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MODELS OF TECHNICAIL. PROGRESS

AND THE GOLDEN RULE OF RESEARCH

Edmund S. Phelps

The primary purpose -of this paper is to present a model of technical progress
and economic growth from which one can derive a Golden Rule of Research quite
analogous to the Golden Rule of Accumulation. The secondary purpose is to discuss

various models of technical progress.

That there might exist a Golden Rule.for research is not surprising since
research is a kind of inveétment -~ investment in technology -- just as "aocumila-
tion" denotes investment in tengible capital., Nevertheless “ecapital®™ and
"technology" differ in important respects. If, given the technology, the
production of commoditles is homogeneous of degree one in labor and capital
goods, as 1s frequently postulated, then production cannot be homogeneous of
degree one in labor, capital and "technology" (or the appropriate index of past
research effort). Further, the production of technical progress, unlike the produc-
tion of investment goods, seems unlikely to exhibit constant returns to scale in
capital and labor, given the technology. Hence technology cannot be treated as
an ordinary capltal good. Because of this novelty that our subject presgents,

this paper must be highly tentative and conjectural.



MODELS OF TECHNICAL PROGRESS

In order to speak sbout the "level of technology" in an operational
way without specifying all details of the production function and in order
to mske possible the generation of golden ages we shall postulate thet technical

progress is solely labor-sugmenting, that is, Harrod-neutral. Hence
(1) Q(t) = F(Kl:t) » T(t) N(t))

Where Q't) denotes the rate of output of the single consumer-capital good

of the economy, K(t) the stock of capital, N(t)} the rate of employment of
ordinary production workers (as distinct from researchers) and T(t) the level
of technology, all at time % . Technical progress here is of the "disembodied"
kind: old capital and new capital are identical, as are old workers and young
workers. It would not affect our results if we were to make our lebor-augmenting
technical progress “capitel-embodied"; and while, to our knowledge, "labor-
embodied” technical progress has never been modelled, it seems likely that

such embodiment could also be introduced without critical effect.

Second, we suppose that the labor force is homogeneous. No one has
zn absolute adventage in either research or the production of commodities.

Iater we relax this assumption.

Finally, we suppose initially that only labor lg productive in the
research industry; capital, therefore, is not employed to produce technical
progress. Thus the level of technology at any particular point of time depends
in some way upon past research by the labor force., We address ocurselves now

to the nature of that functional relationship.
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There are certain properties which we wish the "technology function® to

possess. The first of these properties is diminishing returns. Given the

current level of technology, we require that the marginal effectiveness of
researchers decrease with the amount of research done st a particular time.
Coneider the following technology function, inspired by the frequent assumption

that T(t) = T(0) e ;

t
g [ R(v)av

(a) T(t) = T(0) e °

where R(v) denotes the amount of employment in the research industry. This

functlon implies increaesing marginal effectiveness of research at time v

since ag(s =B T(t) and T(t) is an increasing function of R(v) . So we
rule out this function.

Second; we require that there should be & logs from bunching a given amount
of total research effort in a short interval of time. This is the condition

for diminishing merginal rate of substitution. Conslder the function proposed

by Mansfield:

t “\a
(b) T(t) =8| J R(v)av |
- N

This function exhiblts diminishing returns but it implies that the marginsl

, A<l

rate of subgtitution between research at one time and at another for producing
the technology level at time t is constant (and unitary) so that there is no

premium on a smooth research trend.
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The third property we require is that the marginsl effectiveness of
current research be an increasing function of the level of technology recently

attained. We may call this property technical progress in research, This is

perhaps controversial but it seems plausible that today's researchers have a

higher marginal effectiveness than those of a century ago. Thils does not imply,

of course, that the relative rate of technical progress must increase over time

with a stationary research trend or even with an exponentially rising research trend.
Consider, then, the following technology function which, if G(R) is increasing

and concave, implles both diminishing marginal returns and diminishing marginal

rate of substitution:

(e) T(t) = -wft G(R(v)) dv

This function implies that the marginal effectiveness function, G'(R) , is
stationary so that researchers do not get more productive over time., It would

be easy to introduce exogenous technical progress in the research industry

(and perhaps natural to do 5o in an open economy) but we prefer to suppose that such

technical progress is endogenously produced by the researchers themselves.

