difficulties. For example, the meaning of excess
capacity becomes simply the capacity of those unused vintages of
capltal which would be drawn into use if unemployment were eliminated.
Also, since new capital is different and better than old capital, it
is no longer difficult to explain & positive rate of_investment.when
there is excess capacity or necessary to distinguish between investment

for expansion and investment for cost reduction.

3. While the disaggregation of the capital stock into vintages makes

possible significant analyticel advances, it does create a number of

9. Whatever thls proportion may be,. the effect of factor growth on
the aggregate capitsel-labor ratic depends on the factor bias of
technical change.

“ T -



econometric problems. The most striking is that, in the absence

of data on the economic lives of successive vintages of capital,

it is necessary to infer from the date which vinteges remained

in use at the time of each observation. By excluding the possibility
of ex ante substitution, thereby msking the production coefficients

1

of each vintmge & function of time alone, 0 this problem, though

still difficult, becomes mansgeable.

In fitting the model to data for U &. manufacturing two
kinds of labor (production and nonproduction workers) and two
kinds of fixed investment {equipment apd plant) are distinguished.
This Torm of disaggregetion is suggested by a number of considerations.
7ith respect to labor, the substantial differences in ihe secular
growth and in the skill requirements of these two categories indicate
that they are essentially different factors of production. As for
jnvestment, differences in time series trends and in cbserved average
lengths of life of plant and equipment also indicate that each serves

a different function in the production process.

Of these four factors of production, equipment is assumed to
play tﬁe key role as the principel vehicle for technical progress.
Each vintage of equipment defines & process in which & unit of equip-
ment can produce a fixed rate of output and has fixed requirements for

plant apd the two types of labor. This scheme is gqualified in two ways.

10. To allow for ex ante substitution weuld meke it necessary to
infer from the data, not only the rate and bias of technical
change, but the elasticity of ex ante substitution and the
function of expectations regarding future wage rates, as well.

-8 .



First, the introduction of disembodied technical change into the

model permits these coefficients to change over time, though not

at any point in time. And, second, to o:fset the increaced com-
plexity that results from having four factbrs of production,
nonproduction workers end plent ere considered to serve as "over-
head"™ labor and cepital. That is, it is assumed that The nonpro-
duction worker employment required per unit of output is independent
of the vintage of equipment in use and that both the production
worker requiremént and the output per unit of equipment are independent
of the vintage of planf in use. These assumptions make it possible,
for estimation purposes, Lo separate the relationships emong output,
productiop workers and equipment from relationships that involve

nonproduction workers and plant.

In Chapter IT the relationships among output, production workers
and equipment are fit to the data. In Chapler ITI the relationships
governing overhead capital and lsbor are estimated. And, in Chapter
IV the factor price implications of the model are considered. Varisble

definitions and data sources are given in the Appendix.



IT - PRODUCTION WORKER AND EQUIPMENT COEFFICIENTS

L. As outlined in Chapter I, the production coefficients of a
particular process are determined by the vintage of equipment

in use; these coefficients vary between vinteges, depending on
their relative ages, and over time for each individusl vintage;
and nonproduction workers and plant enter in such & way that

their requirements per unit of output may be considered separately
from those for equipment and production workers. 1In ﬁhis chapter

the equipment and production worker requirements will be considered.

Let Q(t,v) stand for output in period t produced with
equipment of vintage v , N(t,v) for production workers in period
t using equipment of vintage v , and E(v) for equipment of vin-

tage v . Then

(l) Q(t:v) = a’(tyv) . E(V)
and
= b(t,v) . N(t,v)

(2) a(t,v)

where a and b represent reciprocals of the equipment and production
worker requirements per unit of output for process v in period + .
Equation (2), by substitution for Q(+t,v) from (1), may be rewritten

as |

alt,v

(23) N(t,v) = B

. B(v)

- 10 -



By allowing for both a constant rate of improvement in the
quality of successive vintages of equipment (embodied technical
progress) and a constant rate of increase in the average productivity
of production workers and all vintages of equipment over time
(disembodied technical progress), equations (1) and {2a) can be

replaced with

i

(3) a(t,v) = ao(1+g)” (141)% E(v)

and

(1) By - 20 () gy

bo{l+h)  (1+s)
where g and h are the rates of capital and labor augmenting
embodied technical progress, r and s are therates of capital
and lebor augmenting disembodied technical progress, and ao and
bo are the equipment and production worker coefficients for vintage

0 in periocd O .

Parameters g, h, r and & may be unambiguously interpreted
as rates of factor augmentation only when the rate of physical de-
preciation of equipment is assumed to be zero. If this assumption
does not hold, esch parameter must be interpreted as a composite
of a rate of factor augmentation and a rate of deprecistion. The

assumption of zeroc physical depreciation will be maede throughout.

If there 1s efficient production end if g, r, and s are

gt least zero and h is greater than zero,l then sggregation over

l. When embodied technical change is purely capital augmenting efficient
production does not require that production be concentrated on the
most recent vintages.



vintages of equipment in use results in the following expressions

for total output and production workers in period *© :

%
(5) a(x) = so(r)® = (1+8)" E(v)
t-m(t)
and
t t WY
(6) N(t) = so(l+r)” & (+gi 2(v)

bo(1+s)"  tem(t) (1+h)"

where m(t) is the age of the oldest vintage of equipment in use %

2, TIn order to obtain estimetes of equations (5) and (6) it is
necessary to have observations on output, production worker employ-
ment, and the history of purchases of equipment. For n observaticns
there are n+6 parameters to be estimated: six technology parameters
(s, b, 8, h, T and s) and one m for each observation., Since this
leaves n-6 degrees of freedom, there must be a minimum of & obser-

vations for the model to be identified.

Unfortunstely, very little data are available for which the
assumption of efficient production holds. While there are data
for each year from 1947 to 1963, a number of these years have been
characterized by large cyclical changes in output. As a number of
studies have shown,5 after accounting for secular productivity change,

average lsbor productivity has varied inversely with the unemployment

2. Equations (5) and (6) hold exactly only if all of the oldest
vintage equipment is in use. When this condition is not met
E (t-m(t)) is to be interpreted as the amount of the oldest
equipment in use.

%, See, for example, E. Kuh, "Cyclical and Secular Labor Productivity
in U. §. Manufacturing,” Review of Economics and Stetistics, 1965,
rp. 1-12.
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rate -- a pattern which is inconsistent with the assumption of
efficient production for & vintage model with constant returns to

scale and labor augmenting technical change.

One explanation for this phenpmenon is that hiring and firing
costs encourage firms to hoard lebor when production ié reduced as
a result of temporary decline in the demend for output. This hy-
pothesis suggests that during recession periods the guantity of labor
employed exceeds the gquantity of labor actually engaged in production.
A second explanation is that during periods of cyclical change in
output the allocation of labor among vintages is lessg efficient.
Those factors which secure whatever degree of efficiency in- the
allocation of labor prevails during normal periods cannot be expected
to operate as effectively in the short-run when large cyclical changes
occur. According to this hypothesis as output falls over the cycle
the proportion of output produced by older vintages of equipment,
which have higher labor requirements, increases and average labor
productivity declines. Without knowledge of both firms' hiring policy
and shifts in allocation of labor among vintages of capital over the
cycle it is impossible to use data for years of cyclical change to
estimate a production function without bilasing the result. To use
observations over the cycle would have the effect of forcing the
perameter estimates to predict short-run changes in appsrent pro-

ductivity that are determined by other than technological factors.

