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A TWO-COUNTRY, THREE COMMODITY, DYNAMIC MODEL OF
INTERNATTONAL TRADE

T. N. Srinivasan

1. Introduct ion

The literature on dynamic models of international trade and growth
is somewhat scanty as compared to the vast literature on the static and
comparative static aspects of trade theory (See Bhagwati [1] for a survey
of the existing literature)}. Among the few discussions of the effects of
accumilation and/or population growth on international trade are Bensusen-

Butt [2], Brems [3], Johnson [4] and Verdoorn [5].

Bensusan-Butt studies the effect of accumilation in a highly suggestive
two-country multi-commodity model. There are two processes for producing a
commodity in each country, a mechanized anpd a non-mechanized process. Each
country starts with zero passt accumulation using only the non-mechanized
process Tor production of each commodity. An accident starts off the
accumilation process in one country. BRensusan-Bubtt then traces the course
of progressive mechanization, emergence of comparative advaentage and export
industries in the accumulating country. Capltal movement from the

accurmlating country to the other comes at a certain phase in the growth

* This research was supported by the Economic Growth Center at Yele University,
New Haven, U.S.A., and the Institute of Economic Growth st Delhi, India. I
wish to thank Professors Jagdish Bhegwati, Bela Balassa and Harry Johnsen
for their comments on an esrlier draft. The revision of and extension of
the results of the earlier draft was carried out under s grant from the
National Science Foumdation. ‘
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sequence. The impact of size difference between the two countries on this
sequence is also dlscussed. While his discussion is rich in its insights
regarding the possible evolution over time of his international economy,

the failure of Bensusan-Butt to state and anelyze his model in explicit
mathematicz_a._l terms leaves a student of theory wondering as to which elements

of ‘his growth sequence will stand in a rigorous analysis.

Brems [3] and Johnson [4] apply Harrod-Domar type growth theory to the
international economy. Brems proposes an elaborate two sector (firms and
households) model involving 52 equations. In its technologica.l's;.fspects,
Brems' model lg similar to & dynamic Ieontief model and for that reason can
result in negative values for capitel stock and gross owtputs. The mechanism
by which current -t'z'ade deficlts or surplus gét adjusted is not explicitly
mentioned. It is assumed implicitly that relative prices within a cou.ntér:y and
terms of trade of traded items remain constant over time. Oncé again the

mechanism by which this is brought ebout is not mentioned.

Johneon's model im essentially a single sector, single factor one.
Constent savings and import propensities are assumed. In Part I of the
article Johmson posbulates fixed exchange rates with current deficits or
surpluses erased by capital movements. Aft:.ef analyzing growth in & single
country with expehentially growing exports, Johnson introduces a two-country
internstional economy with each country having its own constant propensities
to save and import. Time pathe of equilibrium owtput in the two countries

and thelr rates of growth are anaiyzed. In Part II of the article exchange



-3 .

rate movements keep trade in balance with no capital movements. Johnson's
model also ylelds time paths involving negative outputs in certain situatioms.
Johnson, however, confires his attention to those' intervals of time for

which output is non-negative }/

1./ This procedure 1s somewhat unsatisfactory. An elternative and perhaps
better procedure will be to modify some of the behavior equatioms in such
g situation.

Verdcorn [5] conziders an open economy producing a single commodity
ueing > factors of production viz. capital; labor and imports. The factors
are assumed to be complementary in production with total output determining
uniquély the demand for each. On the supply side, a Keynesian ssvings function,
exponential growth of labor force and an export demand function are postulated.
Export prices as a ratio of import prices are agssumed to grow exponentially
with the rate of growth being a policy parameter. Part of exports, having an
autonamous character, grow exponsnblially. Besides the rate of growth of export
prices, the propensity to save and rate of growth of labor force (net of emigration)
are treated as instrumsnt varisbles. International trade balance 1s postulated.
The problem of derlving an opbimm comshtellation of instruments for achieving
(say) maximum naticonal income in a parbicular year iz solved. Thus Verdoorn

studies the case of growth of a single ccuntry in an International economy.
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In Section 2 we present a two-factor, three commodity, dynamic
general equilibrium model of international trade. In considering two

primary factors of productiongy lsbor and capital;, and neutral technical

y An important consequence of this is that given the production functions
of our model, savings ratio has no Iinfluence on the asymptotic growth
rates of income.

