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NOTES ON THE TAXONOMY OF PROBLEMS

CONCERNING PUBLIC (GOODS *

Martin Shubik *#*

"A person may make use of his own property
or ... conduct his own affairs at the
expense of some harm to his neighbours.
He may operaite a factory whose noise and
smoke cause some discomfort to others,

s0 long as he keeps within a reassonable
bound . It is only when his conduct is
unreasonable, in the light of its utility
and the harm which results, that it be-
comes 4 nuisance. ... As it was x4 in
an ancient case 1n regard to candlemaking
in & town, "Le utility del chose excusera
le noisomeness del stink."

‘ Ly
Prosser on Torts

1. General Considerations

This paper deals with those situations inveolving an istermix of
pelitical, economic and soxial conditions erising from the needs and
desires of @ society %o cowtrol the use of goods or services which cannot

be allocuted efficiently by a markety mechauvism alone.

*Research undertsken by the Covles (ommission for Research in Economics
under Contract Nonr-3055{00) with the Office of Naval Research.
**1 am indebted to Lloyd Shapley and tc Herbert Scarf for the many con-
versations we have held on ithis and closely allled topics.



The items included sre those which cause nulsance or harm to obhers,
those which must be jointly constructed by taxaticn of privately appro-
priated resources; those which are unigue natural heritages such as hesuty

spota; items held in common (res gommunes) such as air and light; and =

host of others, many of which are noted later.

An_aﬁtempt is made o set the problems arising from the features
of communal goods into a game theoretic framework. ITn this framework, the
competitive market and voting systems'may‘appear as specizal cases of a gen-
eral selt of games whose most important properties depend upon the nature
of threats between the individual and his scociety and the existence or the
non-existence. of methods for dividirg the wealth of a society so thst there
are some divisions against which no subset can claim that it can improve
its lot by f.iling to cobperateu This latter condition is known as the

existence of a core to the game (See Appendix A).

Leaving aside prohlems such as incomplete information, irratiopal
behavior and so forth, there are two major difficulties io be dealt with
in the study of market énd.vnning mechanisms in & soclety. They are
echaracterized by the roles played by numbers of participants and by the

structure of preferences and technology and institutions.



Given all the conditjons concerning preferences and structurs
necessary for the existence of a competitive equilibrium, if we make
certain assumptions concerning the behevior of individuals, then not
only may the equilibrium exist, we may even be able to describe a method

for attaining it.

It is usually the case thal for the behavioral assumptions fo
appear to be reasonable it is necessary to postulate that many competitors
participate in all markets and that the holdings of no.one are disproportion-
ally large in comparison with the others. If these conditions exist, it
is a remarkeble fact that several highly different theories concerning
economic behavior of indlviduals en magse predict the same outicome. The
competitive equilibriwm points turn out to be the solution to not only the
competitive closed economy with sll individuals acting as price-takers but
to situations involving the interaction of the countervailing powers of
groups as characterized by the core {0 an n-person gine; (Seé Appendix A}
to processes of fair division as characterized by the value (See Appendix A)
of an n-person game; and tc the type of economic struggle characterized by

non-cooperative behavior. {See Appendix A)



Our primary concern here is however not with competitive aguilitrine
and the conditions necessary for it. Tn particular this
addressed to the problem of public goods in a society,and the intermis
of politiral voting and econcmic markefing mechanisms. In crder to do this,
povernment, taxing sbility, law and voling processes must e expllcilly

hlended with the market mschacism.

In order 4o separate diffTiculfies, in this paper seversl factors which
either cause conceptual problems not specific to public goods or which anly
cause extra complicaticns are ruled out. In particuler, 11 15 assuped Tthat
the markets for private goods are purely competitive. in other words, we
do not consider possible oligopolistic influences in these warkeus. Other

factors Lo be ruled oum‘will'be noted below.

Tne discussion that follows is sometimes restricted fo *he coos:der-
ing of one publis good for which there is a production process ioenlving
the private goods {some or all of them) and which is subject 2o 2onsiant,
or denrsasiog returns to scale. The inclusion of productiocn processes for
the private goods does not apparevtly add anything of parvicular anpieptual
value to our investigation: hence, except for the piblic good we may regard
+he situation as characterized by & trading market where the individnsls all

enter with initial endownments.
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crowding by some may reduce the sbility of others to use it. Ancther
reason for the possibility that yl < y may be that socciety is in a
position to exclude certain members from using a public good (because

they have not paid their taxes or for other ressons,

It should be noted that there are some public goods which are not
produced from private goods*, but which a society has inherited as a unity.
In these instances the problem becomes one of the arrangements for individual
use of the communal good. The high seas, air and outer space fall in these

-cabegories.

We shall see that the prime factors 1n the constructicn, enjoymenot
and uge of public goods can be characterized in terms of the powers, righws
and threats of individuals and groups. These can be portrayed in game theoretic
terms by the characteristic functicn g/(and its equivalents: See Appendix A)
which provides a method for reflecting the intermix of political and economic

powers of groups.

2. The Meaning of Solution to the Froblem of Public Goods

It is well known that the price system in general csnnot be used to

assign a Pareto optimal allocation of resources whers public goods are involved ,

*#It should further be noted that there are many shades of meaning to private
property, ownership and private good, however we avoid entering info detail
on this at this time



Varicus taxation schemes have, on occasion, been discussed and priacipies
suggested; however, without explicitly introducing the pelitical wechanism
and at least some type of model of the institution of government it is not
possible to amnalyze in detail the politico-economic problems pesed hy the

presence of public goocds.

One important preliminary set of questions can be agked in the
conhbext of an extended generasl equilibrium model without hawving to cocosider
voting in any detail or having to describe the power of coalitions. They
concern the existence and the nature of the Pareto optimal surface. Fo1-
has shown 2/ that if all individuals are confronted with information «cn-
ceraing the amount of the public goods to be produced, the tax rates, their
initial resources and the prices for the private goods; there will exis~
tax schemes such that all individuals when asked to choose between a par-
ticular tax scheme zad set of competitive prices belonging to a certain sef
and sny cther scheme will unsnimously select the first over the second.
This formally establishes the existence of taxation. schemes which zive rise
to Pareto optimality in the following sense: Giwven that a goveramern: body
has proposed a satisfactory scheme, each individual viewing the ecsnomy as
a2 modified competitive market msy optimize by dpuying and selling freely and
by paying his texes in return for being asble to utilize the level cof public

goods specified in the government proposition.



Voting as it is usually considered is not in the sbove model.
Only the preferences of individuals separately or en masse sre considered.
Nevertheless even at this level several interesting general quesiions need
to be asked. Do Pareto opiimal outcomes always exist for income taxes,
poll taxes and usage taxes? [ they exist if conditions of eguality or

equity, or progressiveness or regressiveness are imposed on the tax bills?

In general, we are interesied in more than the mere existence of
Pareto opbimal imputatioms. Groups have power and exert their power; voting
mechanisms are used and blend with market mechanisms. ITn many sceieties
including the United States most of the assets are held by governmenhal or

corporate bodies which are at lesct pro forms conirolled by voting mechanisms.

Given that we can descride the power of coalitions and the nature
and rolee of the voting mechaniswm and competi ive market system, we may - on
consider solu . .8 more specific than just the Pareto optimal surface as a
whole., BSome of the solutions considered by Shapley and Shubik are the core
snd velue. Much of the analysis is related and similar to that appearing

in the study of ownership and the production funciion. Y
The anaiysis of the game theoretic models formulsted will not be carried
out in this paper. They each need to be examined for Pareto optiwaliby and

for many other solutions.



The next sechion of the article is dewoted vo presenving 5
taxonomy of the various pubklic and joint gocds and some of the difterent

institutional forms designed tc deal with them.

3. A Taxopomy of Public Goods and Tastuit.vional Forme

‘

" 5.1 Some Problem Aress.

The expenditures of the federal, state and locsl governmeats amount
to mrouwnd 20 per cent of gross nabtiomal prociet. Corporavisns, trusts and

other ingtitutions swell tae amount of sconcids actiwities performed by
collectivities and fiduciaries . The typeg of geds and services thah wre
dealt with by groups within society, <r sozlety =y & whoils are varied and

present different basic properties which in tury pose differsnt groblems of

control. Th ig for this reasor that w3 wpost abo=zompt Lo construch & bDaxonom

of these properties.

& partial list of goods and servizes involving natural momopoliss,

or economies or diseconcomies externszl o the inc ridusl Iz piven, Droa whio#

exsgples are selected o illustrate the differe:i features whizh o

+o construct different models.



of public goods are:

Among these aspects of society which may fall in the domain

Museums,

spousorship of the arts,
bridges and roseds,

the armed forces,
police,

governgent.,

parks, harbors,

dams, monuments,

wezther control, plague

control and drug administration

A group of goods and services whose communal properties are growing

more and more important are related ic communication and informwatior process-

ing.

They are:

the post of fice, knowledge.,
the educational system,
radic, televigion ,

local transportation,
libraries, copyrights

and patents
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Among the more important factors involving diseconomies are:

Smoke,

noise,

sewage and genersal pollution;
crowding, billboards, blocking
of light and other invasions

of privacy.

A1l of these have the property that elither the gain or harm in
production or use goes beyont the singlg individual. Because of this,
in general, in all societies elaporate political, social and legal systews
have defined and delimited the status of property and the ownership rules

for inherently social or antisocial goods.

The law, institutions of society, customs and the laws of physics
define the powers of individuals and of groups. From this information a
characteristic function can be constructed and the possibility of different

social solutions examined.

Possibly the most central game thecrstic concept necessary for the
formalization of the power of groups is that of threat. By threat, in this
context, we mean possible actions (ms contrasted with pere verbal statements)
which ¢an be taken by a group and which influence {(usually negatively) the

welfare of others.
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It 1s & remarkable fact that the conditions postulated for the
existence of a competitive equilibrium are such that almost any of the
many alternative models for describing conflict lead to the same threst

characterization. This is not so when public goods are present.

3.2 Factors Whieh Control the (jame

Nine factors are presented which serve to describe the threst
structure of individuals and groups in a society with = government, laws
and a political and econemic structure. They are not meant to be exhaustive,
but they cover many of the features needed to delineate the mechanism of

social division of public goods.

{1) The voting mechanism

Is the decision dependent upon s vote? Is the vobe direct as it
is in & referendum for, say, a bond issue; or is it indirect as in the
cagse of the military budget where people who have bheen elected wohte as

trustees of the electorate?