The fourth property we require is that exponential growth of researchers

will produce an exponentlal increase of the level of technology, provided research
has always been growing exponentially at the same rate, Clearly this assumption
is motivated by our desire to generate golden sges. We have no evidence to
attack or defend this assumption; suffice it to say that it is not so far-Tetched
as to merit no analysis. The heuristic value of analyzing golden ages is plain.

Consider, then, the followlng technology function, which meets the first three of our
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requirements if H(R, T) is an increasing, concave function:

t
{d) T(t) = [ H@(v) y T(vew)} av, @w>0.
-0
Here the effectiveness of researchers at time t 1In producing technical
progress at time t is an Iincreasing function of the level of technology
at time t - w . The "retardation,” w , might be interpreted as the
"publication lag."” But whether this function satisfies our fourth requirement

depends upon the neture of H(R, T).

Suppose that the productivity of researchers in producing technical
progress at time t 1is proportional to the level of technology at t - w .

That is, suppose that H is homogeneous of degree one in T(v-~m) :

(') H(%(v), T(v—w)) = T{v-0) G(%(v))

Then, slnce t;:‘(t) = H (B(t), T(t-m)) s

T(t) = T(t-w) G@t))

I Tit=w
ey - é(t)) G(R(t)) .

This implies that a constant rate of research permits & constant relative

or

rate of Ilncrease of the technology level. For, as may be easily verified

from the previous equation, if R(v) = ¢ for all v then
é(t)/T(t) = r in the transcendental equation

T = e-I‘G) G(C) .
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Further, it is only if R(v) = ¢ that technology will grow exponentially;
if R(v) should grow exponentially, T(t) will rise faster than exponentially.
Thus (d') falls to satisfy our fourth requirement that exponential growth of

research will produce a constant relative rate of technological progress.

Fortunately there is at least one function which will satisfy our four
requirements., This is the technology function in (d) where it is assumed now
thet H(R, T) 1is homogeneous of degree one in both R{v) and T(v-w) . This
means that 1f the technology level should double we would require exactly twice
the amount of research to double the absolute time rate of increase of the
technology, () = H(;F(t), T(t»m)) . Thus we shall suppose, in supplement

to (d) , the following:

(e) (R(v), T(v-m)) T(v-co) H<—1(‘-§% )

Letting h(x) = H(x, 1) and using T(t) = H <§(t)’ T(tnw);) we obtain
. (g T(t-~ R(%
(e) o = h(ﬁ'%‘%f)

It can be shown that constant resesrch effort will cause the relative rate

*
of technical progress to approach zero.

*Proot: Let R{v) =c¢ forell v . If T approaches an upper limit then

obviously é/T epproaches zero. Assume now that T increases without limit. Then

T(t)
A ()



so that
T(t) Tt T(t (%
1im TL"lT = 1lim —{—% « lim = 0
" E) T(t-w o T o TC=w)
(t m(t
But 1im >0 ., Hence 1lim =0 ,
o T(E-00) oo I(E

Constancy of the relative rate of growth of technology, that is, exponential
technical progress, occurs if research is exponentially rising and has always
done so. Suppose that R(t) = R(0) 7t « Then T(t) = T(0) e’' satisries

(e'). That is, T/T =y 1is the solution to (e') . If we make these substitu-

tions in (e') we obtain the transcendental equation

(e™) y = e~Te h if R(O eycn)
\IH©0

which ylelds the steady-growth "level" of technology at the reference time
point, time zero, as a function of the level of research at that time. Equetion
(e") implies that a doubling of the “level” of research, without any change of

the relative rate of increase of research, will produce a doubling of the

- ﬂ' .
S I -
ey e e

Mevel" of (without changing the relative rate of growth of the
technology). This in no way contradicts the diminishing returns requirement

for that refers to a ceteris paribus variation of research at a single moment of

time. Such proportionality is analogous to the proportionality, in golden ages,
of the "level" of exponentially growlng output to the "level" of the exponentially
growing labor force, despite diminishing marginal productivity of labor in the

usual sense,



GOILDEN AGES AND GOLDEN RULES
To complete the model we introduce first a full-employment condition
(2) R(t) + N(t) = L(t)
where L{t) 1is the total labor force and N(t) 1s employment in the production
of commodities.
Second, all unconsumed output is Invested and there is no depreciation. Hence
(3) c(t) + K(t) = Q(t)
where C{t) denotes consumption and K(t) the rate of increase of capital

(hence, the rate of investment).