change in production our model iz more general than those of J’ohnsoﬁ and
Brems while it differs from Verdcorn's in the sense that unitary elasticity
of substitution between factors is assumed. Our model is similar to
Johngon's and Brems® in that it takes into account the interasction on each
other of the growth of the two trading countries. However, our model is
less general in that it leaves ocut monetary problems altogether. Tt is
concerned with tracing oubt the time paths of such variables as income
(defined in terms of a numeraire), capital; barter terms of trade, etec.
Two alternative models of capital fiow bebwesn the trading countries are
considered: (a,) One country alds the other by agreeing to meet a Fixed
proportion of the other country's import bill, and (b) The capital flow
between the countriss depends on the difference in the rates of return to

capltal in the two countries.
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2. The Model With Foreign Aid -

There are twe countries in our international economy. Country 1
produces a consumer good (type 1) and a capital good. Country 2 produces
only a consumer good (typs 2). Country 2 exports part of its output of its
consumer good and lmports capifal goods produced in country 1. Apart from
these two goods traded internationally, no other goods or factors of
production move betwean the two countries. Production of easch good takes place
under conghbant returns to scale and neubral technicsl change in both countries.
There are two factors of production, labor and capital, which is identiecal
with the capital good produced in country 1. Capital once crested lasts for-
ever. Labor force iz gssumed to grow exponentially in both countries.
Production functiome in the two countries are of the Cobb-Douglas type. A

unit of consumer good produced by counbtry 1 iz taken as the mmdraire,
Country 1 devotes a consbant proportion (l«-sl) of its income for

congumption expenditure. Oub of this congumption expenditure a constant
proportion € 1 spent on domestically produced consumer goods and the
remalning proportion (lv-»e:} iz spent on consumer goods imported Ffrom

country 2. Country 2 exporbtz a constand proportion s, of its output

2
of consumer goods, and imports caplital goods from country 1. The relsative
price of a unit of capibal goods exported by country 1 in terms of a unit
of consumer goods imported by it is determined by a balance of payments

constraint which says that aproportion A of the import bill of country 2

ig financed through its exports, A <1 being a case of capltal transfer
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from country 1 to country 2, A =1 one of zero capital flow and A > 1

one of caplital transfer from country 2 to country 1. ‘This flow is assumed
to be an oubtright grant of cepitel by one country to the other with no
necesslity of repayment in any form. Transportation costs will be assumed

to be zero. Perfect competitlion within each country and free trade between
countries will be assumed. Time will be treated as continuous., The problem
is to trace the time paths of income, outputs of verious commodities, factor
prices, terms of trade, etc. The effect of changing some of the parameters

of the model on the time paths will also be evalusted. The following notation

wlll be used:

Yi(t) Income at t of country i in terms of the numeraire,

Ci(t) = Consumption expenditure of country 1 at time ¢

P j_(t) = Price per wmit of consumer goods produced in country i
at time (pl(t) £ 1 by choice of numsraire)

ql(t) = Price per unit of capital goods at +t

ri(t) = Rental per unit of time per unit of capital stock in
country 1 at time *+

wi(t) = Wage rate per unit of lebor at time t in country i

Qic(t) = Output of consumer goods in country i at time
Q]_k(t) = Output of capital goods in country 1 at time
K (¢) = Stock of capital in country i at time t

ﬁi(t) = Rate of change of K, (t) with respect to +t

Li(t) = Labor force in country i at time +



X(t) =

K, (8)