What consiitutes a winning vote? In some situations such as an
act of union 1t may be unanimous; an impeachment may call for 75 per cent:;
a veto for 2/5 majority and ordinsry business & simple majority. When
more than cne item is being voted on such as in the alection of directors

to a corporate board vobes mey be cumilative. There are seversl differsnt
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cumiiative vote mechanisms.

Are votes ‘Jor sale? For corporations votes may be purchased
legally in the opsn merket. In most political bodies; in theory, votes
are not for sale; however, political payoffs and logrolling are well-

known phenomena .
{2} Tax Fower

Can a wioning coalition legally and successfully imposs ite taxation
scheme on otn:-s? Varicus individuals maey oppose military budget =xpen-
ditures but they are neverthelsss forced to pay-their taxes. It is
ronceivable taiit for some items such as the eretticn of a public monument
a vote is neled tc cbtain permission to build; howevery, the actnal ersction

can take plec: only through the private financing of the irterested group.

We mir distinguish the three cases where the group has the power o
i
tax gll, t2 tax its members or to tax ncme. This leaves out the many other

poasible vrstrictions on degree of tawing power.

(3} Ability to Build or Practise

i

o o8 losing coalition build its own public good for its own use?
Peorle . 10 do not like their schocl district may subscribe tc the comstrust-

ion of /1 private school. In the United States it is illegal %o construct
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a private army or diplomatic corgps. Ir Spain it was illesgal 1o opeon

& place of worship other than one of the Catholic religion. In England
pecple often subscribe to private parks. Even though & group mav nelieave
in drug healing or rites involving the use of narcotics they way be
forbidden from growing their own popples, brewing their own heesr cor run-~

ning thelir own stills.

Professions which require licenses mway in some cases not be
practised, even thcugh both sides are willing; thus, although an amateur
barber may cult his friends’ hair with little danger of litigation, an

amateur surgeon may not remove an appendix with the same lack of risk.

{4} Restrictions on the Use of & Publiic Good

Is it possible for one group of individuals to force or to prevent
another group from usiog a public good? The atheist may not be able mo
stop the chaplain from blessing the regiment he is in; the pacifist obtains
the benefit of natiosal defense whether he wants 1t or not. The tax dodger
may be jailed but he cannct be prevented from obiaining the benefits of
national government. It may not be legal tc jam the radio recspticn of
nop-subscribers to a radic station. It is legal o bar an individual
from & public park if he fails to pay an entrance fee or fails to cbserve

the rules.



We fimd that owiag to the intermix of the laws of Nature and of
various socleties there exist public goods or services in all four cane-
gories where the individusl can or cannot be forced to or prevented from

utilizing the good or service Trofferrad.

(5) Type of Taxation Permitted

Six commor types of taxation can he described as (i) incoms tax,
{1i) property tax, (iii)} poll tax, (iv) sales tax, {v) esiate tax and
{vi) usage tax or toll. In common parlance the distinctions between
these seem to be clear enough; however, they can present analytical diffi-
culties. Various states in the United Starves use either income or property

taxes as a major source of revenue.

Failure to pay may lead to legal action, prison terms and the
impounding of proberty.

A poll tax teskes the form of 2 single equal levy on sll. Those
who do npt pay mey be bhxrred from.enjoying a3 right such as voting. Sales
taxes gré ancther important revenue device where a surcharge is collected
on the purchase of the taxed commedity. Usage taxes or tolls are related
to sales taxes in the sense thatb they vary directly with the amount wtili-

ized by the ipdividual. They are often used for specisl highways, bridges,
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ports, national parks and beaches. The individusl usually has the choice
of not paying and not obtaining the services regardless of whether he may

already be subsidizing them.

Estate taxes fall intc an especially interesting cless inasmach as
they raise several fundamental questions concerning our basis of views

of economic and social man and attitudes towards risk and death.

There is a seventh form of taxation muich used by central governments;
that is taxation by the printing of extra currency. This will be referred
to again in point (9). There is also negative taxation in the form of

subsidies.

(6) Conditions on Taxation

Conditions based upon considerations of equity or power may limit
the way in which taxing is applied. Questions concerning equity involve
progressive, constant or regressive income tax and the relationship be-
tween tax size and property or estate size. In different countries and
at various times all possibilities have existed. Sometimes considerations
of equity and power are intermixed. For example, the price of an admission
ticket to a public park is the same for all; (except school-children and

a few other classes may obtain a different rate). However, it is likely
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that the proposition that esach individual in scciety should pay a diff-
erent price for his use of a park would be viclently opposed both for
reasons of eguity and bacause of the difficulty 1o trying vo administer

such a usage tax schemse.

Equity in some countries haz called for "one man, one vote.®
A poll tax or property regquirement may be regarded as an extension of

this to "egual vote, equal financial stake.”

Does a society wish to <o asider taxes on special groups? In the
Arab conguest of North Africa wery different tax rates were levied against
the unkelievers. Thyroughout history, Jews, merchaots or other mincrity

groups have had spescial tax burdens levied against them.

In sumpary, we must stress that it is pecessary to decide 1f
“conditions on taxation"” are to be considered as part of the "rules of the
gage” or as part of the goals. Do we teke 11 as sxiomatic that groups dis-
tinguished from others vy other than economic measures mus? nct be specially
taxed even if without doing so a condition such as Pareto optimality can-~
not be achieved? We may partiaily avoid answering & question such.gs this
by observing that we are describing conditions which can be used to set up
and study politico-economic processes; hence this social guestion can be
tregted in either form as a llwmit imposed or not impcscs upon the rales

of the game.
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{7) The Role of Diseconomies

11 appears to be important to distimguish three states of inter-
action between individusls which may exist as the result o the behavior
of any individual. They can bte characterized as positive, zero and
negative interactions. The zero interaction is at the very foundation
of the iheory of the competitive market and individual property. As
has already been noted it can be formally characterized oy situatioﬁa
in whizh the only threaf that an individual has over nis fellows is to
fail to cooperaste. Once he has decided not to vccoperate hig fate and

theirs are rne longer initerlinked.

With the usual public goods the fates of non-cooperaiors are
often still positively interlinked in the sense that a better police
force and more besutif: 1 parks mey benefit aven those who do not pay
for them. It must be notad, howevar, ihat the orced consumption of
a public good by some who would otherwise welcome it may be regsrded as
s diseconomy in the sense that its free distribution wvhether you want it
oy not may be regarded ms an invasion of privecy. Some examples are
drug control, [luorination aud “comes the revolution, everyone will eat

P

strawberries and cream whether he likes it or not:
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The negative interaction between people, or the presence of extermal
diseconomies grows as formerly free goods such as clean air is polluted
and smoke, noise, crowding, billboards and the other effluvia of the

metropolis and high demsity populations make themselves felt.

Bssically in the law and our ethical values there appears to be an
important difference in attitude towards the rules governing producers of
external economies or diseconomies. The man who f£ills his front garden
with highly odiferous roses can expect a different légél treatment than

had he planted only skunk cabbage.

(8) The Interaction of the Competitive Market, Voting and Government

In order to specify the politico-economic mechanism for the im-
plementation of policy concerning public goods or the control of diseconomles,
it is necessery to introduce explicitly a governmental body and a voting
mechanism. In our search for the Philosopher®s Stone we would like to keep
our models as "institution-free" as possible and to aveid becoming clutbered
up with details. 'Unfortunancly, even a model such as that for the competitive
economy, ii spite of its aesthetic appesl and apparent freedom from in-
stitutional features needs many implicit assumptions which make it far less

general and institution-free than it may sppear to be.
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We begin by tryimg to restrict ourselves ic = most rudimentary
-form of institution which we shall call "the governament” and to a des-

cription of the voting process and its interaction with the market process.

In many instances, as we have already noted ia (1), votes on
expenditures may be indirect such as when an elected representative votes
onn & bill authorizing expenditure. Although eventually, it will be necessary
to analyze this case, to begin with we restrict ourselves {0 a simpler
situation. We consider some type of voting system to be specified. A
govermment; exists which performs the following tasks: (i) It administers
the vote, (1i)} It collects isxes and disburses subsidies, (ii1) It
arranges for the preoduction, supervision and ¢istribution of public goods

in coordination with the competitive sector of the economy .

ach one of these points brings up & host of problems. Ewven though
the administration of the vobe appears 1o be a simple point we must
immediately ask how does the item to be voted upon come into béing; There
gre thousands of alternative proposals concerning what super highway or
national psrk should be built. How is a proposal selected for the vote?
Voting is often time consuming and expensive; how many different alternatives

can be considered by means of a voting mechanism?



To begin, we could make some heroic assumptions concerning zero
costs of data processing and zero expense to voting. In this instance,
we could then consider that some board of experts prepares the motions
and our interests will be in the properties of the moticns which would
be selected by the system, and possibly the relationship betwsen the

acceptable motions under one system and those under other related systems.

Technically, the problem of the generation of alterunatives upon
which to vote causes no problem when we consider solution concepts such
as the Pareto optimal set, the core, the value or other concepts of equity.
It does cause ftrouble if one wishes to give an extensive form specification

of & political process.

The second role for the governmant is to collect taxes and disburse

- subsidies. We discuss below in (9) the importance of distiuguishing between
money and commodity taxes and subsidies. All instances have bsen and

still ‘are encountered in human affairs. Taxes have been gathered in money,
salt, hours of labor and so forth and subsidies even in the United States

of today may he paid in foecd.

As o2 already been ncted, tax collection and concepts of equity

cannot be easily treated as separate items. “Unpopular taxes" msy be



hard and costly to collect. The law of administrative inconvenience
says that if a tex is easy to collect aud the group against 'hes o g
lavied is not in a position to cause too much trouble, one can more or

lese forget abstract problems of equity and continue the tax.

Following the policy of abstracting whenever possible from extra
difficulties we assume that at this level of the discussion there are no
problems concerning the levying or collection of taxes provided that the

individuals have the amounts demanded Trom them.

The third point, that the goverrnment ascts as the trustee and agent
for the purchase and/or construction of publiec goods, and in many instances,
for thelr supervision, maintenance and distribution, must be considered
in terms of several separate problems. They are: (i) Does the goverrment
as an institution have an independent set of preferences (or utility function),
{ii) Does a winning vote give the successful coalition & chance to biss
the functioning of the mechanism of government? and (iii) What is the
relationship between private and public purchasing of goods from the
competitive market? What zr¢ the problems of timing, information leakages

and conflict of interest which can arise?

A possible way in which the government may be considered as a

motivated participant in the market is to assume that it is given &
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task to achieve by a bill thet is passed and that it attempts to minimize
the cost of carrying it out. There sre several alternative formulations
which all have.representations in politico-economic life. The method and
size of texalion and the market purchases may be considered simul-aneously;
or the tax bill may be considered given; or the expenditure given and the
taxation possibilities may be assumed to be variable. In the latier case
further problems are faced in defining the utility function of the
govermment,. In all of these cases, there iIs an important difference

between taxation in money or in kind. This will be discussed in (9].