By definition, in a golden age, the total labor force, researchers and
commodity producing workers all grow at constant relative rates. This condition

together with (2) imply that they must grow at the same relative rate. Hence
(1) L(t) = L ",
(5) R(t) = R(0) &”°, y >0,

Equations (2), (4) and (5) imply that N(t) = N(O) e’ g0 that the latter
is not an independent equation. Note that while L{0O)} is an historical datum
given by the parameter L , R(0) 1is not; the "level® of research effort (even

in the infinite pest) we immgine to be open to choice.

Equations (5) and {d)-(e) imply, as we showed in the previous section;

that technology grows exponentially at rate 7 and that the "level” of technology
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at time zero is proportional to the level of research at that time. Hence we may
write

(6) m(t) = 5 R(0) ¥ , n>0.

Note that if there exist tectnology funztiims other than (d)-(e) which, with (5), imply
(6) then the following analysis will epply to them as well as the technology function

we have adopted.

Equations (1)-(6) contain seven unknown variebles: L(t), R(t), N(t},
{t), Q(t), X(t) smd C{t) . To determine all these variables we reguire
e seventh equation gpecifying the behavior of the capital stock., For golden
ages «=- equilibria in which all warlables change at constent relstive rates --
1t 1s, glven the cother equations, necessary and sufficient that the ratio of capltal

to effective labor be constant:

K(t
(7) STERET " K .

TP we assume constant returns to seale in (1) then

(8) a(t) = T(t) W) FQ% Sy oY) s

whence, by (), (5): (6)s and (T)
(9) a(+) = m0) ¢ n(0) &7* F(k, 1)
= T(0) N(0) 77" F(x, 1) .

Hence, output will grow exponentislly at the rate 2y if the ratioc of capital

to effective labor is fixed.
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By virtue of (&), (5), (€) and (7), the capital stock will grow

exponentlally at ‘the szame rabe:

(10) K(t) = T(0) W(0) &

Therefors, luvestment will do the same:
2%

(11) K(t) = 2y m(0) N(O) e 7 k

Hence by (3), consumpbion will alsc geow at the rate 2y and is given by

(12) ¢(t) = [F(k, 1) - 2‘;&{, 70} N(0) RoASS
For myery k thars corresponds a constant tanglible investment-output
ratio,
K(% K
(15) g = Q{% = Flk, J_jl K]

and a constant marginal productiviiy of caplial,

(14) Q%

KT

‘ = Py (k, 1) o
If capltal recelwves its marginal product, therefore, itz relative chare of

outpul will alsc be consbant:

o ..
2 K(t] Qe Tk, 1

Thug congbancy of the ceplbal-sffective labor ratio together with (1)-(6)
imply a goldasn age. Conversely, it can be shown that a golden age implies cone

stancy of the ratls of capibtal to effective labor.

That the goldsn-sge cr “nabural” growth rate i1s simply 2y is a

striking regult and one which suggests an emplrical test of the model. But it
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is not likely the model would perform well until the technology function 1s made

to accommodate "imported" technical progress.

We have shown that a golden age exists for every velue of k and R(0).
Let us fix R(0) and ask in which golden esge -=- one golden age corresponds to
every k == the path of consumption is meximal. In short, let us derive the

Golden Rule of Accumlation in this model where technical progress ls endogenous.