L, (8) =

-7 -
Exports in physical units of country i at time t

Stock of capital devoted to the production of goods J
{(§ = c, k) 1in country 1

Labor services devoted to the production of goods J
(3 = ¢, k) in country 1

Proportionate rate of growth of lsbor force in country i

Proportionate rate of growth of neutral technical change
in country i (i = 1, 2) in the production of goods
3 (3 = e,k). Uy, 18 not defined as country 2 does not

produce any capital goods

Elasticity of the output of capital goods with respect to
capitel input in country 1

Elasticity of the output of consumer goods in country i
with respect to capital input ‘

The following equations summarize the model in algebralc terms:

Country 1
(1) ()

(2) ¢, (¢)

(3) o flt)

W) a8
(5)

(6)

. ¥
op(t) + a(8) K(8) + q)(6) K (6) - py(t) X(t)

(1-8)) T, (¢) , 0<s <1

a; () * py(t) X (¢)

eCl(t) , 0<exl

K (t) + X)(¢) = Q, (%)

Q, (t)

= e

o, it) B 1
lé'Kii(t) Llc l(t) s 0< B, <1
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a...(%) 1-
M @ =T Rl n e,  o<a <1

(82) K (t) + K _(t) = K (t)

. (t)
(8b) xl(t)nﬂit-*-

(9) Iy (e) + Iy (8) = I, (t)

(10) I.l('b) = ealic

N -(1-8,) -1
7 t K (t) 1 ot | K. (8) 7R
(11) B, eu‘lg [—f—;:(-ﬂ] = g‘l(t)aj_ e T [%H] = rl(t)

5y e K (%) P2 , ot [ K (8) |2
(12) (l ﬂl) [’I_'l—cm ql(t) (l‘-,al) e Ll—k(-t—)- = Wl(t)

Cmmtz_'g- 2

(13)  ¥(8) = cy(8) + q)(6) By(t) + py(8) Xy(t) - q(t) % (%)

(1%) ce(t) = (1-32) Ye(t) s 0<s,<1

(15) () X5(8) + C (t) = p,(t) @, (¥)

. t

(6)
(16)  Rt) = 2w x ()
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t B 1-B
an) Qolt) = e 2 KE8) 1, 2t),  o<py<i
ot
(18) ch(t) =e”
B,-l 1B
(19) r(8) = 0 (6)B, K2 (8) I, 2(t)
By . B,
(20) wo(t) = py(EM1-8,) K o(t) L, “(¢)
Balance of Payments -Constraint
(1) M, () X, (8) = py(t) X,(8) , L>0

The above equatione are explained as follows:
Equations (1) and (13) define national income of a country as the sum of
expenditures on consumption, investment and exports less imports (the
sign T is used to indicate equality by definition). Equations (2) and (29)
express the relation that consumption expenditures form & constant proportion
of income. Equation (3) defines total consumption expenditure in Country 1
as the sum of expenditures on the two consumer goods, viz., domestically
produced and imported ones. Equation (4) expresses the relation that the
expenditure on d.omesticaliy produced consumer goods forms & constant
" .proportion of total consumption expenditure. Equstion (5) states that
the output of capital goods equals the sum of the addition to capital

stock at home and.'exporta- to country 2. Equations (6), (7) and (17) are



- 10 -

production function relations. Equations (8), (9), (10) and (18) are self-
- explanatory. Equations (11) and (12) are_i‘:.he factor allocation equations
which express the requirement that marginal value products of capital and
labor in the consumer goode industry equal their prices and their corres-
ponding values in the capital goods industry. Equation (15) stetes that the
value of output in country 2 is the sum of sales to domestic and foreign
consumers. Hguation (16) states that the addition to stock of ecapital in
country 2 equale its import of capital goods. Equatioms(19) and (20) state
that the marginal value products of capital and labor in country 2 equal
their prices. Equatien (21) states that the value of exports of country 2

forms & proportion A\ of the value of its imports.