If ipdividuals know that a certain motion will be passed, affer
which the goverument will enter the open market as a purchaser, it may
pay them to arrange their assets to take advantage of this eventuality.
Thus the trading rules will make a difference to the game. This obser-
vation which arises from & consideration of the strategic possibilities
in a formal model has its counterpart in many wéll-known phenomens such

as when groups buy up the farm lands prior feo the vote on a new zoning law.

Neither in economic theory nor in game theory to date has the
concept of an instifution been adequately reflected. A coalition is not
necessarily an ongoing corganization. Yel in practical peolitics there are
organizations and party faithfuls who "can deliver the vote.” The "eity

machine” could exert a control which removed much of the guesswork from
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estimating the type of civic expenditures to be approved and who would

be the contractors and suppliers.

Closely interlinked with the direct power that comes sbout in
the control and influence in voting systems and administrative contrel
over govermment procurement is the effect of "insider's knowledge."
The leek to the son-in-law of information as to where the new state
highwey will go; the discrete use of information by members of & board
of directors #®ytheir families and friends about a change in the price

of sulphur or & new uranium strike, provide examples.

In order to reflect the insider's informetion advantage the ex-
tensive form of the process must show the appropriaste time lsgs such as
when a vote 1s passed and when various groups are told about the results
of the vote. This, of course, is very different from the other important .
problem caused by uncertainty. Thet is the estimation of a vote whose
outcome is not & :megone conclusion.

It must be emphascized that although market processes may often be
naturally modeled as mechanisms or non-cooperative games; woting systems
are naturally better considered as cooperstive games. Hence in a world
without lack of knowledge or major random slements, in general, the
outcome of the voite should be known after the private bargaining has

teken place.
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(9) Means of Taxation and Payment

The importance of the difference between taxation and purchase
of resources by the government by actual commodities or by an institut-
lonally accepted money only arises when the distribution of public goods

and public control are looked at from a strategic viewpoint.

The basic difference between asking simple general gquestions
concerning the existence of distributions satisfying conditions of
optimality and equity and viewing processes as a strategic game is that
certain strategies which are legitimate may call for the violation of
Walras' law. Bankruptcy conditions and failure to comply, penalities
must be specified. A government may find that it is unable to construct

the park it promised with the funds voted for it.

There 1s an important difference between & mandste to spend
$10,000,000 on a public good and a mandate o build a public good
of a certain specification spending no more than $10,000,00C. There is
also an important difference among situations in which eminent domain

or the printing of morey are wesapons cor are not.

If there is a chance that the government is not able to carry out
a mandate within a stated budget, then & simple utility function such
85 '"minimize the cost of a preoject” is not sufficient to deseribe its
goals. We need to know how it evaluates a weapons system or an opera

house 90% completed .
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3.3 Games of Fair Division and Informetion

There is an important factor in the design of distribution mechanisms,
welfare, fair division or socisl choice games, which has not been discussed.
That is the possibility that when all are not completely informed about
each others' preferences or positioﬁ, it may be strategically wvaluable to lie.
Problems with means tests, individuals violating the spirit of unemployment
payment lews and so forth provide examples. There are many interesting
problems in theory posed by considerations of how to lie optimally and .
how to design an optimal inspection,system,é/u This problem is not con-
sidered further at this time. Parenthetically, it is my belief that in
the actual application of welfare schemes, the effects of lying are probably

considerably overestimated by those who call for complex policing mechanisms.

4. Towards s General Theory of Welfare and Public Goods

"Bveryone agrees to symmetry,
but it's the definition that
counts.”

The epumeration of items to be taken inte account in the construction
of a Welfare Game was large. In Appendix B it is shown that several million
different cases can easily be constructed. Among these cases the purely
competitive market is merely one very special Instance; as is the simple

majority vote. Both of these special cases have important distinguishing
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properties as is shown in Appendix C; however, they still are only two
smong many possibilities. At this point, the economic or political
theorist mey react by saying that it's all very well tc claim that the
politico-economic world consists of millions of different cases. The
institutionalist has always taken refuge in the thickets of special
instances; but where is the theory which brings order to and the under-

standing of these myriads of situations?

The argument sketched here, presented more abstractly in Appendix
¢ end developed in detail by Shapley and Shubik elsewhere éf; is that
there is an important natural taxonomy of social affeairs in terms of
games exhibiting different basic properties. These concern the character-
ization of the strategic possitilities of the players and their inter-
actions. They are manifested in the definition, description and measurement
of j.roperties, such as the level of strategic interlitikage between players;
the degree of symmetry in the game; the inherent degree of structural
competitivity (in the sense of how close is it to a game of pure opposition

or of pure correlation of intercsts) and in the structure of threats.

Even though there may be a natural scheme for constructing and
clagsifying myriads of different politico-economic mechanisms according

to certain basic properties, this by itself dces not constitute any general
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sheory . The remeinder of the argument is that thers wnre s geries of
Tfundamental properties that might e required of a o Lnico-sconomis
mechanism or of a soclety. They can be described in =<erms of words such
as equality, equity, efficiency, freedom of choice, decentralization,
power of groups, power of the individual and so forth. Each cne of these
may Pe given a more precise meaning 1n the form of & sclution concept

w0 an n-person non-constant sum game. There msy be many competing con-
cepts of equity; but at least it has been possibl: to formalize and
axiomatize some of them. As wore are formalized, our understanding

of the basic variavles and the fine strusture of the axioms {such as

*he various ways in which symmetry is introduced) is +improwsd.

The general theory is attalned by adopting a pluralistic approach.
This involves drawing up 2 check list of "sclution concepts" or properties
that we may deem to be desirabl> from a normative viewpoint. We may then
wis to ask if we can simultanecsusly satisfy some or alL of the pfoperties
that we deem to be desirable. Can one have decentralization arnd freedom
of individual choice simultanecusly with an equitable distribution of
goods and services under a system of sociasl choice invelving mixed voling

and market mechanisms?



Arrow has shown the impossibility of cobtaining a socisl welfare
function based upon voting mechanisms Z/ if the usual assumpbions are
mede sbout.individusl préferenpes. This does not imply, however, that
certain sets of desiderats cannot be achieved simultanéously if the
apprupﬁiaée conditions on %astes, techhology, and administrative structure
prevall. For example, in gertein classes of games the value {an equity
conééﬁt) will be ‘inside of the core (& concept reflecting the counter-
vailidg power of groups) if the geme is sufficiently symmetric; otherwise

it willk,lie outeide.

Let us consider the sbove remarks in terms of a spde¢ific model.

We mske the following assumptions:

(1) A1l goods have an individual owner and are freely
transferable (say, fungible commodities).

(2) All individusls have preferences depending only upon their
own possessians.

(3} Production processes are homogenecus of order 1, i.e., there
are constant returns to scale. Technology is asvailable to
anyone who has the physical inputs required by any process

(4) Initially resources sre distributed so that there are very

many individuals holding each commedity
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(5. 1Indiriduals are rational, well informed, honest and need no mechanism

to enf rce contrect or sup rvise their actions.

These are the conditlons required for the "Garden of Eden " There
is no need for the state; it has with.red away There 1s no eed for

taxes as there are no public goods

Those who hold that decentralization and efficiency are value of

importance to so.iety know that if the _..nditions a.ove hold *true the.e
will exist a sy~tem or systems . f prices atiainsble by trading =n an
open competitive market which satisfy these conditions. The are the

compe’itive equilibrium points of the market.

If we view human socic-economic tehavior in terms of the p ve s
of coalitions then (as has been brief y noted in Section 1}. the _or
“olution (which may and usually does have an existence indepe ent f
the competitive equilibrium) is the same as the competitive equili*ra .

1n this case

If eguity is the criterion to be satisfied, then severa. ‘am
solutions reflecting the properties of symmetry and feir divisic ha e
been formulated which under the conditions noted sbove converge t  the

competitive equ librium points
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If curbs on noncooperavive behavior are being sought, so that
even if the individual were permitied to behave in a strategically
noncooperative menner towards his feliow man, {i.e., each individual

is left with his freedom of choice, even though the strategic inter-

linkage of his fate and the fates of others is recognized) the resulting
distribution would be optimal; then, there are indications that in this

model the noncooperative equilibrium pointis converge to the competitive

equilibrium points {See Appendix A}.

Thus it can be seen that, although the model for the purely
competitive economy is only one among willicns of rointed models re-
flecting major aspects of the politico-economic and sccio-ecoromie wi ud

it is a very special one.

The purely competitive economy model is a limiting case which has
deep significance both from the viewpoint of the basic structure of the
model and the coincidence of diverse scolution concepts. It is a fixed
threat game with a core; which measns that almost any type of view on
noncoopersation or aggressiveness leads to the same game medel. The exist-
ence of the core means that there will always be some cutcome which cannct

be ruled cut by the noncooperative behavior of groups.



If the conditions described prevail, then it is possible for a
society to not only give & broad freedom of choice to its citizens but
to meet conditions of efficiency, decentralization, eguity and power

distribution simultaneously.

Unfortunately even though the competitive market model has many
desirable properties it is unlikely tha% there has ever existad & socio-
or politico-economic system for which it is a good approximate model.

In all societies, the stabte has existed and goods common to groups or

public goods have played an important role.

The competitive model serves as an ideal situation; a limit peint
of many appsrently totally vnconnected processes described by diverse
theories arising from different concepts. Bub 1t is not a deseription
of the world we live in. For reasonable approximations to parts of our
and other economies many others of the host of models already noted mast

he considered.

Confronted with other models we may ask the general question:
Can we design tex laws, voting schemes, and/or other legislation such
that the checklist of desirable properties which we know to hold true for

the conditions noted #bove, hold true for other situations?
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Although the general answer to this question is not known at this
time, the question and allied questions appear to be sufficiently clear
to be precisely formulated. The basic properties of ﬁhe models {as was
indicated in 3.2) can be adequately categorized tc describe them; and
most of the social and/or ethical desiderate may be cheracterized by

different game theory concepts of sclution.

L.1. Some Basic Concepts of Welfare

There are four important features concerning previocus

discussions of welfare theory that are brought up here. They are:

{1) The role of Pareto optimality,
{(2) The Arrow paradox,
(3) The relationship between the market and voting

and (4) The Social Welfare Function.