Assuming an interlor meximum to be attained, we need merely differentiste

C(t) with respect to k in (12) and equate the derivative to zero:
(16) Felk, 1) - 2y = 0

Hence, the Golden Rule of Accumlation prescribes choosing k so as to equate the
marginal productivity of capital to the golden~sge rate of growth, Ancther wey Lo
express the Golden Rule of Accumiletion results from multiplying both merginal

productivity and growth rate by the capital-output ratio, whence
(17) 58 =a

This states that, on the meximal consumption path, the investment-output ratio
equals capital’s competitive share. Or to put it another way, of the workers
producing commodities, a proportion a of them earmark their output for

investment along the meximsal path,

This is the familiar rule., The endogenity of technical progress does not
alter the rule. Nor does it matter at which level we fix R(0), provided only that

0<R(0)<L0.
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Let us now vary the ratio of researchers to comodity~producing workers,
- this time fixing the c.ﬁpital-effective labor ratio end hence the tangible
investment-output retio., Corresponding to each value of R(0) (a.nd. hence
N(O)) is a different goiden age and a certain consumption path. The higher
R(0) the greater will be the lavel of technology, T(0) , hence the greater
will be output and consumption for amy N(O) ; but the higher R(0) the
smaller must N(O) be, hence the smaller will output and consumption be for any
glven level of technology. It is immediately clear that neither R(0) = L,
nor R(0) = 0 is consumptlon-meximizing so that we may expect asn interior
maximumm. What is the consumption-maximizing research level? That is, what is the
Golden Rule of Research?

Looking again at (12);, we see that if we wish to maximize C(t) we need
only meximize “effective labor," T(0) N(O) , subject to (2). If thie is
surprising, note that since k and hence the tangible investment-cutput ratio
is fixed, maximlzetion of consmﬁption is equivalent to maximization of ocutput,
Qt) = FQc(o) s T(0) N(O)) 27Y ; and that since K(0) « k T(0) W(0) we are maximiz-

ing F(k T(0) N(0) , T(0) N(o)> which reduces to maximizing T(0) N(0) .

Differentisting T(0) N(O) with respect to R(0) , subject to (2) ,

and equating the derivative to zero ylelds

(18) oa%gm+%gm

= n N-T
But from (6) we have T(0) = 5 R(0) sc that

(19) N =R

is the solutionb* Thus we see that the Golden Rule of Research prescribes

Or, in (18), replace g% by T/R (by virtue of the proportionality
between T and R ) which ylelds N/R =1,
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engaging exactly one half of the labor force in research. Note thet just

&g the Golden Rule of Accumulation specifies that a frection & of the
camodity-producing workers should earmark their output for investment
independently of the ratio of researchers to the labor force, the Golden
Rule of Research specifies that one half the labor force should engage in re-
search independently of the tangible-investment-output ratio or capital-

effective labor ratio.

Fifty percent is surprisingly lsrge. Our assumptions that the
labor force is homogeneous and that no capital is required in research have
biased our result toward high research. Later we shall relax both these

assumptions.

It might be thought that our result would differ if we Ffixed not the
tangible investment-output retioc or, equivalently, the capital-effective
labor ratio but rather the “absolute" path of the capital stock itself. But
this is not so. Of course, we reguire exponential growth of capital at the

rate 2y for a golden age. So let us replace (7) by the condition
(7') K(t) = K 7"

Then the golden-age consumption path, which is a function of R(0) , is
(20) o(t) = F(x 7%, m(0) m(0) ee?’t) - oy g &7°

- E‘ G:o , T(0) H(O)) - 2y K‘;l 27t

We see that maximization of C(t) with respect to R(0) once egain entalls

only the meximization of "effective labor.” It mekes no difference whether
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we Tix the “absolute® capital stock path or the path of the capital-effective

labor ratio (hence the tangible investment-output ratio).

The Golden Rule of Accumulation wag expressed, among others, in terms
of the margingl productivity of capital ana the rate of growth, The former
ig the rate‘ofrrgturn to investment In this model., 1Indeed, in more general
models, it is always the rate of return which is equated to the growth rate
along the Golden Rule path and not necessarily the marginal productivity of
cepital. The questlion msy be asked, therefore, whether the Golden Rule of
Research calls for equating the rate of return from research to the growth

rate. We show now that 1t does.