In solving the model it is comvenient to introduce the following

factor ratio variablea:

K, (t) K, (t) K, (¢) Ky (&)

i
L]
It is shown ir Appendix A Chat the solutlon to this model is given by the

following:

it
B, (1) c(1-8,)(1-5))
LAy e m:m B "7 aler (re)(1-ay)]




(1-¢) (1 0 :
A e A e o } . &= 1%1 te
_ "i:'cx_l
5,(0) J ffz;i 3 . Let 8,(0) be the
Le(14e)  T(a+m)

initial ratio of total capital stock to lsbor force in country 1. Then

Countg 1

1
1- 1- 1- (- )t | ™ -8t
(22) altt)u[{ B(0) L-B@ tleso) re R ] e 1

811.'.

(23) K(t)= e” 8 /(t)

(24) By (t)s (—%)slct) s a6 )

By {o, + 0 It B
(25) ()= ';:]Bl N o e 1 B, (t) 1
(1) “(1+nu)
, (0,40 ]t -
(26) @, (t)= —— e 18 (x)
(14) o‘l(lhm) 1

P1=% _ }
1-8 1 B. (o, -0, )} B
(27) ql(t) =<1_0;> <ﬂnnu) n e 1c 1k si(t) 1™%



)
(8)  r(6) = o | }. e 8(t) a, (¢)

(29)  w(®) = (1) Aiggé} e b (4) Lo (e)

Gy () =

— Q,(t)

G x| ) (t)
3 1 Y 5, + (1-¢)(1-5;) Uy

% (+)

€

(32) ¢ (t) =

. - (1=€)(n=s, )
(33) K:L(t’) = [l - % {SI + (l-e)%i—sl) Qlk(t)

C ountg_ 2

(1-e)(1-sl

{34 KE(t) = KE(O) * {xsl - (l-k)(l—e)(l-sl)} {KTL(t)'Kl(O)}

(0,,10,)t B
(55)  op(t) = e 22 yqg) 2
(1-e)(1-8,)
G6)  n) = — e n).
Gy X)) = s,y (t)
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(t)
(38)  py(t) = (l:f) 2;:(1:) |

(®)
G mle) = el e

Lee) " O

Intercountry Comparisons

(1[_1) Ya(t) ' (l—-e)(l-sl)

Ca(t) (1-6)(11%2)
(52) O] ~ o

p,(t)

(1-e)(1-s,) Qe (t)
() W = {s + (l-ﬁ)(l"sl) } aﬁac[t]

- r,(t) {62(1-6) ™o K, (t)
T, (t] B, 5, € (1) J Kl
w,(t) (1—3 )(1-e,u (8,-8,)t
(45) w:le_(?)' (l-BiTs € 14) }e Pe
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3, Some Results

1) let us first exsmine the possible range of values for the parameter X\ .
Tt will be recalled that A is the proportion of country 2's import bill peid

by its own exports. In other words, country 2 receives foreign ald equivelent

to {1-A) times the value of its imports, Thus & value of ) > 1 will mean,

ae we noted earlier, that commtry 2 ailus country 1. There 1s no logical reason
to preclude this gossibility and we shall not place any upper bound on X . We

see from equation (33) that if 2 falls short of ) given by

(1-¢)(1-s,)

(46) A = gi'-F(l-e){lt-Bl)

z'cl(t) vecomes negative. This means, in our model, that country 1, in ailding
country 2)exporhs not only its entire output of newly produced capital but
also part of its existing stock of old capital, It is natural to require
that thie possibility is excluded and we shall therefore require that A\ > .
It 1s clear that the lower the value of ) , the easler it is for country 1
to let country 2 to pay & smeller proportion of ite import bill through

its exports.

2) It is easily seen from (LE) that )\ decreases as &ither B, or

increases. The first of trhese two results can be explained as follows:

Fram (23) and (26) one cen show that as s, increases, ceteris paribus, the

existing stock of capital in country 1 at aeny point of time as well as the



-15 -

flow of newly produced capital goods incresse. Naturally the effect is to mske the
problem of subsidizing the import bill of country 2 through export of
capital goods from country 1 easier. It is not easy to provide a simple
enough explgna.tion to the second result, An increasse in € means ceteris
ibus, an increese in the demesnd for domestically produced consumer goods
in country 1, and a corresponding d.ecre.asg in the demand for consumer goods
imported from country 2._. However, the effect of an incresse in € on
the capital stock of country 1 at eny point in time cannot be wmambigously

determined,

3) From the definition (M) it is clear that it is an increasing

function of A . From (23) we note that Kl(t) , the stock of capital

in country 1 at any time t , is larger for a larger value of o(n) .