In slmost all theories and discussions of welfare, it is usually
stated as a desideratum that the oulcome sheuld be Pareto optimal. There
is no indication, however, either asbout the shape of the Pareto optimal
surface or of any metric which can tell you when & point is not on the

surface, how close 1t is to The surface.
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Although the assumptions of ordinslity, independence and non-
comparability of preferences are from some points of view attractive,
it is equally {and in some cases more) attractive to mssume that state-
ments such as: "1 inconvenienced myself slightly to dc him a szrvice
which was of considerable impcrtance to him," have msaning. Reasonably
socially adjusted Individuals msy easily make mecre or less guantifiabls
comparisons. Thus, when someons at & slight ineconveniencz to himeslf
directs an anxious strangesr to a train, he doss not apply ordinal non-
comparable measures. If he did, his actions would be the same If he

were in no rush himgself or if he were dashing %o catch his own train.

The import of the above remarzs is thalt the condition of Pareto
optimality is by no means the most natural or dominant desideratum.
Equity, for exampls, may be a more desirable condition. If it iz not
posaible to satisfy both simaltanecusly, then possibly Pareto optimality
should be glven up. In giving up Parsto optimelity it may be pozsible

to show that it need only fall by a "little bit®; but this calls for a

ME&SUTE o

losely related to the shape of the Pareto ophimsl surface and

the measure of the distance of a distribvubtion of weslth from it, is the
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problem of devising a measure of the innate degree of conflict or
coincidence of interests built into a game. In the three gemes illus-

trated in Figare 1, it can

ot

(a) (b) {c)

Figure 1

be seen that in (a) the domein &b of the Pareto optimal surface leaves
much room for competition and conflict of interest between the players.
In (b) the Pareto optimal surface consists of the single point a. In

(c) the surface consists of &bc, but with compelling reasons to select b.

These remarks are in part due to conversations with R. Axelrod

who has been attempting to devise a measure for the structural conflict

in two-person bargains.
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Arrow has shown §/ thet 1f we assume esch individual hag an ordered
set of preferences for Lhe various oulcomes of society then, Iin general,
it is not posgible to construct a completely ordered social welfare function
based upon using any voting scheme to aggregnate their preferences. [nads
hns shown that, given the conditions for the existence of a linsur trans-

fereble utiliﬁy‘gj it w1ill be possitie Lo construct a compleilely ordered

welfare function.

There are two important points to be noted. We should not confuse
the construction of s soclel welfare funcuion by the means of a voting
procedure With the design of a politico-economic game as & method for
defining the choice mechanisme in society. HNor should we assume that
of necessity we must build up a social welfare function from the aggregation

of individual independent single perscn preferences.

It is possible to consider a socliety with several institutions
such as the church, political parties and so forth zand 1o farmalize s
model in which individuals belong to several crganizations which have
their own value systems and rescurces and .0 wWhich Lhe individual as A

matter of his pelierfs delegates or surrenders his decision-making powers.
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The voting system has often been discussed as an alternative
for or supplement to a market mechanism. Under what circumstances do
we have the alternative of construceting & market or a voting game to

serve to transmit the decisions in & system?

Given that for some situations it is possible to consider either;
how radically do they differ? When a voting mechanism is used, it is

possible that a non-Pareto optimal distribution resultst

L.2. Some Basic Concepts in Game Theary

In many ways the advent of the theory of gemes represents direct
extension of the rational utilitarian epproach to the problems of economic
and political man. We leave the comfort and aesthetically pleasing sim-
plicity of maximizing man. Cross-purposes maximization is considered.

No simple resolution of what people do or should do is found once we
venture into the realms of non-constant sum payoffs, where cooperation

and competition work together and against each other simultaneou:ly.

"Minimexing man" appears to be a logical extension of individually
vational utilitarian man for situaticns involving pure conflict. Bub these
are few and far between; and it 1s unreascnable to expect that i here mutual

gain 1s to be had individuals will act as mortal enemies.
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Left out of consideration in all of this discussion are all aspects
of dynamics. Mamy of the processes of society sre continucus; hence the
evaluation of threais is complex and dependeni upon th2 fubure. Persuasion
plays its role in changing perceived desires; but alol.: with the effects
of incomplete information these factors are excluded f:om counsideration at

this point.

In spite of the severe limitations of the game “woretic approach,
or of any purely economic or political approach assumi : fixed pfeferences,
there are several important features of *the choice stri:iure of a society

which can be examined.

The concepts of game theory when applied %o the 1litico-economics

of weifare and public goods may be used to show the impe ' mnce of:

{1} PFair division games,

(2) The extensive form,

{3) The sirategy sets of the players,
(4) The structure of threats,

(5) The approach to welfare via s multiplicity of sc . “ions.

We have already noted, but stress here once more, thar ; .c game
theory approach to welfare preblems is via fair division games The
problem is not ome of the description of individual or of aggre: 12 pref-

erences, but of what happens when preferences are given and a gan
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decision mechanism is described through which individuals and/or groups act.

The cake problem where two individuals divide a cake by having one
cut and the other choose is the protoiype example of a fair division game.

More scophisticated versions involve voting and texation.

In discussions of bargaining and competitive equilibrium3 dynamic
or semi-dynamic arguments are often presented in the form of tattosment
schemes describing the actual bargaining steps in a market. In some game
theoretic models this detailed description is important and can be modelled
easily. When mixed market and voling schemes are to be considered this is
*he capz. For exemple, there is a large strategic difference between
schemes in which individuals are permitted o tfade private rescurces, vote
on taxation and goverrment purchases and then trade private resources once
more, and the situation in which voting and texation tekes place before

trading.

Possibly the most important characterization of a strategic situation
be it social, political or economic is in terms of the sirategic freedom
and interlinkage of the individuals®' control. This is closely related to
the extensive form or move-by-move description of the game, and enables
us to gain an appreciation of the degree in which the fates of individuals

are intertwined. Three simple games in which each player has only two



strategies are given below to illustrate varying degrees of inter~

relationship.

12 1 2 i 2
1 1,2{1,5 1 3,61 -16 1 L, 41 0,0
2 3,2(3,5 2 %, -2 | -1, -2 2 0,0 1,1

The first number in each cell is the payoff to the first player,
while the second number is the payoff to the second player. For example,
if each player employs his second strategy in the first game the payoff

to the first is 3 and to the second is 5.

The first example is that of an inessential non-constant sum game.
The stirategies of the players are not interlinked. The psayoff to each

player i 1is & function of only his own strategy and could be written as
Pi(si)'
The second example is constructed so that the payoff to the first

individual depends only upon the strategy of the second and vice-versa.

The payoffs could be written as Pl(se) and PE(SI)O

Joint control and correlation of interest is illustrated by the

third example. Each payoff depends on the strategies of both. The values



of Pl(sl’ 52) and Pe(sl, 32) are however highly correlated.

In each of these games the structure influences the threat possi-

bilities for one individual against the other if they fail to cooperate.

In the first as they are not interlinked any behavior by one has
no effect on the other. In the second each controls the amount of damage
he can do to the other but has no contreol over his own fate. In the third
the price of damsging the other Individual is to damage oneself at the

seme time.

The last point to be stressed has been noted earlier, but merits
re-emphasis. We are willing to take as glven any structure of individuzsl
or group preferences. Given this as a basis, we wish to ask how will these
preferences be realized for different choice mechanisms or "gemes" such as

systems invelving combinations of tradipng and vobing?

A pluralistic and axiomatic wview is taken of the varicus solution
concepts. The various axioms may be regarded in terms of concepts such

as equity, power and freedom of choice.

5. Some Exsmples

Tax me not in mournful mmbers
Come and make a total haul
For the residue that slvumbers
Is no good to me at all.

Samuel Hoffenstein
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In this section a few simple examples are given t¢ help tec illustrate

the discussion in sections 3 and 4 . They are:

(1) The trading game for fungible chattels;

(2) The simple majority vote;

(3) Corporate voting in a werld with jointly held goods;
(4) Private and putlic goods, the direct vote, free market

and taxation.

5.1. The Trading Geme for Fungible Chattels

In most textbooks describing bilateral monopoly or discussing
consumer behavior with an.illustration of a two commodity indifference
map, the implication is that the commodities are in thé form of essentially
indistinguishable units, such as the same grade of apple and are most
probebly easily transportable iltems to which no particularly special set
of laws or restrictions applies. Most foods snd other consumer items
fit this desecription fairly well. Although in certain senses firearms,
liquor, automobiles or gménd pianos become different goods as they afe

moved into different jurisdictions where the laws pretaining to them change.

We have already noted thet verious game theoretic solutions coin-
cide with the competitive equilibrium points. This model is reintroduced
at this point in order te stress the special features of the assumptions
needed for it to exhibit the powerful properties it possesses. The three

broad categories in which assumptions must be made are:
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{1) The individual: his preferences and intents
(2) The nature of the economic goods

{3) The role of society: political end social institutrions.

5.2. The Simple Majority Vote

In one sense politics may be regarded as the ecovomics of jointly
owmed goods and services. Ownership may have many different shades of
meaning depending upon the conditions (physical; legal and sosi=l) which
define an individual’s conirol over resources. It is an institubtional
mavifestation of the more basic concept of strategy space. As surch it
is easy Lo conceive of items which are jolintly owned in one society but

privately held in another.

Consider & soclety in which &b initio &ll rescurces are publically
owned. An example would be a religious or utopian group moving into
empty lande such a3 parts of the West and Canada. If all goods are public
then it does not matter if the physical properties of some are surh that
they could be appropriated easily and iraded privately. For cur example
congider n individusls with k + 1 goods where the utility function

for each individual is of the form Ui(xl, X o x_i y) and there is

2’ k

a preduction function y = n{z., 2z, .-» zk) which specifiss the cuipul
L .

o

of the %k + lst product s a function of inputs of the first k products.

Let us assume that the initial resources of the socliety are {Alﬁ A, . Akf Ak+l) N

We assume that economic wealih is distributed by vote aond that a
simple majority vote is used. Free exchange and price system trading are

expressly forbidden by law.
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It is not enough to state that a voting mechanism is used as
this does not specify how & proposal is selected. In particulazr unless
the method for selecting alternatives is stated, the society if pre-
sented with & vole to accept or reject a distribution of wealth that

is nonoptimal might easily vote to accept it.

By definition there will be a2 nonempty set of Pareto optimal
distributions. We wish to examine the nature of different solutions

given the simple majority wvote.

1. Optimality: +this is not & property inherent in the voting
system. A method for selecting Pareto optimal distributions

upon which to vote must be specified.

2. Decentralization: by fiat this is ruled out. Neither the
competitive equilibrium nor the noncooperative equilibrium

solutions are defined.
3. The Power of Groups:

We consider four cases here for illustrative purposes. They are
the symmetric and nonsymmetric games, and the games where we assume that

utilities are compsrable (and transfersble) and where they are no%.