- 13 -



Since the use of data for years of large cyclical change
involves the difficulties described above it is necessary to
estimate the model with data for stable high employment years only.
By this criterion, of the eighteen years of data from 1947 through
196k, only eight are usable: 19hk7, 1948, 1951, 1952, 1955, 1956,
1963, 19611-ohr One other pericd can be edded to this list, the second
| balf of 1959 and the first half of 1960, which was the short peek
following the 1957-58 and preceding 1960-61 recessions.” It is
difficult to assess the degree to which inefficiency due to mis-
allocation of lébqr among vintages of equipment might have existed
during this period, but there was likely to have been little hbaxding

of labor given the length of time that elmpsed since the 1958

trough.

Altogether this leaves nine asnnual observations; but it is
not clear how many degrees of freedom are contained in this ssmple.
- Beveral considerations suggest that the number.of degrees of freedom
is considersbly less than is implied by the mumber of observations.
The primary concérn is that the appropriate length of the accounting
periocd for the problems at hand mey be longer than a year. Lags in the

adjustment of employment and in the process of comnverting investment

4. Although 1963 and 1964 both have comparatively high unemployment
rates, the assumption of efficient production is not unwarranted
since these years follow two years of steady expansion from the
early 1961 trough and little hoarded lsbor or inefficlency in
the allocation of output smong vintsges of equipment can be ex-
pected to have remained from the 1960-61 recession.

5. For those industries that rroduce and use iron and steel products

it vas necessary to omit that part of this period during which
the steel strike took place.

-1k -



expenditure into capltal-in-use are such that for the dependent
variables year to year changes in the Qeviation from trend values
will be largely deminated by short-run or random factors. For
thése reasons aata‘oﬁ embloyment and output for a pair of con-
secutive years were averagéd and considered as one observation.
As a result, only five observations were used: 1947-19L8,

6 and 1963-196k.

1951~1952, 1955-1956, 1959-1960,
3. The shortage of usable data made it necessary to impose an
exteinal constraint on'fhe model to obtain estimates of the parameters.
In order to proceed the purely arbitrary assumption was msde that

the rate of capital augmenting disembodied technical progress (r)
equals zero.,T With five observations there are 10 independent ré—
lations (one output equation and' one employment equafion for each
obsérvation) and 10 unknowns (5 technology paremeters and the sge of
marginal vintage for each period of observation). The problem,
therefore, is reduced to finding a perfect fit to the data. Solving
the 10 equations for the 10 unknowns will yield the set of parameter
values which, glven the history of investment in equipment, explains

all of the observed variance in output and employment.

6. Data for fiscal year only.

T+ 'The results indicate that technical change is relatively labor
augmenting. Therefore this constraint turns out to be less costly than
constraining either h or s equal to zero, since it is likely that
r 1s closer to zero than either h or s . But as between r or g,
there seem ‘little basis to choose which onme to set equal to zero.

- 15 =



Due to the nonlinear form of equations (5) and (6) -- and
particulerly bechuse the m(%) enter in the lower limit to the
index of a sum -~ & direct spproach to the solution of this problem
is not feasible. This fact made 1t necessary to spproximste a
perfect fit through a trial and error procedure. The results
reported in this chapter were cbiained by using the following

procedure .

A range of plsusible values for each parameter, except ao
and bo was defined. For technical change parameters (g, h and s)
the range was .00 to .05; for the ages of the marginal vintage (the
m(t)) the range was 5 to 40. The value of each parsmeter was
variéd over its range by small increments -- .00l for g, h, and s,
and l/h for the m{t). For each possible parameter set
X = {é, h, s, m(1), op@,n(5)}- the ac and bo for each cbservation
were calculated fr&m equatioﬁs {(5) and (6}. For any X, errors in

o, Ea, and errors in bo, Eb, were defined as follows:

H

Ea(1,J) = | aoli)

£b(1,3)

a0( ) |/ao(1)
bo(j)|/po(1)

141, coo, 5 .

[ bo(i)

i
§

[H

i = l, oony 5; j

For the first X, errors were calculated until an error exceeded a
small number E¥, chosen to be .0l . If this never occurred, all
possible errors were calculated. If any error exceeded E¥ the X
was discarded; if not the X was stored. In elither case the next

X was considered. This procedure was followed until all X's bad
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been considered. From the set of X's for which all Ea(i,3)

end Eb(i,j) were less than E¥ , that X = % for which

z;, 5 (Ea(igj)e + Eb(isj)g)
J

was a minimum was chosen as a solufbion.

In summary, this procedure chooses as most closely approx-
imating & perfect £it, from among those combinations of parameter
values whose maximm percentage error is less than E¥ , that
combination f which has a minimum sum of sguared errors. Two
points concerning the particular criteria employed tc determine
i should be noted. First, the condition that all errors for a
possible solution must be less than E¥ was imposed to reduce
conpubation time. Use of this condition makes it possible to re-
ject an X as a possible solubtion without caleulating all 20
errors. However, the possibility remains that an X which has one
or more errors greater than E¥ , bubt which has a smaller sum of

squared errors than ﬁ s Will be rejected a8 a solution.

Second, the use of minimum sum of squared errors as a
eriterion for a solution is completely arbitrary. However, an
evalustion of those X's whose sums of squared errors were close
to that of § showed none to be superior to % under a number

of alternative criteria.

It is of some significance that all sets of parameter values
which come cloge to providing a perfect fit to the data show a pattern
of results.that is substanbially the same. Results that are quali-

tatively different from those reported here do not appear %o be

- 1T =



consistent with the dafa. For this reason these results may
interpreted as giving a reasonably accurste estimate of the

structure of the model.

4. The results obtained by fitting equations (5) and (6) to

the data are summarized in Table 1.

Since these estimabes are the result of 2 "no degrées
freedom" calculation it 1s, of course, impossible to measure

their statistical reliability.

Table 1. Estimated Parameter Values

Technological Age of fthe
Parameters Marginal Vintage

Rate of equipment augmen-

tation, embodied (g) = .006 m (1947-48) = 23
Rate of labor sugmen-

tation, embodied (h) = .01k m {(1951-52) = 22
Rate of labor augmen-

tation, disembodied {s) = .017 m (1955-56) = 17
Output/equipment in

1900 {a0) = 1088 m (1959-60) = 1k
Output/production

workers in 1900 (bo) =L780 m (1963-64) = 14

- 18 =
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It is possible to use the results of Teble 1, together with
data for actual output and production worker employment, for
periods of large cyclical change to check the assumption that such
periods would be characterized by inefficient production. This
can be done by comparing the smount .of marginel vintage eguipment
required to produce actual output efficiently with the amount re-
gquired to put actual employment to work efficiently. When the
latter exceeds the former the existence of "disguiced unemployment™
is implied. ‘Fhe smount of underutilization of employed production
workers can be obtained by multiplying the difference in required
amounts of marginel vintage equipment by the per unit production

worker requirement. These calculations ere shown in Table 2.