To do this we cast the model into a dlscrete-time framework, where

(5%) Cp ¥ I =% » I =Ky - K -
t

(41) L, =L (L +9)
t

(51) R, = Ry (1 +7)

and

(6') Tt = @(Rt_l, Rt o2 "06000)

where

T, =T (14 % 1r (5') holds.

Qutput cen be expressed as follows:

(l') Qt = P(Rt-‘l, R‘b-2’ coo ; I_t_l, It"’e’ eseo ; I.lt - Rt)



- 15 -

In a golden age vhere Q. = Q‘O(l + g)t s I = Io(l + g)t we have

(9*) Q =PR(+ N, RA+NZF, i L), L(1+e)?,

Hence consumption in a golden sge can be written
(12') ¢, = P(R (1 + )“l R (1 + )2, bve 3 L1 +g)t (1 )2 ;
+ t 7 L t 7 ) e It £ 3 I,t + g » eos 3 Lt-Rt "‘I_t

As was demonstrated in the continuous time model, In a golden age

Q, » C, and I growlike T N = To(l + 7)tnb(1 + 7)t so that - (L +g) = (1 + 7)2.

As s preliminary exerclse we show that (essuming an interior meximum) the
Golden Rule of Accumulation prescribes equality of the rate of return from in-

vestment and the rate of growth: Fix R. and maximize €, with respect to

0 t

I‘b - This ylelds

C 0

S QP -1
-2 0= T (l + g) -1

3T, 1 gy
or
(21) ; g%—-— (:L-l-g)":L = L,

1 t-1i

Now we define the rate of return to investment at time t as that value
of r such that

& oP
~i
(22) g o< L)t =1
1 oL '
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Next we observe that in this non-vintage model, as well as in the vintage
model, the marginal productivity at t of investment made at -1 1s equal to
the marginal productivity at t+1 of investment at t 1in a golden age. (In
fact, the model implies constancy of the marginal productivity of investment.)

aPt+i aP
But if ?"’ 3—— then, by (22),

o aP
(23) = r—- (l + I") = ]
1
act
Equations (21) and (23) imply thet r=g when 5 0.
t
Iet us now flx the investment path, that is, IO » and maximize Ct
with respect to Rt « This yields
oC ‘ )
t oP -i 9P
m Q= I (l + 7) -
oR, 1 B 3K,
or
oP Op
z (L + 9)
1 OB, 4 N,
or
0 oN
2y t -1
(24) . 2 (L+9) " =1.
L OBy SF

Note that the marginal productivity of labor 1 perlods ago is

oK
oN -i
(25)<)’ci t(l+7) o 5132 B 515)1;-1 (a+7)

t
since the average and marginal productivity of labor. is growing like (1 + 7)
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in s golder; age,s Thus we may write

0 ; - -
op_ (om 2| -
(26) bH (1 + y) e 1
1| R s\ %®/ sy
The expression in the first bracket measures the increase in product at time
resulting from the sacrifice oct‘ one unit of cutput at time t-1i in order to

OP
release some commodity-producling workers into research. It 1s - ﬁl— or
t-i

vhat may be called the marginal productivity at time + of "investment 1n

technology® at time t-i .

By analogy to the previcus exercise we assume now that }_r_z a golden age the
marginael productivity at time t+i of investment in technology at time t is
7 equael to the merginal productivity at % of investment In technology at time
t-1 . This stationarity of the current marginal productivity of investment in
technology i -periods earlier can be presumed from the constancy of the input
proportions in both the Dproduction and techxiblogy functions, Thus if the rate

of return to investment in technology at time t . is defined as

o - aP
i -1
(27) I oy (Q#r)T =1,
1 +
where ""5""_- aPt+i = T-naPtﬁ' aNt and. denctes the marginal productivity at t+1
Ey R, OF "

of investment in technology at + , then, by our stationarity sssumption, we may

also write

oP

(28) - é?zfz(urri“

018
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Equation (26) and (28) imply that, when ® - 0, L4r=(1L+79)%;

but (2 + y)e = 1l+g sothat r=g ., Thus the Golden Rule of Research
prescribes equating the rate of return from investment in technology to the

rate of growth,

We have been speaking of meximizing golden-age consumption with respect to
research effort while holding constant the capital stock or the ratio of capital
to effective labor; and of maximizing golden-age consumption with respect to
capital intensity while holding research effort constent. It is perfectly clear
that I1f we wish to meximize golden-sge consumption with respect both to
capital intensity and research effort we mist equate the rate of return of
both investment in technology and investment in tangible capital to the rate of
growth., We mey call thls truly maximsl consumptlon path the Golden Rule path.