The games with comparable utilities are considered first. The
characteristic function v(S) is defined on 211 sets S of N , where
N is the set of 81l players. In order to make the threat structure specific

¥e& assume that the ultimate threat of an individual c¢r group of individuals
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against the rest is to vote on the other side of & proposai. They camnct

riot or force others to vote differently or leave the society.

Where there is comparsbility and transfersbility, optimality
conditions become very simpieu There will be'(except for degenerate cases)
a unigque joiht maximmmm; The-pﬁopéséls“before‘the society will not be on
how to operate it {as that is uniquely deferred) but on how to divide

the proceeds.

If the democratic form is observed, then the minority must go

along with the decision of the majority. The characteristic funetion

will then be:

v(s) =0 for s < nf/2 (vhere s and n are
the number of voters
in 5 and N respectively)

where & r} = A -z, for =1 ... k .
] J 4

This forﬁ reflects a particularly stark version of demccratic process
where, at least in the formal siructure of the game {as conmirasted with the
type of solution considered) there is no real protection of mincrity rights.
A ccalition of less than n/2 could conceivably by heavily exploited In
studying game theoretic or strategic models of political or eccrn.mic processes

it is desirable to specify the nature of minsrity rights.
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Although the utility functions of the individuals are different,
the players all enter strategically into the game in a completely symmetric
manner. Hence the symmetric form of the characteristic function. This

is a simple game EQ/ vwhich is equivalent to

V(s)

0 s < nf2

1 8 > nf2 .

As the role of all individuals is the seme we may write s instead of
8 1n the characteristic function because all coalitions of the same size
are equivalent hence the nunber of members is sufficient to identify the
coalition. The characteristic function im this case can be shown dia-

gramatically as 1s indicated below. It has a single step at s = n/2 .

w(s) |

Figure 2

The players may divide the proceeds in an imputation of wealth (alj py a}, oo Q,cx.n)
n ]
where I a, =1 . The condition that @ 2 O ilmplies that there is some

i=1

legal protection of the rights of the individusl.
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Tt is immedistely evident thai this situation hsg no core. IF

. . . C s 1 1 H
there were 8 core, then the symmetric imputbation { L 'on’ % v ey )

would be in it. However any subset S vwhare < 85 < n can cbtain

s

%,for each of its members and as i* > $: this implies that the im-

S

putatidn { 5 % y ssoy %:) can be blocksd or dominated by it.

L, Equity: As the game is symmetric and all equity concepts employ a

basic symmetry axiom, they all lead to { % f %-, coay ﬁ’) in this case.

We may equally well investigate the voting game without assuming
that preferences can be compared. When this is the cese & simple numerical
charactefistie funcetion cannet be defined as the summation of utilities
has no meaning. We can use & notation which is an extension of the
characteristic funetion. The values of w{s) are given by the set of
imputations which are Pareto optimal among the members of the set 8§ .

The game under consideration here is not quite symmetric hence all 2"

values of the modified characteristic function need to be specified.

3

w(s). = {Ui(o, 0, 200, 0), Uj (0; Oy cooy O), wne h
for all i, J, ... € 8 for [S§! = s < nf2
o Ghoh oy ) o Gl el el )
for all i, J, ...€ 8 for [8] = s > nf?
for all values of :r;'_, r;, e rg, ..» such that the resultant set of
imputations are Pareto optimal among members of the set S. A similar srgument
to that for the compareble utility case esteblishes that there is ne core

for this game.
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The equity sclutions will be different for the game above and the

totally symmetric case where we sssume that Ui(xl, Xoy coey X v)
=1 (xl, Xps weos Xy y) for all i ¢ N . In the latter case the value
is the symmetric point (TU (rl, Yy coey v}, U(rl, Thy ceey ¥, .LJ where

nr, = A, -z

nr, = A =~z 5 - ps »o+ 80d y = hiz, Zys ooy zk) .

i 17 #yd
In summary we note that this model with a simple majority voting
scheme and public ownership of all mesns of production.implies among other

things that the individusl‘s personal skills and abilities are &t the dis-

posal of the majority to decide how to employ them.

The rules of the game rule oui decentralization, limit individual
power, but leave sufficient power to large coalitions that there is an

inherent weakness to any social stability, evinced by the absence of the core.

5.5. Corporate Voting in a World with Jointly Held Goods

Corporations cannot commit treason,
nor be outlawed nor sxcommunicated,
for they have nc souls.

Sir Edward Coke 1612
The corporate form in modern United States society is probably a
better model of the political process than is the simple majority vote.
It reflects both the possibility for trading votes and the formalization

of rules concerning the protection of minorities.

Individuals may command more than one vote. A simple majority is

required for control of the decision-making ( for some purposes more ‘than
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& simple mwajority maey be needed). Any payout of resources however, must
be made on a pro rata basis to all stockholders. This may be regarded
&8 an equity concept built in as part of the rules of the game rather

than applied as a solubion criterion.

Unlike the simple mejority game where one individusl is restricted
to one vote, here nonsymmetry can occur in two ways. The first is if the
preferences of the individuals are different and the second is if the
murber of votes they control are different. We will look primarily st

the first.

As in the previous example in 5.2. decentralizatiorn and the power
of the individual are both formelly ruled out by the rules. TFurthermore
there is nothing inherent in the system which guarantees the selection

of Pareto optimal choices.
The symmetric geme with compsrable transferable utility in this
instance may be described as is shown below both by the characteristic

function and a representation of it in Figure 3.

v(s)l
1
2 ‘///‘
~
-~
-~
,/
- ’ r 5

n n
=
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On the assumption that each person has only one vote; that a simple
nmzjority is needed for control and that any disbursement must be paid to
all stockholders 1n proportion to their holdings regardless of whether

they belong to the majority group the charscteristic function will be:

vis) =0 for s < n/f2

= sfn for s> nf2

It is important to note that the division of proceeds in the cor-
poration 1s based on considerations of equality not equity and upon pro-
gtection of the rights of all (in fact, by use of accounting practises,
control of hiring, wages and so forth the group in control can eppropriate

more than s pro rata share).

In general when contemplating the corporation and its behavior
it is natural to think in terms of money or some other one-dimensional
fungible transferable commodity. There is no sbsiract philosophical
utilitarian hidden meaning to it. A doller 1s a dollar to all from the
strategic viewpoint as long as it is "good for all debits public and private."
The welfare question of whether it is worth more or less to J. P. Morgan
or to the widow ie not germeine if the gsme has been deaigned in such &
nanner that dollars are the chips. If a doller has a physical meaning
{(as it does to the corporate treasurer) then "equal dividends for equal

holdings of shares"is well defined.

Unlike the simple majority geme with no protection of the minority,

the corporate form with transferable utility gives rise to & game with
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a core. Turthermore the core is & single point regardless of nonsymmetry
in voting. It is the point at which eaech obtains his pro-rata sharc.

No coalition can obtain more.

The value coincides with the core, in the symmetric geme but not
otherwise. A simple example is used to demonstrate this. The calculastions

for the example are supplied in Appendix A .

Consider a society of &4 individuals with votes of 2, 1, 1 and 1.
Juppose a simple majority is needed for control. The core and the value
are calculated for case 1 : A simple majority geme with no protecticn

of minorities and case 2 a simple majority corporate or stockholder geme.

Case 1 core ~ as we have slready noted, the core is empty.

value - the value is given by the impuialbion

i 1 1 1
(z.8:3"8

Cage 2 core - the core is given by the sclitary imputation

2 1 1 1.
(5’3%—"’5’3“5“)

value ~ the value is given by the imputaiion
g J1L 11 1l
B BTG
In Case 2 the higher return tc the man with 2 votes in the value
over the core reflects his greater relative importance for the formaticn
of winrning coalitions than the others. The velue in Case 2 iz somewhat
less than in Case 1 for the 2 vote individual; this decrement is caused

by the introduction of the protection of minority stockholders.
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Although in the case of corporations 1t is more or less natural
to consider the characteristic function and even to treat money as a
commodity with the same significance to all; if we wish to consider &
communel society we mey not want to presume that interpersonal comparisons
can be made. If this is the rcase, then we can define the modified

characteristic function w(s) as follows:

W(S) = { 0, :), LR O } fOr rsl = B S 1'1/2
i 4 i 5 -
{Ui‘rl’ Ty es Ty ¥), Uj (ri, rg, rlJc V), }
for all i, ¢, ...€ 8 for [S| = s >n/2
for all values of To, TL, i., rd rd . such that & r° = S (A -2z}
1 e 1 T ‘ ies © T n e e

for £ =1, ..., k and th' resultant set of imputations are Pareto optimal

smong members of the set £,

As before, this gams i a5 & core. The existence of the core is
guaranteed by the rules or L ws which enforce pro rata sharing of all
commodities. In general 1 b resultant division of wealth will not be
Pareto optimal uniess it i | mderstood that once each individual has been
gwarded his %th share of L. commodities available all are free to make

exchanges .
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5.4. Private and Public Goods, the Direct Vote, Free Market and Taxation

A modern democratic society with a capitalist economy can bhe des-
cribed by a simple majority voting game with or without the protection of
minorities guaranteed; combined with open trading in a "private sector.”

In the previous examples in 5.2. and 5.3. voting was considered and

.Lizanicn and coordinetion was forced on ell eccnomic aétivity by law.
Here we consider in more detail the possibility of using the special physical
properties of some items s0 that society centralizes only those items over
_which it has no physical choice while it uses & decentralized mechanism to

determine the distribution of the remainder.

We are now in & position to consider in detail the special properties
suggested by the utility functions for the individuals for the Lk + 1 goods.
k of the goods are such that it is possible to design:an open market
mechanism in which they can be traded; however the k + lst good is by

physical nature a public good.

In order %o well define the game to reflect the main aspects of this
society it is necessary to specifly initial conditions. Do we start with
society as & whole owning everything or do we consider all items to be

individually appropriated?

For specificity we assume that only the first k commodities are
in supply and that the public good which is naturally a public good (say for
example the administration of justice) does not exist to begin with, hence

private resources must be appropriated in order to produce it.
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We assume that initially all resources sare privately owned. This
immediately introduces an extra consideration of symmetry. Is equality
of initial holdings an equitable distribution of them or should we regard
vhatever random distribution which happens to exist at this particular
time as a Just initial position?