Table 2. Efficiency loss during pericd of large cyclical change.

equation (5) equation (6) production worker
m Z m Z disguised unemployment
1947-48 23  1.00 25  1.00 0.0%
1949-50 21 1.00 21 .€0 - 1.5
1951-52 22 1.00 22 1,00 0.0
1953-54 19 .20 20 .10 1.5
1955-56 17 1.00 17  1.00 0.0
1957-58 13 <50 13 .90 1.6
1959-60% 13 .70 13 .90 1.2
1961-62 13 .80 13 .90 0.2
1963-64 1k .25 1k .25 0.0

-~ 19 =



z
it

age of marginal vintage

[
#

proportion of marginal vintage in use

rate of disguised wnemployment ~ production worker requirement
per unit of marginal equipment times the amount of marginal
equipment manned (from equation (6)) less amount of marginal

equipment required (from equation (5)).

*caleulation for 1959-60 based on data for the entire two year
period, as opposed to data for fiscel year used in calculations

that underlie the results of Table 1.

The presumption that recession periods would have positive
rates of disguised unemployment is largely horne out by the results
of Table 2, Two exceptions are apparent, however. TFor 19u45-50
instead of actual employmeni exceeding required employment as
predicted by the model, the calculated rate of disguised unemployment
is negative. One possible explanation is that the unpredicted in-
creagse in efficiency from 1947-48 to 1949-50 was due to the
continuation of post-war readjustment and associated productivity
gains into the latbter period. An alternative explanation is that the
build-up related to the outbreak of the Korean War brought forth
ghort iived productivity gains. A second exception is 1961-62 when
disguised unemployment was very small, despite & high rate of un-
employment. Since, for this recession period, most of the decline
occured in 1960 this suggests that the length of time reéuired to
eliminate disguised unemployment for production workers may be

fairly short.

- 20



5. The parameter estimates of equations (%) and (6) shown
in Table 1 have three.characteristics which are of particular
dinterest., These relate to the bias of technical change, the
embodiment of technical change and the interaction of investment
and technical change as reflected in the obsolescence of existing

capital,

Technical change is incorporated in this model in such a
way that it 1is equivalent to an increase in the quantity of productive
factors., The bias of technical change has to do with the relative
rates of capital and labor augm.entatiom8 Following Harrod's
classification scheme, fechnical change may be said to be neutral
if the rate of capitel augmentation is zero and relatively capital
sugmenting if the rate of capital augmentation ig positive. While
these definitions are entirely arbitrary, there are a number of
reasons why 1t is useful to consider purely lebor auvgmenting technjical
change as a condition of neutrallt) .. When technical change is Harrod-
neutral balanced growth paths exist for which the rate of growth of
output and both augmented inputs is exponential and equal to the
natural'rateg9 and for which both the saving rate and the age of the
oldest vintage of capital in use are constant. Furthermore, along
these paths both the marginal efficlency of ilnvestment and the
competitive distribution of output are constant. And, filnally, given

arbitrary initial conditions and a fixed saving rate, the economy

8. For an analysis of the conditions under which technical change may
be described as factor augmenting and a discussion of alternative
classification schemes see E. S. Phelps, "Axioms for Factor Augment-
ing Technical Progress,” Cowles Foundation Discussion Paper No. 196.

9. The natural rate of growth is the rate of growth of augmented labor.
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will asymptotically converge to a balanced path. And, finally,
there is a "golden rule" path, along which consumption is higher
than on any.other balanced path and the marginal product of invest-

ment i1s equal to the rate of grcwth.lo

When the rate of capltal augmentation is positive none of
these results hold. If the rate of growth of output is;held constant,
then the age of the marginal vintage will be constant, but the saving
rate must decline and the marginal product of investment must rise.

If the saving rate is fixed, then the age of the marginal vintage
and the marginal product of capital will decline. The rate of
growth of output will exceed the natural rate of growth of
(augmented) lebor input and will decline. Eventuaslly the age of
the marginél vintage becomes zero and the necclassical properties
of the model no longer hold since no opportunities for shifting

labor from older to newer vintages remainolo

The analytical importance of the bias of technical change
is clear, but empirical evidence on the rate of capital augmentation
is slight. BSince a great deal of production function estimation
has maede use of the Cobb-Douglas model, for which capital and labor
augmentation are equivalent, little effort has been made to identify
the bias of technical change. Furthermore, what results do exist

have been obhtained for models which assume digembodied technical

10. For proofs of these results see Sclow, et al, op. cit.
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1
progress and a positive elasticity of substitution. L There is
no reason to expect thai these estimates of rates of capital
and lebor augmentation should be directly comparable to the

estimates obtained for a fixed coefficients vintage model.

Unfortunately, the results of Table 1 do not provide
sufficient information to determine the extent of factor bias of
techuical change since they relate only to the equipment and
production worker coefficients. The estimate for g indicates
only that the rate of equipment augmentation appears to have been
0.6 per cent per year. Similarly, the sum of the estimates for
h and 8 indicate only that the rate of production worker aug-
mentation appears to have been 3.1 per cent per year. In order
to determine the overall rate of capital augmentation it is
necessary to know both the rate at which the plent requirements
per unit of eguipment are changing and the rate of plant augmenting
technical progress. And, fc determine the overall rate of labor
augmentation it is necessary to know the rate at which the nonpro-

duction worker requirement changes over time. Estimates of these

11. For example, the CES model with disembodied technical change,
assuming perfect competition, implies that the log of the
capital~labor ratio is & linear function of the log of the
ratio of capital's share to labor's share and time in which
the slopes identify the elasticity of substitution and the
difference between the rates of factor augmentation. This
relationship is estimated in P. A. David and Th. van de
Klundert, "Biased Efficiency Growkh in the U. 5." American
Economic Review, 1965, pp 357-94. The annual rates of
augmentation are estimated to be .022 for labor and .015
for capital and the elasticity of substitution is estimated
to be .31. These results suggest a considerably higher rate
of capital sugmentation than a casual look at the dzta would
suggest. See for example the short-hand estimates of Phelps,
op. ¢it., p. 13 which give capital and labor rates of aug-
mentation of .025 and .005 per year.
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parameters will be introduced in Chapter III.

6. A second characteristic of technical change that is of special
interest is the degree to which it must be embodied in new capital
to be effective. The idea that increases in efficiency apply only

to new capital was given systematic formulation first by‘Johansen12

and later by Solow.l5

Because of the simplicity of the model in

which 1t was embedded, Solow's version has received extensive analysis.
Since Solow's original formulation assumes the producticn function for
each vintage to be Cobb-Douglas with the same exponents for 81l vin-
tages, technical change can be expressed as purely capital augmenting
progress. As a result, if labor is alloceted efficiently among
vintages of capital. it is possible to construct an aggregate stock

of homogeneous capital and retain the Cobb-Douglas form, with the

same exponents asg in the vintage production function, for the apggre-

gate production funchtion.