Thie Golden Rule path 1g dynamically efficient; Like some bul not all golden

age paths, the rates of return to the two kinds of investment are equal; equality
of the retes of return ls clearly one necessary condition for dynamical efficlency,
And, secondly, this common rete of return -- which is the rate of return to saving --

is not smeller than the rate of growth.

In the particular, highly simple model we have been analyzlng, exactly

-;-'- L(t) workers will produce commodities in this Golden Rule state while

%‘ al{t) workers will earmark their commodity output for investment. But these

characteristics, uniike the equalities pertaining to rates of return, are due to
the critical assumptions that the labor force is homogenous and that capital is

unproductive in the research sector. ' We now relax these assumptions.
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A nonhomogenous labor force

We sghall continue to suppose, as an approximation, that no worker has an
absolute advantage in the production of commodities. But we suppose now that
all workers differ in their effectiveness in research. If we require just
one rescarcher, then, for efficiency, we must assign that worker with the
greatest comparative, and hence absoiute, advantage in research. If we require
an additional worker we assign that worker with the next greatest absolute
advantage; but the increase of “effective research® will not be proportional
because the second worker 1s inferior to the first. Thus we suppose that, with
efficient allocation of labor, "effective research” incresses with the number of
researchers at a decrsasing rate: we take as fixed here the size of the labor

force.,

Becond, we suppose that the skill mix is in some sense staticnary over
time in that I1f both the labor force and the number of researchers required
ie doubled, we can, by suitable assigmment of workers, double effective

researth.
Third, we suppose that without ressarch there is no effective research.

To express these assumptions mathematically we replace R(v) by the

Yeffective research function,™ E(%(v)g L(v{) s in the technology function,
t
O R CCEO S
=00

imposing on the effective ressarch function the following restrictions:
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(a) Bg R(v), L(v)>>0 > Bpp (R(v);, L(v)) <0
(v) 2 (v, 30 )= 1) (%%% 1)
(c) E G), L(v))z 0

We suppose, as before, that H(E, T) is homogenous of degree one; il.e., &
doubling of effective research at v and of technology at v-w will cause a
doubling of the absolute rate of increase of technology at v , T(v)

= HCE(R(V), L(v)),'['(v—cn)) » And, as before, we suppose that H(0, T) =0 .

It is now easy to see that in a golden age, in which R(t) and IL{t)
both grow exponentially at rate ¢ ; the technology path will also grow exponentially

et rate y and will satisfy the transcendental equation, analogous to e”) »

( @(O)’ TP

- it

Thus the golden-age "level™ of technology is proportional to "effective

research," so that we obtain

(31) T(t) = p Eéco)y %) 7"

To maximize golden-age consumpbion with respect to research effort,
it suffices, as before, to maximize “effective labor" subject to the
constraint [in (2)] R(0) + N(O) =L . Equating to zero the derivative of

T(0) N(0) with respect to R(0) yields



(32) o = &Y no) + WO o)
S3E ,
= 7 55 No) - 7(0) [oy (2) emd (31)]
= 7 % N(0) -~ ~q:1i:@(o)9 Lo)° (by (31)]

This equation can be written in the form

o - i
ERVEC)