In the first example, for ease we take the symmetric initial

A2 ..., A&, 0) and the production function to be

; - A
distribution ( :
n’ T

L,
n

Before any game model is fully specified it is necessary to provide
more detail. Can coaliticns of any size build a public good for their
own use? In this case it is assumed that they are not @bl: to do so.
Furthermore it is assumed that if a majority decides to build a public
good, all will share in its use and nJﬁone can be prevented from partici-

pating regardless of how he voted.

It is assumed theal a simple majority vote is required to decide upon
the size of the public good to be constructed and the taxation scheme to
be imposed. 1t is further assumed in this simple case that each individual

has a single vote.

Ir the dymanic process of human affairs trade tekes place befeore and
after taxation and votes on mppropriations. Tactically it may be important

to trade tefore a vote has been taken or a new tax bill passed.

We assume {although it is ususlly not the case) that vobting is direct

and not via representatives. Votes are not legally directly for sale.
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Trading may take plece at any time.

A board of experts may be presumed to exist to perform the task
of selecting a motion for the public to vote on. It might be instructed
to try to pick only motions which are or will lead to a Pareto optimal

outcone .

Alternatively though possibly with less institutional justification,
we will assume that any winning coalition is allowed to naime its own

proposition.

Do we wish to consider special rules on the type of taxation? If
there are no restrictions then majorities are in a position to completely
exploit minorities. If taxes are to be.equal for all, we have a situstion
| analogous to the corporation where the minority is protected by the pro rata

. rule. Conditions such as a graduated income tax lie in between.

Do we assume that the govermment specifies its texes and public
works in terms of money Sr bundles of commodities? If it speéifies taxes
in money and public wérks in commodities (such as 50 many million dollars to
build a specific bridge) it runs the aénger being unasble to meet its promises.
In the first examples it is assumed that all texes and public works promises

are stated in terms of money.

As & first approximation we assume that government is an efficient |

costless institution with no values of ite own designed to execute the will
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of the majority subject to the constraints of the law. Embodied in the
law may we conditions manifesting equity, protection of minorities and

so forth.

A specific simple example will be explored. Let there be N/2 individusls
of type L and N/2 of type 2. Where an individual 1 of type 1 has

a utility function of the form
U (xi x: y) = E\Ixi 4 by
iv7yr e 1 72

and individual Jj of type 2 has:

L3 _ g9 J
Uj(,x-l’ Xg} Y) - xl + xg + by

the production function for the public good is y = zl + 42 where z1 and 22

are imputs of the private goods.

All supplies of the two private goods are held by the individusals
as follows: Each of type 1 has an initial endowment of (24, 0),and each

of type 2 has (0, 24}.
Case 1

For our first case we assume not only no protection of the minority
against the size of their tax burden, but furthermore the majority can
award itself subsidies other than by building the public good. In other

words they are in & position to legally pocket taxes.

Call the sets of the first and second type of players Sl_and S2

respectively, and let N be the set of all players.
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v(SuT)

i
o

for || +|T} =8+t < % vwhere ScS. TeS,

max [2n A {1-p) + 2 Ap (s+t)] for s+t >nf2and 0 < p < 1.
P . .

This characteristic function states that any minority can be fully

exploited. Any majority has at its disposal all of the resources of the society.

The example is somewhat strange, inasmuch as owing to the linear form

1
of the payoff, depending upon whether oS :‘b all resources or no resocurces
will be used for the public good.

If % > b no public geod will ever be produced. Voling will still

enable the majorlty to exploit the minority. In the range % v < §

large coalitions may produce the public good.

This game has no core. In spite of the poesible decentralization it
i8 not decentralized. In spite of the lack of symmetry in preferences the
value is the symmetric imputation.

2 <1 then the production of the public good will be supported

If
by any mejority; and the game will a&lso have & core. The value will be in

the core and will be the midpoint.

Case 2

In this case we consider that the minority 1s protected only to the
extent that all tax monies raised must be used to construct the public good

and hence cannot be used to subsidize the private expenditures of the majority.
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As before: v{SuT) = 0 for [8] + |T| = s+t < where S€5. TS

=
- 2 1 772

max  2(s+t) A {1-p) + 2(n-s-t) A (s+t) b
P

+ 2 pb (s+“b)2 A for s+t > qfe
max  2ls+t) A [:klwp) + b {-nw(l-p) (e+t) lJ
D ,

1t % > b no majority will use its own resources to produce the

public good. The game has no core as the members of minimal winning coalitions

can achieve higher per capits gains than all other coslitions.

Noncooperative behavior has been ruled out by imposing price-taking
conditions on the trading of private goods. However once taxation has
been specified the economy can be viewed as decentralized if taxation and

rublic good construction are carried out in terms of money.

The specific extensive form, meking use of & monetary mechanism

may be regarded as follows:

{1) A winning coalition forms and announces tax rates in monetary
terms for all.
(2} A competitive market for the exchange of private commodities
then takes place with the government acting to maximize the
production of the public gdod by purchasing private goods as
imputs subject to the constraint of not overspending its tax
revenues. Those who have been texed must also act so as 1o

satisfy thelr extra constraints.



;.59...

It is immediately obvious that even in this simple model rules must
be specified.concerning actions to be faken if somecne is unable to ful-
11l his contracts or pay his taxes.

L

If = < b < §A the game will still not have a core however

depending upon the size of b some winning coalitions may vote for public

congtruction.

If b > ?jn the game has & core and is equivalent to case 1.

Case 3

For the third case we consider the law that there must be an equal
per capita tex and that all tax monies are to be used for building the

public good.

v(SuT) =0 for |[S|+ |T| = s+t < g whers ScS) TeS,
=max (2(s+t) A {1-p) + 2n pb (s+t)i€]
o F A
for s+t > n/f2 wvhere 0 < p < 1.

£ is the tax burden leveled equally on all. This game always has & core
regardless of the range of % . The difference amongfthe three cases can
best be illustrated for coalitions which just have & majority, i.e., those

of a gize g-% 1 . If n is large the difference betwesen g + 1 and %

is small, hence for ease assume that n/2 can control the vote. The pay-
offs to the minimal winning coalitions and the coelition of all players are

illustrated for the three cases and different values of k where b = k/n .
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We sec immediately that the rules of the game, which in our society
may be interpreted as laws are progressively more effective in protecting

the rights of the minority agalnst the power of the majority vote.

A was observed in Section 3. there appear to be a piethors of
cond:tivns which must be taken inu: account in formulating a system which
actnelly utilizes an intermix of voring and the competitive market. The
exorp o given here was highly spec:al and was selected to minimize com-
n-tation yeb at least illustrate dire:tly how various quite plausible laws

i Uy ohe strategic properties of the system.

Nothing in the above example appears to hinge on comparability and
tran . ferability for the caleulation of the core (this is not so for the
value). However in the modelling and in interpretation fiat moncy, or a
unit of account appezsrs to play an important role. Without the issuing
of tox bills in the Torm of monetary levies, the administretive aspects of

decentralization and the use of a market system do NoOt appear to be feasible.

It must be further noted that all the examples have been very special
inasmuch as only one public good was considered. With more than one public
good it is not yet known what cre the restrictions and the laws needed to

guarantee the existence of a core.
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6. Conclusions

In this paper an attempt has been made to suggest that for ex-
tremely fundemental reasons the problems of public finance and welfare
give rise {0 a myriad of models, almost all of which have their counter-
parts in the varieties of institutional forms, political and economic
systems which exist or have existed. The general egquilibrium competitive
model is one very special case which exhibits powerful limiting properties

when various methods of solution are applied.

It is suggested that a society in its search for institutions and
administrative procedures may be simultaneously attempting to satisfy
different values such as the distribution of power, equity, efficiency and
so forth. It may not be possible to satisfy all of them simultaneocusly.
There does however, exist a methodology to investigate this guestion inasmach
8s it appears that the values or goals can he formilated in terms of one of

the various solution concepts of the theory of games.

For at least in the guidance of short term behavior, it appears that
a society may wish to design itself as a self-policing system in which
individuals behave in & manner to conform with long range values which are
enforced via the rules, i.e., by the structure of the institutions, social

and legal system.

This is in contrast with short term values which are reflected in the
actual solution method used. In Section 5 exemples were supplied which ilius-
trate the sbove remark. The societal values of equity can be bullt into the
rules by laws and can also be manifested in how individuals actually play the

game with which they are confronted.
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Agggndix A

In order to explain the various concepts of solution, we must

also define what is meant by the following terms: the characteristic

function of a game, an imputation, an effective set of players, and

domination of one imputation by another.*

The charscteristic function specifies the worth that & coalition

can ackiszve if they limit thelr tredes strictly to themselves. Math-
ematically it is & function v(S8i defined on sets of players 8 , with

the properties

v(e) =0,

v(s U T) >v(S) + v(T), whenever SN T =0 .

The first condition merely states that the amount achievable by
the null set is nothing. The second condition 18 the fundemental economic
property of superadditivity: if two separate groups having commerce only
amongst themselves are joined together, the resultant group is at least
as effective as were the two independent groups. Beyond these two conditions
there is nothing more than can be seid a priori about a characteristic

funetion.

If we denote the set of all players in a game by N , then v(I)
specifies the total amount that the whole group can obtain by cocperation.

A reasonable form of "cooperative" behavior would be for the players to

*  Much of the following exposition on the characteristic function, core
and von Neumann and Morgenstern steble set solutlon comes from a paper
by Shapley and Shubik ;&/, This material has been slightly rewritten
and is presented in order to meke this article somewhat more self-
contained,
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agree to maximize jointly, %# and then to decide how the proceeds are
to be apportioned, or "imputed." We define an imputation & +to be
a division of the proceeds from the jointly optimal play of the game

among all the n players:

oz=(oc aesa: R an):

where
_ n
@, > v(i) end I o = v(N).

o

The condition @ > v(1) embodies the principle that no individual
will ever consent to a division that yields him less than he could
obtain by ecting by himself. It is often convenient to normalize the

individual scales so that v(I) =

A set of players is said to be effective for an imputation if by
themselves they can obtain at least as much as they are assigned in that

imputation. Symbolically, 8 is effective for « if and only 'f

v(s) > = @ -
ieS

1f ">" rather than "=" holds, we shell say that S is strictly effective.

* Their utilities being transferable, this is properly represented by a
single number, which denotes m¢izimum obtainable welfare. If utilities
were not transferaeble, v{N) worid instead have to represent the Pareto-
optimal surface, and similarly 1or smaller coalitions.

# In this appendix, except whe: otherwise stated all solution concepts
are described for the transferabg utility case. This is only for sim-
plicity. Equivalent but more unieldy definitions can be given for the
nontransferable case. Both the t:asic concepts and almost all of the re-
sults are essentially equivalent
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An imputation «a dominates an imputation B if there exist
an effective set S for « such that for all members of S , @y > Bi .