In the context of the Solow model the significance of the

embodiment hypothesis cun easily = overstated. TFor equivalent rates

12. L. Johansen, op. cit.

13. R. M. Solow, "Investment and Technical Progress," in Mathematical
Methods in the Social Sciences, 1959, K. J. Arrow, S. Karlin
and P. Suppes, eds. (Stenford, Stanford University Press) 1960.
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of technical change,lh Cobb-Douglas models with and without embodiment

have the same asymptotic rate of growth for a constant saving rate.
Furthermore, the elasticity of the height of the golden age growth
path with respeet to the saving rate 1s identical for the two models.15
Thus, from & long-run point of view, in the context of & Cobb-Douglas
production model, the embodiment hypothesis does not appesr to be of

great lmporitance.

In the short-rum, however, the rate of growbh of oubtput is
more sensitive to changes in the saving rate for the embodiment model.
The higher the rate of investment, the higher will be both the current
rate of growth of the capital stock (capital deepening) and the current
rate at which the capital stock is modernized (eapital gquickening).
For the embodiment model newer vintages of capital are more productive
and the rate of growth of output will depend on both the deepening and

quickening effects of current investment.

Since estimation of the production function must be made largely

from short-run data,l6 the difference in the short run behavior of the

14, The disembodied model takes the form: Q = A:t Kt%i’a .

4 3 - l-a
The embodied model takes the form: Q= (B [ e Ivdv) aLt .
)

For 'equivalent rates of technical change," v = oA

15. See E. S. Phelps, "The New View of Investment- A Neoclassical
Anglysis," Quarterly Journal of Econcmics, 1962, pp. 5k8-67.

16. Observations of the economy when it i1s not on golden age paths.



two models is of considerable Tmportance. This is true even if one
is ultimately concerned solely with the long-run implication of the
models. For example, 1f the period of observation is one in which

the capital stock is being modernized in excess of the steady state
rete, then the estimated disembodied model will indicate mcre rapid
technical change in the steady state than will the enmbodied model.

The embodied model will abttribute part of the observed increase in

efficlency to the high, but unsustainable, rate of capital gquicken-
ing. In practice, stabtistical estimates of the Cobb-Dougles model

indicate that the embodied and disembodied versions explain the

varlation in average labor productivity equally we:Ll‘,lT

In the context of the fizxed coefficients vintage model under
study here, the embodiment hypothesis &ssumes crucisal importance.
If all technical change applies to old and new cepital alike then
the economy will be able to accomodate only one saving rate and
competitive factor pricing will lesd teo distributive shares of zero
and one. Unless there ig some embodied technical zhange, this model
reduces to the simple fixed coefficients sggregal.e capital model
deseribed in Chapter I snd is incapable of producing the standard

neoclassical resulis.

The estimates reported in Table 1 support the embodiment

hypothesis. Sinece capital augmenting technical change was assumed

17. See R. M. Solow, "Technical Progress, Capital Formation and
Economic Growth," American Economic Review, May 1962, pp. 76 -
and E. Berglas, "Investment and Technologicsl Change," Journal
of Political Eccnomy, 1965, pp. 173-180. T
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to be purely embodied, only the results for labor augmenting tech-
nical change are relevant. These show the embodied and disembodied
rates to be 1.k and 1.7 per cent per year, respectively,IB The
sum of these rates, 3.1, is the rate of growth in production worker
efficiency which would occur on a "golden age path," i.e., with a
constant age distribution of equipment. It should be noted that if
the embodied rate of technical change is constrained to zero, the
estimated disembodied rate equals 3.4 per cent per year. The 0.3
difference between this rate and the sum of the embodied and dis-
embodied rates shown in Table 1 reflects, if the embodied model is
right, the effect of capital quickening (i.e., reductions in m )

over the period of observation.

7 The estimates of the technology parameters shown in Table 1

were cbtained simultaneously with, and, therefore, are not indepen-
dent of, the estimates of the age of the marginal vintage of equipment..
The importance of this dependency is made obvious by the fact that for
a given sample the age parameters determine the quantity and age
composition of equipment in use. A very different set of age parameters
would imply a very different set of technology parsmeters. Clearly,

the plausibility of the tecthlégy'paramﬁters depends crucially on the

plausibirlity of the sge parameters.

With respect to both level and trend, the estimated seriles of

the age of the marginal vintage appears to be consistent with what

18. These rates, of course, relate ornly to production worker augmentation.
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little external evidence is available. The only piece of data that
can be directly compared to these estimates is the result of a

19

Tregsury survey ~ conducted during the late 1950's which indicated
the average service life of manufacturing equipment to be 15 years.
This is almost identical to the average of the 1955-56 and 1959-60
estimstes from Teble 1l which cover the same period. The lower figure
for the 1959-60 and 1963-6h periods is consistent with the deficient
aggregate demand and "excess capacity" that characterized those years.
The very high estimates for the early postwar period can be explained
by the combination of & very high rate of economic activity relative

to "capacity" and the very low rate of investment that prevailed for

most of the preceding 15 years.

This apparent decline in the age of the marginal vintage over
the postwar period explains, in part, why the estimates of this model
support the embodiment hypothesis whereas estimates of the Cobb-
Douglas model do not. In order for any model to distinguish totween
embodied and disembodied technical change, it is necessary that the
age structure of the capital stock vary over the period of cbservation.
For the estimation procedure used here, because the age of the marginal
vintage is free to be determined by the data, the age structure can
vary over a wider range than would be the case if the service life
of capital were assumed either to be constant over time or infinite
with a constant rate of exponential depreciation. However, the

standard measures of capital in use, which underlie the Cobb-Douglas

19. Treasury Depreciastion Survey, 1959.
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estimates referred to above, do not allow for variation in the rate
of obsolescence. Tor the postwar period this difference in assunp-
tion about the useful life of capital results in widely diverging
series for the quantity and average age of capital in use. The
series implied by the estimates shown in Teble 1 and by both a
constant service life of 15 years and a constant rate of exponential
depreciation are shown in Table 3. Under the assumption of vari-
able service lives, the stock of equipment in use increased over

the period as a whole by 50 per cent and its average age declined by
three years. By constrast, under the assumption of a constant service
life, the stock of equipment in use increased by 130 per cent and

its average age increased by 1.7 years, and under the assumption of
a constant rate of deprecistion of 6 2/5 per cent ‘the neit stock of
equipment increased by 95 per cent and the average age increased by
0.5 years. It is clear, for whatever model 1s being estimated, why
neither of the two standard capital series yield results that support
the embodiment hypothesis.

On the basis of the results of a simuletion studyeo it has been
suggested that for an economy in which production takes place accord-
ing to a fixed coefficient vintage model it may be possible to obtain
accurate information on such variables as the rate of return on new
investment by estimating neoclassical type production functions.