The right hand side of (33) is the elasticity of effective research with
respect to research. (It is stationary over time for fixed R/L .) Thus the Golden
Rule of Research prescribes egquating the ratio of researchers to non-researchers to
the research elasticity of effective research. If E were proportional to R., as
we supposed in the first part of thie paper, this elasticlty would bhe unitary;
then R/N = 1 which was the result obtained before. But on our new assumptions
on E(R, L} this elasticity is unitary only at Re0 ; on our assumption that
ERR < 0 this elasticity must be smaller than one for all R >0 . Hence,
as R/N is increased toward one, there must come a point, (R?N) s where (33)

ig satisfied. Clearly, (R/N) <1 since (R/N) could equal one only if the

L
2

gee that if workers have differing sbsclute advantage in research but are

elasticity equalled one at R = = L which is impossible for L >0 . Thus we

equally productive in the commodity-producing sec¢tor, the Golden Rule of Research

dictates assigning less than half of all workers to the research sector.
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Capital in the research sector

Heretofore we have supposed that capital could not contribute to research
effort. Iet us suppose now that it can and that, as seems reasonable, "effective
research” 1s homogenous of degree one in R(t) , L(t) and M(t) where M(t)

denotes the stock of capltal employed in the research sector:

t
(34) T(t) = [ HE(R(V), L(v), M(V)), T(v-w) Jav
where
(a) E. >0, Epp<0, E, >0, E,<
(b) E“LE(R:J-:L 'E:%‘i:
{c) E(0, L, M) =E(R, L, 0) = O .

As before, we suppose that H(E, T) is homogeqous of degree cne in E and T

and that E(0, T) =0 .

From (34) we have

(35) T(t T(t =) ﬁi(t)g L(t)g M(t)) )

W™E) - Tty T(E =)

Hence, if the technology grows exponentially and has always done so it must bé that
"effective research” also grows exponentially at the same rate, say Jj , 80 as

to satisfy (35):

Jt
-3 o E<(O)’ ;(3; M§O)>
T(0)e AP

L ey G(R(o), Ls M(O))

(36) J

e

i

3

“T{0)



- 23 -

Now effective research wouwld indeed grow expomentielly if R(t), L(t)
and M(t) all grew at the seme rate Jj . Then "effective labor" in the
commodity-producing sector would, in a golden asge, grow at the rate j+ y = 2]
since R(t) end N(t)} must grow at the same rate. But then capital in the
commodity sector would have to grow at the rate 2 . But M(t) grows only st
the rate J so thalt the two capital stocks wouwld not grow at the same rate;
therefore total capital would not grow exponentially, nor would investment
and therefore consumption. So a golden age is impossible if R(t), L(t) and

M(t) grow at the same rate.

But if R(t), L(t) and M(t) grow at different rates (M(t) growing
like J + -y) then can E{R, L, M) grow expounsentially? The answer is no unless
"effective research" is a Cobb-Douglas function! Let us assume it is. Then if
both R(t) and L(t) grow at rate y and M(t) grows at rate m the
relative rate of growth of "effective research,"” and hence of the technology,

will be given by

(37) i = am + (B +8") y

where @ is the capital elasticity of "effective research” and p' and 8"
are the elasticities of effective research with respect to R(t) and IL(t) -

respectively. By the hamogeneity postulate, B' +8" =1 -~ a.

Now “effective labor" will, in a golden age, grow at rate Jj+ 7 so
that the rate of growth of output and capital in the commodity sector, say g ,

mist also he J + 9 . Hence

(38) g = an + (l-a)y + 7
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But, for a goldsn aéaﬂ capital must grow at the same rate in both sectors,

otherwise total capital cannch grow exponentislly, Hence, substituting

(39) g=m
into (38) we obtain

(2 - az‘-‘z
(o) &= Ta

ag the golden-age growth rate of capltal in both sectors and of output. In

the speclal case in which capital is unproductive, so that - a@ = 0 » we cobtain once
again the result that g=2y . But if @ >0, g >2y . Since capital grows
fagter than labor, by virtue of technizal progress, it is helpful to the technical
progress rate, and hance the growth rate, that capital can be employed in the
research sector. For g > sothat vhen m=g, Jj=am + (1-a)y exceeds -

forall >0,

We turn now to the guestlon of bow the productivity of capital in
research affects the proportion of the lsbor force and the proportion of the
capital stock engaged in researah on the Golden Rule pé.tho First, gq.ven that
total capital has been allocated bstwasn the research and commodity sectors in a
consumption-maximizing way, how must labor be allocated on the Golden Rule path?
As before, labor iz allocabed on the Golden Rule path so as to maximize "effective
labor® in the commodity' sschor, Taus T(0) N(O) iz at a maximum with respect to

R(0). Hence



(k1) 0 = %%%’ ¥o) + agg (0)
)y

But

(42) T(t) = 7 E@(o)ﬂ L, M(O)) Jag + (1-a)ylt

Therefore

/
(13) so) _ 2ERO), T, o)) /aR(0)
§(0) E(ETO),, T M(O}/R(O) B .