Following the notation of von Neumann and Morgenstern [12], we write
afé B .

In other words, if a set S of players is in a position to obtaln by
independent action the emounts that they are offered in the imputation o ,
and 1f, when they compere the amounts offered in « to the amounts offered
in B , all of them prefer the former, then a dominstes B . There is

a potential coalition that prefers a to p and is in a position to do
something about it. Note that § is necessarily strictly effective for

g , the dominated imputation.

Core and Stable Set

Finally, we may define two "solution" concepts. The core of en
n-person game is the set of undominated Imputations, if any. A von Neumann-

Morgenstern solution or stable set on the other hand, consists of a set

of imputations which do not dominate each other, but which collectively
dominate all alternative imputations. There is at most one core, but

there may be many solutions. All solutions contain the core, if it exists.

Some Examyles

A series of simple, three-person games will illustrate these concepts.
Consider first the game in which any pleyer acting by himself cobtains
nothing, but any pair of players acting in concert can demand three units to

share between them, while all three playere in coalition are also awarded
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three. The characteristic function of this geme is

v(e) = 0,

v(T) = v(3) = v(3) = o,

W(12) = w(13) = v(3) = 3,

V(1-2_5) = 3:
where 12 means "the set consisting of players 1 and 2."

We may represent -the imputations. in this game by triangular

coordinates, as shown in Figure ‘1. The vertices Pﬁ’ Pe, P, represent

, 3
the imputetions (3, 0, 0), (0, 3,'9), and (0, 0,_3), respectively. The

point w = (1, 1, 1) is the center of the triangle. Consider the two

imputetions « = (1.9, 0, 1.1) end B = (0, 1.5, 1.5). The set 35 1is

effective for B , and furthermore both 2 and 5 are better off in

B than in « . Hence B 4 « .

Fy

1.9, 0,1.1)

(1.5,1.5,0) & 7(1.5,0, 1.5)
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The trio of imputations B, y , and & forms a solution tct to
this particular game. Any other imputation gives two of the players
less than 1.5 apiece, and thus is dominated by one of these three im-
putations, but the three do not dominate each other. (There are other

solution sets, which we need not discuss.) This game has no core,

since the imputations B, Y, and &, dominating all the rest, are
themselves dominated by others. For example, the imputation ¢, which
was dominated by B8, in turn dominates & via the effective set 13.
Note that domination is not a transitive relation: B - @ and %t 8

do not entail B . & .

Wz no consider three closely related games, differing from the
previous one only in what the two-person coalitions obtein. In the

first variant we have

v(12) = v(I3) = v(23) = 0. *

In this case, all imputations are in the core The only set of players

that is effective, for most imputations, is the three-person set; however,

* This all-or-nothing type of charecteristiec funetion, like the previous
one, is associated more with political than economice processes. The
previous game was a majority-teke-all situation; the present one is a
veto situation, since if one member wishes to be the "dog in the manger,"
he can prevent the others from obtaining eny payoff. In economics such
extremes -- called simple gemes -- are not typicel. We shall presently
consider variants in which the two-person ccalitions obtain intermediate .
asmounts, reflecting the more usual situation in which any new adherent

to a coalition meens added possibilities for profit.
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this is useless for domination, since on examining the distribution of
welfare from the viewpoint of all three players we see that if one
player prefers one of two imputations, then at least one of the other
players will prefer the other, the sum of the allotments being constant.
In fact, it suffices to point out that no set of players is strictly
ePfective for any imputetion -- hence there is no domination. The core
is therefore as large as possible, and is also the unique von Neumann-

Morgenstern solution.
In our third exsmple we assume
v(I2) = v(I3) = v(23) = 2 .

As shown in Figure 2, the lines which describe the amount obtainable by
each coalition of two players intersect in a single point, the imputation
o with coordinates (1, 1, 1). This is the only undominsted imputation
of the game, and thus constitutes a single-point core. Since @ fails
to dominate the three smell triangles adjoining it in the diagram, how-
ever, it is not a von Neumann-Morgenstern solution by itself. To get

a solution we must add some more or less arbitrary curves, as shown,

traversing the three triangular regions Eg/a

In the finel variant, we assume that the two-person coelitions

are only half as profiteble as in the preceding example. That is, we have

v(12) = v(13) = v(23) = 1.
The lines indicating the ranges of effectiveness of these coalitions are

spread apart, as shown in Figure 3, revealing a large, hexagonal core.
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All imputations in that area are undominated. As in the second example,

this core is the unlgue solution.

A superficial examination of these four exemples suggests & re-
lationship between the size of the core and the "fathesg" of the coalitions
in a game, i.e., how much they can promise their members per caplita as
compared to the per ceapita smount availsble in the whole game. 1In all
four instances, the latter emotnt was v(IB5)/3 =1 . Denote v(ij)/2
by v, In the first game, f, wvas 1.5, which:is ‘grebter then 1, and

there was no core. In the third geme, f_, was exactly 1, and the core
]

2

was & single point. In the fourth game, fe ﬁés 1/2, and there was a

large core, while in the second game f, was O, and every imputation

2

was in the core,

Of aourse, in g less symmetric situation, this principle would
not reveal itself in such a clean-cut manner. However, & general rule
of thumb seems to persist: the more power there 1s in the hands of the
middle-sized groups, the more narrowly eircumseribed is the range of

outcomes of the ccoperative game.

‘When we do not permit the transfer of utility, it is mo longer
_possible-to regard the amoqnt attaineble by & coslition as a siﬁgle
nuﬁbert yet cores }2/ and solutions }H/ can still be defined‘gnd a com-
parison of gains in various éoalitions can still be made in & vectorial
sense.

The Value

.Giten the description of a game by means of its characteristic

function, Shapley has suggested a method to impute a unique value to
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each player. One way of regarding this value is to consider that a priori
all coalitions are equally likely. Furthermore.the probabilities of the
order in which an individual joins a coalition are the same, e.g.: in

a three person coslition Player 1 has the same probability of being the

first, second or third to join.

We consider every possible order in which every individual can
enter every coalition and we credit him with his ineremental contribution
to the ceoalition. In fterms of the characteristic function coalition S

and Player 1 +this is:
v(s) - v(8 - (i}) .

Adding all his contributions together we average them and award the player

that amount, P, where:

o, = & LNl gy s L@y .
all S =N

The wvalue may be arrived at through a series of axioms which reflect basic
concepts of symmetry and fair division. Various criticisms have been made
to the effect that the value may not be a desirable fair division scheme.
For the most part they are directed towards the difficulties which are
inherent in the formulation of the characteristic function and the concept

of threat. This will be referred to again after the examples.

We consider two voting games with 4 players with votes distributed

2, 1, 1 and 1. In t'e first game there is no protection of the minority;
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any winning coalition can teke &ll. In the second game the minority is
protected by & pro rate rule. The first game is known as a simple game,

all values of the charscteristic function are either 0 or 1 .

Call the players a, b, ¢, d. We use the notation {a, b} to rep-
resent the set of a &and b; and for brevity 1, 2 or 3 and (&, 1} etc.,
to represent a set of 1, 2 or 3 of the one vote players and {a, 1) the

set consisting of & &nd 1 other. The characteristic function is:

v(1) = v({a)) = 0
v(§j =0

v({g, 1)) =1
v(3) =1

v( {A, 2}) =1
W((s, 3 =1 .

The characteristic function for the second geme is:

v(1)

v({a]) =0

0

i

v(ﬁj

v( {é., 1}) = 3/5

v(3) = 3/5
V( [a: ‘é-]) = J*/5
‘V( {a, -5-}) =1 .

In the first game there is no core as can be seen by the inconsistency

of requiring
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e S NP

a1+a2+a321 al+a221
al+cz5+ah21 al+a3_>_l
aa+a3+c¢h21 al+auzl

al+aa+a5+.ah=l

wvhere o

X ae a3 and c.zh are the shares awarded to &, b, ¢ and 4 respectively.

In the second game the conditions for the core are given by:

a2+0:3+ah23/5 o« ta, > 3/5
@+ +a > b5 o +a > 35
o +ay +ag> U5 o+ > 3/5

@ + Qé +a, > /5
al+CX2+C13+ah=l-

These ere satisfied by the imputation ( 2 L % x ).

5555
In the first game, as an individual adds to a coalition only if
he turns it from losimg to winning, the following simple scheme illustrates

and calculates the value,

léll;for]?layera 6x1i=6
llél;forPlayera 6x1l=6
1112; for Player a 6x0=0
2111 ; for Player a 6x0=0

: 12
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Total numter of ceses is 24.
_ - 1 _ - 1
%= 3 = 7° TP "%~ 7
' 1 1 & 1
The imputation representing the value is ( 2Pz ) .

in the scheme ebove, the dot ind.i_,ca‘.‘ges the pivotal player, i.e., the
man who changes defeat to victory. Each line-up ¢an occur 6 ways. For
exemple, inthe case 121lwehave bacd, cebd, dach,
b édc ; € adb asd dabe . The player with two votes is pivotal

in 12 out of 24 cases.

In the second example we must also take into agcount the fact that

a player joining en already winning coalition still makes & contribution.

121121 for Player a 6 x 3/5
1121 for Pleyer a 6 x b9
1112 for Player & 6 x 2/5

2111 for Player & 6x0
545
‘1 5L | 1L
Po = o * 25" =.-2%’ H =% "% @
The imputetion representing the value is (;‘%, %‘%’ %, % ) o

The shift down in his v’a.lu'e_frdm that in the previous geme reflects

the effeet of the protection of minority rights.
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There is & problem introduced in the second geme which did not
exist in_the,first: In the first game, a minority could oﬁly guerantee
0 for itself and the majority could restriet the gain of the minority
to 0. In the second geme the minority can gtill only guarentee itself
0 by unileteral action however the majority cannot restrict the gain
of the minority to zero owing to the pro rata rule. These differences
in the threat structure of the game are not reflected. in the characteristic

:function.

The -Noncooperative Equilibrium

A completely different concept of solution _1s_pr¢v1c1ea by Nash.
The core, stable set and value sll were explicitly cooperative in the
sense that all players were presumed to have negotiated, ‘planned and
jointly considered their alternetives. The spirit behind the noncoop-
erative equilibrium point is that of the exercise of individual power
in an introspective manner. The individuals neither explieitly coordinate
their strategies, nor do they willfully attempt to demege of threaten
each other. They merely try to meximize their own welfare on the assump~
tion that others are doing likewise. Many interpretations in terms of
dymanic processes can be given; however in & static sense the existence

of & noncooperative equilibrium point may be stated as follows:

Consider & game with n players. Let player i have a class

of possible "strategies" 3,, and s, denote a particular strategy be-

i? i
longing to the class. The payoff'to the i-th pleyer ie dencted by
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Pi(sl’ Spr Bz vees sn), e function of the strategles of all the players.