What the results of Table 3 indicate, however, ls that if the fixed
coefficient vintage model gives an accurate representation of the
real wi. - 1t is unlikely that the essential characteristics of
production can be obtained by estimating neoclassical models witn the

kinds of capital stock series that have been used in the past.

20. R. M. Solow, "Heterogeneous Capital and Smooth Production Functions:
An Experimental Study," Econometrica, 1963, pp. 623-645.
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Period

1o47-1948

1951-1952

1955-1956

1959~1960

196%-1964

Variable Service Life

Table 3.

Quantity and Average Age of Equipment in Use.

{From Teble 1)

Quantity Average Age
(bil. 54%) (Years)
61.2 9.3
T1.9 79
1943 6.9
84.3 6.4
91 n5 6 03

Constant Serviee Life

(15 years)
Quantity Average Age
(bil. 54%) (Years)
43.6 563
60.8 549
5.6 6.4
90.9 7.0
100.9 7.0

Constant Rate of Depreciation
(6 2/3% per year)

Quantity

(bil. 5k$)

4o.2

5004

594

68.7

785

Average Age
(Years)

8.6

8.8



IIXI - OVERHEAD LABOR AND CAPITAL

1. In the preceding chapter the relationships between output and
two factors of production; production workers and equipment, were
specified and fit to the data. In this chepter relationships in-
volving the remaining twe factors of production, plant and nonpro-
duction workers, will be considered. These two sets of relationships
are treated independently of one another to offset the substantial
incresse in complexity that can result when the number of inputs

is expanded from two to four in number. To maintain consistency
this requires two assumptions regarding technical change which are
suggested by the nature of fhe productive fagtors and which retain

the essence of the model.

The first assumpiion is that technical change embodied in
new equipment does not affect the nonproduction worker requirement
per unit of output. This implies that the nonproduction worker
requirement per unit of output 1ls independent of the vintages of
equipment used to produce that output. Without this assumption
it would be necessary to estimate the relationship between
nonproduction workers and investment in equipment Jointly with the
production worker and output relationships. While this would im-
pose no added conceptual difficulties it would involve a prohibitive

incresse in computation cost. Futhermore, the functions performed
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by noumproduction workersl suggest, for the most part; that tnis

assumption is corfrect.,2

The second assumption is that technical change embodied in
plant is strictly plant augmenting. This implies that the equip-
ment and production worker requirements per unit of output are
independent of the vintages of plant that are in use. Without
this assumption it would he necessary.either to 1nfer Trom the
data or to determine a priori the allocation of equipment of each
vintege among different vintages of plant -~ an exceedingly complex
task. This treatment of plant follows from the view that the
Tunction of plant is simply to provide space for other factors of
production. Since such items as the installation of lightiﬁg, air con-

ticning, ete., are counted as part of construction expenditure,
it is clear that this view cannot be completely accurate. However,
since this kind of quality improvement can apply to old as well as
new plant, the effects of these changes on the efficiency of other
factors of production are likely to appesar as disenbodied technical
change. Thus, for the reasons that the primary function of plant
is to satisfy a space requirement and bthat quality changes that
augment other factors may not be restricted.simply to new plant, the
assumption thalt technical change embodied in plént is strictly plant

augmenting can be considered both reasonable and plausible.

1. Nomnproduction workers are engaged in the following activities.
Execulive,purchasing, finance, accounting, le:al, personnel
(including cafeteria, medical, ete.), professional and technical
activities, sales, sales-delivery, advertising, credit collection,
installation and servicing of own products, r utine office functions,
factory supervision (above the working-foreman level), and force
account construction work.

2. However, see p. "6.
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2. The data for nonproduction workers and output indicate that
the first of these assumptions is correct. In fact, as shown in
Table 3, the deta indicate that technical change,.both embodied
and disembodied, has not been nonproduction worker asugmenting.
It appears that the nonproduction worker requirement is Pixed

over time at a level of .0324 million workers per one billion

dollars of output.

Teble 4. Nonproduction Workers and Qutput.

1947-48 1951-52  1955-56  1959-60  1963-64

Nonproduction 2.727 3.286 3.797 4.196 4.5%9
workers (L)

millions
Output (Q) 84.1 101.7 115.0 126.1 140.1
billions $
L +Q 032k .0%23 0330 0333 L0324

Employment of overhead labor exceeded this requirement in
two of the five periods observed: by 2.1 per cent in 1955-56 and
2.7 per cent in 1959-60. An cbvious explanation for these two
observations is hoarding of nonproduction workers either because
firms were undble to adjust nonproduction worker inputs to a short-
fall of output from expected levels or ﬂecause firms were maintaining
nonproduction worker employment in anticipation of future sbove-average

increases in oubput. This explanation is suggested by the fact that
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for both 1955-56 and 1959-60 the increase in output from the pre-

vious peak was considersbly less than was the case for the preced-
ing period. Becéuse of the difference in costs of adjustment for

the two types of labor, the existence of hoarding of nonproduction
workers 1s not at all inconsistent with the assumed absence of

hoarding of production workers.

The relatively slow speed of adjustment in the employment
of nonproduction workers in ﬁhe downward direction is borne out
by the data for periods of recession. As shown in Table 5, the
rates of disguised unemployment for these periods is considersbly

higher for nomproduction workers.

Table 5. Rates of Disguised Unemployment

(per cent)
production workers¥ nonproduction workers*#
1947-48 0.0 ‘ 0.0
1949-50 , -1.5 ~1.2
195152 | 0.0 | 0.0
1953-54 1.5 3.7
1955-56 0.0 | 1.9
1957~58 1.6 8.4
1959-60 1.2 6.3
1961-62 0.2 5.9
1963-6L 0.0 0.0

* From Table 2
** Assumes that efficient production requires nonproduction worker
employment of .0324 times output.
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It should be noted that for 1949-50 disguised unemployment
for nonproduction workers was negetive as it was for production
workers. This supports the view expressed in Chapter IT that this
period was marked by an exogenous bub unsustained increase in

productivity related perhaps to the build-up for the Koresn War.

3, The relationship between outpuk (Q) and nomproduction weoriers (L)

implied by Teble 4 may be written as
(1) Q(v) = (1.0/.0%24) L(v) .

Equation (7) together with the estimated output-production worker

relationship, which reduces to
(8) a(v) = 1.505 (1.031)" N(v)

when t = v, mekes it possible to determine the overall rate of

lebor augmentation. Total labor efficiency may be defined as

(9) Alv) = L%%%%ECET

and the overall rate of lsbor augmentation as A(t)/A(t) . Substitu-

tion in (9) for I{v) and N(v) from (7) and (8) leaves

1
.03%2h +

Alv) =

1
1.505(1.03L)"

The overall rate of labor augmentation is

(10) Av)/Av) = —22 -
‘ 1+ ,0486(1.031)

e



which is & decreasing function of v . Equation (10) implies that
the overall rate of labor augmentation decreased from 2.6 %o 2.3

per cent per year from 1947-48 to 1963-6k.