Once again we find that the ratin of researchers to nonresearchers
equals the elasticity of effective ressarch with respect to researchers., In
the present, Cobb-Douglas =i, this elasticity is the constant p' s, wWhich

is less than one by our homogeneity assumption.

We see that the prasence of capital in the effective research function
is another reason why lesz than balf the lsbor force is assigned to research
on the Golden Rule path. For even if the labor force is homogeneous (B° = 0) ,
the elasticlity of effectlve ressarsh with respect %o the number of researchers, N
mist be less than one If caplitsl is produstive (a > 0) and there are constant

returns to scale in effeshtive research (@ +pf = 1) .

What of the ailneation of tobal capital betwsen the research and
commedity sectors on the Golden Rule psth? Glven the exponentially increasing
path of total capltal and the allocation of labor appropriate to the Golden

Rule path, M(0) is such as to maximize
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(4h) o(t) = F(K(o}ﬁ T(0) 1\1‘(0)) - (f{(o) + fa(o)) &%

on the Golden Rule path. Hence, equating to zero the derivative of C(t) with

respect to K(O) and noting that dM/dK = - 1 we obtaln

.. wtoy Gx(0)
. wm(a0), 1, W0))
= Fp - By N(0} q - SH(G]

Fy X)) gy [ TOO0F, W(0) ) op

A1) T(0) ) " m
K AE
= (a) -“ﬁ(b)na‘ﬁ
_ & _K OEfoM
b M TE/M °
whence
2e(R(0). 1., #0))/3M(0)
M(0 b o? l-a
(46) ko) & -

F(R(03, L, M(0))/M(0)

On the Golden Rule path, thersfors, the ratio of eapital in research to
capital in the commodlity sector depends not only on the eapital elasticlty
of effective research but alsc upon a , the capltal elasticity of output. Note

that M(0) = 0 if @ = 0, Note too that the research sector will be more
M R

capital intensive than the commodity sscbor -- that ig, % > T -
if and only if g:a >Br or o - % which was to be expected.
BI

Other theorems whichk could be esbablished are that, in the present model
as well as in the model where capital is unproductive in the research sector,
the rates of return to investment in technology and to investment in the
camodity sector are eqlua.l to the rate of growth on the Golden Rule path.

Proofs of these theorems would be essentially a repetition of proofs given earlier.



CONCLUSIONS

We postulated a certain technology function which is conducive to golden
ages. We then showed that when golden-~age congumption is maximel with respect to re-
search effort, the rate of return to "investment in technology” equals the
rate of growth. We referred to this egqualization as the Golden Rule of Research.
It was also shown that when goldshi-sge consumption is maximized with respect to
tangible investment in the commodity sechor, the rate of return from tangible
investment equals the rate of growth., This is the famillar Golden Rule of
Accumulstion, When golden-age consumption 1s maximal with respect to both
kinds of investment, the two rates of retgrn ars therefore both equal to each
other and to the rate of growbth. This suggszts the General Goldsn Rule of
Investment: To meximize golden-age consumption, assuming an interior maximum to
exist, equate the rate of retwrn from esch kind of investment to the rate of

growth.

We also characterized the Golder Rule state in terms of labor allocation.
It was shown that if the lgbor fores 1z homogeneous and capital iz unproductive
in the research sector then exactly one half the labor force is asslgned to
research on the Golden Rule psth. But if capital is productive in research or
if the skill at ressarch of the marginal researcher falls with increasing numbers
of researchers, due to a nonhomogenzous skill mix, then, on certain assumptions,

less then one half of the labor foroe doss research on the Golden Rule path.