1
point if, for all i, the function

A strategy vector (&, Eé, Es, .,,,55) is said to constitute en eguilibrium

Pi(sl, By <oy By 95 By Byigy sees Sn?

is maximized by setting si = Ei . In other words, a set of strategles
one for each pleayer, forms an equilibrium point if each player, knowing
the strategies of all others, will not be motivated to change. If the

equilibrium point is unigue, as it proves to be in many of the classical

economic models, it is termed the "noncooperative solution" to the game.

Noncooperative solutions have been successfully applied to the
study of oligopolistic markets; however a critiesl problem in model building
must be faced in ettempting to apply the concept of a noncooperative

equilibrium point to a closed economic model.

An open econonmic model is one in which at least one individual or

group is not considered as an individual or group with preferences and
possibly strategies but as a mechanism. For example in the study of
ducpoly in general the customers are considered only implicitly via the

demand mechsanism.

TIn a closed economic model all relevant acltors are considered

explicitly. The simplest example of this type is bilateral trade. 1In
this instance all trades and preferences can be illustrated in the well-

known Edgeworth box diagram.
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In general it is extremely difficult to formulete noncooﬁerative
solutions for closed economic models. A quick contemplation of the
simplest of bileteral monopoly markets shows why. Suppose that s
strategy by each player is to name an smount he is willing to sell
and buy; in general strategies will not match. An individusl will

not know in advance i1f his plens are feasible or optimal.

In the special case of a market with only two types of players
it has been possible to formulate a reasonable model for a closed
economic noncc:perative market without side-peyments. However for
the more general case it is conjectured that it may be necessary to

consider utility functions of the form Ui(gl, xa, v xk) + xi xk + 1"

The reason for thls is that such preferences permit individuels to

teke strategic actions which may be inconsistent with each other, yet
settle uwp the failure to earn the planned income, to sell or buy the
desired commodities with a "money" side-payment. These models require

an explicit formlation of how Welras' law is permitted to fall in
trading and the conditions for bhankruptcey and fallure of contract. The
special k + 1 st commodity serves as & strategy space decoupling device.
There are no implications of interpersonel comparison of utility but

use 1s made of the lack of income effect on the holdings of the k + 1 st

commodity.
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Aggendix B

In general one should be careful in playing the "big numbers game"
however it is my belief that the problem of the design of politico-economic
mechanisms to meet eriteria of welfare and social choice ig a problem in
mathematical institutional political economy. IV requires & high level of
abstraction concerning concepts such as strategy space, threst, Pareto
optimality, core and value. Yet it is not institution free. The consider-

ations noted in Sectlon 3 are all basic and influence the possible models.

Synthesis must come from considering how to group the myriads of
cases in terms of whether these "geames" or administrative mechanisms enable

us to satisfy the criteria of interests.

Below, is given a table of the different factors discussed in
Section 3. Not all of them sre mutually consistent with each other; hence

the straight forward multiplication of cases somewhat overestimetes the

possibilities.
Cases
1. Election type: Direct or indirect 2
2. Majority needed: The most common are 100%, 5
75, 66 %, 50 or dictatorship

3, Veto conditions: yes or no 2
k. Cumulative voting: yes or no 2
5. Votes for sale: yes or no 2
6. Power to tax: A winning coalition can tax 3

everycne; themselves only;

or no one



10.

11.

12.

13.

1h.

15.

16.
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Cases

Power to construct & public good: yes or no (sometimes

a ﬁinority may be forbidden from constructing certainijgoods).

Enfbrcemgpt of yse: yes or ho (SQmetimcs a minority ig

forced to use a public good it does not want).

Prevention of Use: yes or no (it may be technologically
or legally not possible to prevent the use of a public gooa).

Type of tax feasible: incéme tax, sales tax, property tax,

inheritance tax, poll tex, usage tex or toll- subsidy and -

important).

Conditions on tedxation: progressive, constéﬁﬁ or regressive

(there are obviously many other ponditions).

Economy or Diseconomy: Is the iltem a public nuisance to be

controlled by society or a public benefit to be supplied?

How is & motion or proposal selected: A controlling group

mey speclfy it; a board of experts may be askéd to put for-
ward two or more alternatives on which to vote,

Information Conditions: are all similerly informed, or do

"{nsiders” obtain advanced knowledge of motions, budgets, ete.?
Treding: Does free market trading take place before during
and after the vote (some markets may be closed on election
deys; trading in certain commodities may be suspended before
and aften a véte to declare war).

Taxation in money or kind: taxation is usuwally in money but

can be in work other services or goods.

inflation (there are meny others but these are -amopg the most 3

w
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Cases

17. Subsidies: Welfare payments may be in goods or in money. 2
18. Bankruptcy laws: there are many different ways of

handling inability to honor contract or pey taxes. 3
19. Eminent domain: yes or no o)
20. Governmental or Institutional value system: Does the

administration as an institution have its own value

system or is it a value free mechanism in its execution

of public affairs? 2

‘There are obviously items left off this list and in each category
one could argue about the number of elternatives to be considered. On the
whole, the error has been in the direction of aggregation and omission

of categories.

As affough approximation the product of the alternativesin each
category irdicates the order of magnitude of different models which can
be constru&ted (where for the most part each has a counterpart in known
human inst{tutions)°

Tre number of cases k = Elh . Bh . 5. 8 < 53,000,000 .

Teft out of consideration are oligopolistic effects of markets
with fer competitors; the effects of ignorance and lack of knowledge;
and an idequate modelling of the finer features of political and financial
instit,tions which are manifested in manoceuvers such as log-rolling or the

stratezic use of money which converts it from a "veil" to a strategic weapon .



Appendix C

The main text hes presented a pluralistic spproach to the
problems of public finance end welfare. Many solution concepts and,
many models have been suggested. In this &ppéndix & recapitulation
of the Interpretation of six solutions is given together with s

sketch of the problems in modeling caused by tbreast conditions.
Solutions

1. Pareto optimality: Although to some, Pareto optimality may

be regarded as a very weak solution eriterion it reflects

the condition of economic efficiency.

2. The Competitive Equilibrium: The stress here appears to

be on decentralization. It also can be argued that im-

Plicit in the conditions for the competitive equilibrium
is the assumption thet the individual has no strategic

power whatsoever but scts as an isoclated optimizer.

3. Noncooperative Equilibrium: In contrast with the competitive

equilibrium the noncooperative solution stresses the use of

individual strategic power.

4. The Core: This deals with the power of coalitions. The

existence of a core implies the possibility of imputing
wealth in a menner that is stable against the power of

all coalitions.
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5. The Vslue: Equity is the underlying concept behind the

- axioms for this solution.

6. 'The Stable Set: A relatively generael concept of social

stability 1s reflected in this type of solution. If the

core exists 1t will be part of any stable set.

Threat Conditions

The characteristic function and its equivalent without side-

payments can be obtained by calculsting the amount that a coalition
can guarantee to itself. Let the payoff to Player 1 be Pi , then

the value for v(8) is given by:

max min Z P
1e8  jeN-8 i
This way of caleulating the charecteristic function presents a very
pessimistic view of the threat structure within a society.' it may
be costly for members of N-S to try to minimize the payoff to members
of 8. Furthermore in some situations the amount that a coalition is
gble to obtasin may not coinecide with the amount that the counter-coalition
may be able to restrict it to. The corporate voting game serves as an
example. Any coalition § with B < nfa is able to obtain zero and
no more, yet no counter-coalition can prevent it from obtaining a

pro rate share of the proceeds.

There are some games whose strategle structure is such that
no matter what type of threat behavior is used or even if noncooperative

behavior is employed by & counter-coalition the amount obtainsble by the
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coalition S vemains unchanged. This happens when:

mex min Z P
s N-3 ies

e min { = Pi - Z P.}
5§ N-8 ‘ies jeN-g ¥

o]

" mex L P
; 1e3 *
end i
i max I P,
_ JeN-s .

give the ceme value for L P et is ;he case for the two person

ied i
matrix geme:
j) 3 - 3, 7 ‘
|15 b

i
1

In market games the first two three. conditions coincide; the

third is not cleerly defined.

Gemes and Solutions

The following table displays the curwnbt state of knowledge

concerning the six solution concepts noted\igapplied to five games.

In the table NSP stends for no side§:yments end SP for side-
peyments. The 2 refers to the two-person cas and the o« o limiting

behavior for when n is large.

The first geme is the classical merke ; ith independent preferences

and production processes.
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The second is the simple majority, simple game where coalitions

either win all or lose.

The third is the majority game modified by the corporate rule
of pro rata payout. Without side-payments this must be modified to
either proportional taxes and subsidies in money or the equivalent
in a market with barter. We assume initially that the state holds

all resources.

The fourth geme is the majority vote with individually oriented
preferences, private and public goods, equal taxation, and competitive

markets for private goods.

The fifth game is the same a&s the fourth except ve assume iden-

ticel preferences for all players, i.e., a1 totally symmetric game.

It should be noted that there are :everal other solution concepts
such as the "bargaining set" proposed by {umenn and Maschler; however

they are not discussed here.

One interpretstion of the variety :f possibilities indlicated in
the table is that it might be desirable 1! construct & hierarchy of
public socio-economic and socio-political: problems based upon the degree
of need for laws, administrative and political devices in order to

obtain economic outcomes satisfying the (:sired sets of solution criteria.
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Note:
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{a) The completely symnetric game without side-payments is equiv-

alent to the game with side-payments.

{b) There are meny problems in the construction of adequate models

of this case.

(¢) It is conjectured that this converges to the set of competitive

equilibrium points.

(d) A feir emount is known ebout solutions to the simple majority
| geme; apart from that little work has been done on solutions
(it is not even known if they always exist, although it is
éonjectured that they do). Apparently as numbers of players
increase, in general stable sets do not eppear to exhibit any
striking limiting behavior; it is an interesting open problem
to find out if they do have special proéerties in the case of

the classical competitive market.
(e} Little is known about no-side-payment stable sets.

(f) Here we have a problem of definition concerning the value and
the Paretoc optimal surface. If equal taxation is a rule of ﬁhe
game, then it is possible that no outcome in the new geme is
Pareto optimal in the game without this added rule. The value
however, selects an outcome which is Pareto optimal within the

set of alternatives feasible according to the rules of the game.

(g) The problem of threats appears to be closely related to the law
of torts and to the legal attitude to distinctions between intent

and behavior.
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