The result that the overall rate of labor augmentation is
decreasing depends crucially on the particular way in which total
employment is disaggregated. The faet that the nonmproduction worker-
output ratio was constant over the period of observation implies
zero nonproduction worker augmentation and the result described sbove.
This constancy may in fact reflect a peculiarity of manmufacturing
technology, i.e., that the requirement per unit of output of nonpro-
duction workers, as defined by the Bureasu of Lebor Statistics, is
constant. It may be, however, that the observed constancy is due
t0o the ineclusion in the nonproduction worker category groups which
have had a particularly rapid rate of growth during the postwar
Period and which, because of their "equipment-sssociated" activities,
more properly belong in the production worker category. For example,
data on industry employment by major occupational group from the
labor forve household survey3 show that half of the increase from
1952 to 1964 in the aggregate of professional, managerial, clerical,
sales and service workers is made up by professionals. If this
increase in professionals is related to the modernization of equip-
ment in use, then to include professionals im the nomproduction

worker classification constitutes a specificetion error that may partly

3. Unpublished data, Bureau of Labor Stabtistics.
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explain the zero asymptotic rate of lsbor sugmentation. Clearly,
before thls result can be accepted, there must be more careful
analysis of the disaggregation of employment for the purpose of

production function estimation.

4, As indicmted in part 1 of this chapter, the estimation of plant
requirements 1s greatly simplified by the assumption that technical
chenge embodied in new plant is strictly plant avgmenting. This
assumption was suggested by the view that plant is required solely
to house production procesgses. Since production processes are
defined in terms of the vinteges of egquipment In use, the plant
requirement at any péint in time depends on the quantity and age
distribution of equipment in use. Similarly, plant cepacity avail-
able at any point in time to meet this requirement depends on the
quentity and age distribution of plant In use. On the assumption
that plant capacity just satisfied plant requirements in each of
the five periods of cbservation the following relmtionship was Tit

to data on expenditure for plaant (P} and equipment (E) and the

estimates of the oldest vintages of equipment In use (m) from Table 1:h
o= LW v . € v
(11) = ()" (1+£)" P(w) =k = (1-e)" E(v)
=0 v=t~m(%)

%o See Chapter II, p.18.
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where:

d <0 is the rate of depreciation or retirement c plant.
£ >0 is the rate of plant augmentation embodied in plant.

]

VIA iV

0 is the rate of deeline (embodied in equipment) in
plant requirements per unit of equipment.
k > 0 is the amount of plant of vintage O required per
unit of equipment of vintege O .
n >0 is the averege time lag from expenditure for plant

t0 plant in use.

The fitting procedure was identical to that used to csleculate the
production coefficients for production workers and equipment.5

The results sre shown in Table 6,

Teble 6. EBstimated Parameter Velues for Plant-Equipment Relationship.

d = .026 k = .133
£ = .000 n = 2-1/2
e = -.01h

The technology parameters 4, £, and e present a somewhat
surprising, but reasonsble, picture of the way plant enters the
production process. The estimete of 4 accords with what little

outside information ie avalileble on useful lJives of plant. The

5. See Chapter II, pp. 15-17.

- 38 =



depreciation rete of 2.6 per cent per year implies asn average life
of 38 years for plant. This compares with the figure of 35 years
thaet was indicated by the depreciation survey in the 1950's 6 and

a figure of 40 years given in the 1942 edition of Bulletin F.l

The estimated zero rate of plant avgmentation implies that
after taking into sccount deprecistion a unit of old plant functions
as well as a unit of new plant in fulfilling the requirements of

any vintage of equipment.

Finally, the estimated value of e indicates that new vin-
tages of equipment have greater plant requirements than older
vintages. This may be explained by the need of modern machinery

for more expensive space, e.g., space with air conditioning.

Equation (11), together with the output-equipment relationship
v
(2) Q(v) = a(l+g) EB(v),
makes it possible to calculsbte the overall rate of capital augmen-

tation. Define total capital efficiency as

v

(12) B(v) = preitey -

6. Treasury Depreclation Survey, op. cit.

T. Internal Revenue Service.
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Substituting in (12) for P(v) snd E(v) from (11) and (2) leaves

(v} =
o é(f-%'é (lﬂ;)v

The overell rate of capital augmentation is given by

(13) ];(v)/B(V)=- E"G_i;é)‘;l (1+g) L (lg)] 1+§_ .

E E 1+g

Substituting estimated parameter values from Tables 1 and b leaves

é(v)/B(v): [.92(.994)"] (.006‘)r + [.:1.2(1.0081)’"] (-.008)
-92(.994)" + .12(1.008)

That is, the overall rate of labor augmentation is & weighted average
of the rates of decline in equipment and plant requirements (.006 and
-.008), with the current requirements as the weights. As v increaess,
since plant requirements rise and equipment requirements fall, the
rate of capital augmentation decreases. For 1947-43, the rate of
capltal augmentetion was .0022 per cent per year; for 19C3-64, the
rate of augmentation was .0016 per cent per year. In sum, the rate
of cepital asugmentation is barely positive and declining slightly.
'Taking plant and equipment together, technical change appears to be

approximately Harrod-neutral.
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IV. TFACTOR PRICE IMPLICATIONS OF THE MODEL

1. The primary purpose in formulating and estimating an aggregate
production function is to identily the terms on which inputs can
be converted into output. To this end, as described in Chapters
II and ITI, the model under study here was fit to data on quanti-
ties of inputs and 6uﬁput. For a market economy characterized by
profit-seeking producers, however, data on factor prices provide
an additional source of information on the economy's technological
characteristics. This follows, of course, from the fact that
technological relationships partly determine the demand relation-
ships for factors of produetion. Ignorance of the precise way in
which nontechnological phenomens, e.g., the degrees of monopoly
and mongpsony power, influence factor prices makes it impossible
to meke unepmbigucus inferences from thesz deta obout technology.
Nevertheless, it is of considersble importance in evaluating the
usefulness of any particular model to know the extent to which it

is consistent with factor price data.

Any celeulation of market prices imﬁlied‘by a purely tech-
nologlesal model must be made conditional on some assumption about
the functioning of merkets. The simplest assumption to make is
that markets are perfectly competitive. If these predicted prices
differ radically from market prices, i.e., if the difference between
predicted and sctual factor prices cannot bhe explained by an epparent

merket imperfection, then this may be interpreted to mean that the
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model does not accurastely capture the economy's technological

characteristics.

The production model estimated in this study applies to only
ocne sector of the economy -- manufacturing. Since factors used in
manufacturing may, in general, be used in other industries it is
not possible to calculate all efficiency prices without knowledge
of the technologies of other industries.l It is possible,; however,
given the assumption of perfect competition, to deduce from the
estimated btechnological siructure of the manufacturing industry
two prices: the rental of the marginal vintage of equipment and
the prices of the "dose" of other factors required per unit of the

marginal vintage.

If producers of manufactured output are competitors and be-
have so as to maximize profit, they will operate all vintages of
equipment which return a positive rental. It follows from this
that a unit of the oldest, least profitable vintage in use will
yield Just enough revenﬁe to cover the cosﬁs of the complementary
factors it requires. For the marginal vintage, then, the following

relationship will hold.

(14) g({t-m) = e(t-m)

WN(t) . n(t-m) + WL(t) o £(t-m)

*r (%) . p(t-m) + IBT(t-m)

1. GSee pages L9-52.
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where a(t-m) = output per unit = 1,088 (1.006)t-m

n(t-m) = production worker requirement per unit

t-m t
1,006 1
= 1.636 (:1.01%> (:}.017j)

£(t-m) = nonproduction worker requirement per unit

.0352% q(t-m)
p(t-m) = plant requirement per unit
= .196 (1.014)%™
IBT(t-m) = indirect business tax per unit = (Tax/Q(t)) q(t-m)

WN(t) = gversge campensation of production workers

sverage compensation of nonproduction workers

h

. (%)

rp(t) = required rental per unit of plant

c(t-m) = total cost per unit

If both the model and the competitive assumption are correct, then

(14) says that the rental per unit of marginal equipment, q(t-m) -
c(t-m) , should be zero and the cost per dose of complementary factors,
c¢(t-m) , should egual q(t-m)} . That is, if the production model and
the estimates of its parametei‘s accurately reproduce the technology

of the manufacturing sector and the assumption of perfect competition
is correct, then equation (14) should hold when merket prices are

N L
clents are substltuted for ocutput per unit and requlrements of

substituted for W_ ., W. and rp ; and estimated production coeffi-

complementary factors per unit of the marginsl vintage of equipment.

The results of these substitutions are shown in Teble 1.
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Table 7. Actual and Predicted Factor Cost¥*

10k7-48 1951-52 1955-36 1959-60  1963-6k
1. t-T0 voevsrcoracces 24 29 38 45 49
2. WN cesviosscennans 3.433 3.800 h.211 4.593 5.115
Z. N sosscosstsescenss .229 .206 179 .158 J1hh
ho Wl cesecerecesnane k609 L g3l 5.695 6.426 6.759
5, £ vososassssccsscs 041 .0h2 .04k Nol1S ol
6. Ty reeseesseiente 057 .060 .064 .082 085
T. P eseesescscscase 274 .294 .333 367 .388
8., 13T coseessessanes JA13 ,110 .116 125 .139
9. Actual cost -- ¢ 1.104 1.120 1,14 1.176 1.266
10. Predicted cost «- ¢ 1.256 1.204 1.366 1.hk24 1.5459
P : .86 .8l .83 .8k

Lines @ and 10 in Table 7 indicate that factor costs do not ex-

haust the product of the marginal vintage of equipment. As shown in

line 11, actusl factor cosbs range from 83 to 88 per cent of their

predicted velue. This may be interpreted to be an indication that

product and factor markets do not funetiocn as ‘though they were per-

fectly competitive. If it is assumed that Imperfections exist only

in the product market, then it is possible to explain these results

in terms of a "degree of monopoly" concept.

¥ For sources of market data see Appendix.
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Predicted cost per unit,



q(t-m), can be interpreted as the value marginal product of a dose
of complementary factors, and actual cost per unit, c¢(t-m), can be
interpreted as the price per dose. If firms act to maximize profit
then c(t-m) must also be equel to the marginal revenue product per
dose, and line 11 in Table 7 may be interpreted to be the ratio of

merginal revenue to price. Defining the degree of monopoly to be

marginal revenue
price

1 -

the results of line 1l imply a degree of monopoly on the order of 15
per cent. BSince external evidence, e.g., high concentration ratios
in manufacturing industries, accords with the finding of a positive
degree of monopoly, the model, as specified and estimated in Chapters
IT and IIT, appears to be consistent with the evidence from factor

price data.

2. From the estimated production coefficients and factor price data,
along with an sssumption sbout future factor prices, it is possible

to calculate the expected internal rate of return on new equipment.
This calceulation provides & further check on the plausibility of

the model. Unfortunately, the calculated rates of return cannot be
compared to a direct observation of actual rates of return. However,
since they are calculated ex post, they may be interpreted as required
rates of return and may be compared to the cost of capital implied by

date from the securities market.
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Teble 8 shows in line 1 the gross profit, q(t) - c(t),
earned per doller of new equipment in its first year. If it
can be assumed that labor and plént earn the value of their
marginal product in other industries, then the gross profit
figures can be interpreted as the social value marginal product
of new equlpment and imply a very high socisl rate of return on
investment in equipment. It is interesting to note that these
estimetes lmply a four to five year "pay-beck" criterion for new
investment which the corporate finsnce litersture indicates is

widely used.2

These gross profit figures do not, however, represent the
rental earned by investors because they fail to take into account
the opportunity cost of the output foregone by not using the
complementary factors with additional units of marginal, instead
of new, vintage equipment. The first yesr rentel is shown in line

2.

The implied before and after tax rates of return sre shown
in lines 3 and .. They depend not just on the first year rental
but on succeeding year renials as well. Since output per unit of
equipment is fixed for a given vintage, the rental declines ss
the cost of the cooperating factors rise. Here it is assumed that
the equipment becomes obsolete in 14 years, and that these costs
rise exponentially fast enough to reduce the remtal (corresponding

to line 2) to zero in that time.

2. BSee, for example, J. Dean, "Measuring the Productivity of Cepital,”
Herverd Business Review, January-February, 1954, pp. 120-130,
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1a

Teble 8. Return per Dollar of New Equipment

1ok7-48  1951-52 1955-56 1959-60 1963-64

First year gross A5 Ml 42 -39 238
profit

First year gross 3L .30 .22 .18 .19
rental

Rate of return, 2k 23 .13 .09 «10
before taxes '

Rate of return, J12 12 Moy o) .05
after taxes

Market cost of ~11 .10 .08 .05 .06

capital

Notes to Table 8:

Line 1. [q(t) - c(t)])/relative deflator of new equipment.

2. [a(t) - q(t-m e(t)/c(t-m)}/relative deflator for new
equipment .

3. Calculated on the assumption that costs per unit rise
exponentially at a rate sufficlient to reduce the rental
to zero in the fourteenth year.

L. Celculated on the assumption of a 50 per cent tax rate
and a double declining balance depreciation rate.

5. Earnings-price ratio for industrial common stocks. See

Appendix.
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The calculated after tax rates of return, line L, are somewhat
lower, particularly for 1959-60 and 1963-6h4, than might be expected
on the basis of either data on the average rate of return on aggregate
capital stock or results for the social rate of return reported in
other studies. If these results are in fact too low this would
suggest that the.differences between the production coefficients of
new and marginal vintages implied by the resulis of Teble 1 are too
low. This could be due to estimated rates of embodied technical
change that are too low or estimated ages of marginal vintages that
are too low. Alternatively this could indicate that the expected
useful life assumed in the calculation is too low. However,when
compared with the market cost of capital, line 5, it is not entirely
obvious that the calculated required rates of return, line 4, are too
low. The cost of capital is measured by the esrnings-price ratio for
industrial common stock, which is the relevant criterion for a firm
that tries %o meximize the wealth of its owners, the stockholdersuﬁ’h
The decline over the postwar period in the required rate of retuwrn on

equipment suggested by lines 4 and 5 may be explained by the decline

3. See P. Modigliani and M. H. Miller, "The Cost of Capitsal, Corporate
Finance and the Theory of Investment," American Economic Review,
June 1958. -

4. Tor the purpose at hand the cost of debt finance can be safely
ignored since this cost has already heen accounted for in the
calculation of the required rate of return on plant, rp



in subjective risk as the stability of the economy has become in-
creasingly epperent to investors. Thus, as with prices for other
factors, the predicted price for new equipment (line h) does not

appear to be inconsistent with actual market prices (line 5).

3, In parts 1 and 2 of this chapter both types of lsbor and plant
were considered as a group, with a unit defined to be the wvector

of quantities of these three factors required per unit of marginal
vintage equipment. By making sssumptions about the market structure
it was possible to derive implications from the production model
about the price per unit of these factors which was compared to the
price per unit obtained from market data. This procedure was followed
because; given the impossibility of factor substitution, the market
prices of the individual factors mayynot reflect the marginal products
of each factor as implied by the technology of the manufacturing
sector congidered in isolation. It is possible to identifly the output
of & unit of marginal vintage equipmen® as the marginal product in
manufacturing of & dose of these factors, yet the separate marginal
products for the factors are indeterminant. Consequently it is
agsumed that market prices reflect the economy-wide marginal pro-
ductivities, implied by the set of technologies of the several sectors

that use these factors.

However, the indeterminacy just described is not s necessary
result for this model. If the model were applied to the entire economy
rather than just one sector then the marginal products of each of these

three factors would be determined. Any factor for which the supply
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constraint was not binding would have a zero marginal product; and if
there were only one resource constraint that was binding; the entire
merginal product of the dose would be attributed to that factor. If
factor supplies are not perfectly inelastic, the scarce resources
would increase in supply and the others would contract in supply.
This would not lead, however, to an equilibrium where all factors
earned a positive price unless the technology possessed cexrtain

characterlistics.

To see why this is so, consider the problem of efficient pro-
duction in & one sector economy, with & technology as described by
this model, in terms of the techniques of linear programming. In this

case the objective cost function to be minimized is:

t
C = *y P+ W L+ W N+ ; 1(v)E(v)
v=t-m

subject to the constraints:
p (%) It £2{t) W+ n{t) Wy o+ i(t) = g(t)

p (t~m) T, 4 f(L-m) WL + n(t-m) Wy i(t-m) = gq{t-m)

Ty > 03 W >0; Wy > 0; Hv) 20, v = t-m,

where i(v) is the rental rate for equipment of vintage v .

In order for all three factors, P, L and N, to have a positive

price, all three resource constraints must be binding and there must
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be three marginal, or zero profit, vintages. That is 1 (t-m-2)

= i{(t-m-1) = i(t-m) = O . This means that each of these vimtages
is in use but never is used fully. If this is true, then the last
1,0 and WN 5
and determine them. The first m-3 equations ther determine the

three equations involve only the three prices rp, W

rentals on infra-marginal vintages of equipment. The last three

equations are:

a(t-m-2)

1]

p(t-m+2) T + (t-m-2) W+ n(t-m-2) W

p(t-m+l} T, * (t-m-1) W+ n(t-m-1) Wy a(t-m-1)

p(t-m) Ty * (t-m) W o+ n{t-m) Wy = a(t-m) .

L N to be strictly positive

the production coeffiecients, p, £, n and q , must satisfy certain con-

In order for the factor prices rp, W, and W

ditions. Among these is the condition that the factor requirements
per unit of output are neither all increasing nor all decreasing
functions of v . That is, for example, if both é and % are
lower for newer vintage equipment, then % must be higher for newer

vintage equipment. Also, no factor equipment mey be either constant

or proportional to g across vintages.

The estimated production coefficients for manufacturing do not
satisfy all of these conditions. The fact that £ is proportional to
q implies T, = Wy =0 and W = a/f . This result raises again the
guestion of how the constancy of the nonproduction worker-output ratio

is to be interpreted. It suggests that 1f this model is to be used

as a one sector model then the procedure for disaggregating employment
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1s of crucial importance and that each factor should be included in the
model in a more general way than has been allowed for here in the case
of nonproduction workers. The condition that embodied rates of factor
augmentation do not have the same sign is satisfied by the estimated
coefficients. Successive vintages have declining production worker
requirements per unit of output but inecreasing plant requirements per
unit of output. This suggests that, if the problem of employment
disaggregation can be solved (for example, by not disaggregating

at all) the model is capable of predicting positive factor prices even

when each process reguires more than one complementery factor.
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AFPENDIX, VARIABLE DEFINITIONS AND DATA SOURCES

The following is a list of The wariables used in this study

along with definitions and data scurces.

Qutput §Q2 - Gross national product originating in manufacturing,

1954 dollars. Data for 1947-1962 from M. L. Marimont, "GNP by

Major Industries,” Survey of Current Business, October 1962 and
September, 1964. The figure for 1964 is constructed from data

on national income originating in manufacturing (National Income
and Product (NIP) Teble I-10), wholesale price indexes for total
manufactures and intermediate materials, supplies and components
{Bureau of Lebor Statistics, Wholesale Prices and Price Indexes)
linked to unpublished series for value of shipments and cost of
materials, used in double deflation of GNP 1947-1963 (Brookings
Econometric Model Project), and linear projections of manufacturing
indirect business taxes and capital consumption allowances. Annual
observations are adjusted to constant b0 hour work week basis by
dividing @ by & work week index -- average weekly hours for pro-
duction workers (BLS, Employment and Esrnings Statistics) divided

by Lo.

Production workers (N) - Average number of full-time and part-time

employees in menufacturing (NIP Teble VI -1k4) multiplied by the
ratio of production workers to all employees (BLS, Employmeht and

Earnings Statistics).



Nomproduction workers {L) - Average number of full-time and part-

time employees (NIP Teblee VI-13 and VI-15) less production workers.

Equipment Investment (E) - Purchases of producers' dursble goods,
K I

1954 dollars, by manufacturing establishments (unpublished data,
Department of Commerce, 1905-1961, linked to data for 1961-1963

from NIP Table V-12).

Plant Investment (P) - Expenditure for structwes, 1954 dollars, by

manufacturing establisklments (same source as equipment expenditure).

Production worker wage rate (WN) - Average hourly earnings (BLS,

Employment end Earnings Statistics) plus aversge other compensation
per employee (NIP Tebles VI-1, VI-2, and VI-1h), all divided by work

week index and the GNP deflator (same source as output).

Nomproduction worker wage rate (WL) - Compensation of employees

(NIP Table VI-1) divided by nomproduction workers excluding proprietors.

Required rentsal on plant (rp) - Estimated deprecistion rate {Table 5)
plus Moody's Baa corporate bond rate, all times structures deflator

{same source as plant investment) divided by GNP deflator.

Market cost of capital - Moody's industrial stocks, earnings per share

divided by price per share.