Putting these two together we cen state that as A (the proportioﬁ of the import
bill of the capital importing country 2 met by its export earnings) increases
the stock of capital in the capital exporting country 1 at each point of

time + increases. The increase in A\ , th:ough its efifect on total capital
stock, increasés also the flow of output of both consumer and capital goods in
country 1. ﬁcwever, the effect of an increse in XA on the stock of capital in
‘country 2 is not unambiguous, This effect, as can be seen from (34), consists
of the sum of two terms: (a) a positive effect due to the positive effect

of & larger A on Kl(t) and (b} =a negative effect arising from the fact

that a larger A\ means that ceteris paribus, only & smaller addition to the

stock of capital Ka(t) country 2 at any t , can be financed out of given

export bill. The net effect may be positive or negative.
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4) From (41) and (42) we note that the incomes and consumption expenditures
in one country bear a constant proportion to their corresponding values in the
' other country. This means that these expenditures in two countries have

the same rate of growth over time. Since labor force in each country is
assumed to grow exponentially over time, income and consumption expenditures
rer worker in the country with the faster growing labor force will decline
steadily over time as a proportion of their corresponding values for the

other coumtry. It may be worth pointing out that these proportions do not
depend upon the factor endowments or rates of technical change. In other
words difference in these factors between countries are compensated by
appropriate price adjustments. The parameters that do influence the
proportions are (a) s, vhich affects the volume of the stock and flow of
capital goods in country 1 and {b) e(sg) which affects the demsnd (supply) in

country 1 for consumer goods exported by country 2. Thus an increase in s. or

1

¢ or s, decreases the income (or consumption expenditure) of country 2

2
as a proportion of that for country 1.
5) From (%1) it is clear that country 1 exports a constant proportion of

its current cutput of capital goods fTo country 2.

6) From (23) it is clear that asymptotic rate of growth of capital
stock In country 1 is g . This doeg not depend either on the saving ratio

s, or the parameters of the production function of the consumer goods

1
industry. This result is well lnown in the literature on two-sector models of
economic growth. However, as we noted in result (1) above the level of the

stock of capital depends upon the saving ratio = Another lmplication of

l -
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this result on growth rate of capitael stock is that in the absence of
technical progress in the capital goods industry, capital labor ratios
(aggregate and industry wise) approach constant values as time goes to

infinity. This can be seen from (22) and (24).

7) Using (22), {25) and (26) it is easily seen that the asymptotic
rate of growth of the output of consumer and capital goods in country 1

P19y
+ g + 8 and g . The firsgt of these two

l-al le 1

rates is also the asymptotic rate of growth of income in both countries.

are respectively

It is interesting to note that the common asymptotic rate of growth of
income in both countries depends only on the parameters relating to the

capital exporting country.
8) We note from (27) that the asymptotic rate of growth of ql(t)

"the price of a unit of capital good in country 1 in terms of a unit of

1-p
consumer good produced in that country is 91e -( 1) Oy * Thus ql(t) + o,

-y
a positive constant or zerc according sas (l-val) 0, 18>, = or < (l-ﬁl) Oy *

As one would expect the asymptotic rate of growth of ql(t) is an increasing

function of o and a decreasing function of o

le 1k °©

9) We can deduce from (34) that the stock of capital in country 2 will
approach agymptotically, a constant proportion of the stock of capital in
country 1, the common asymptotic rates of growth of the two stocks heing
%1k

== + 8, . The asymptotic rate of growth of Qec(t) , the output of

l-al 1
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g
consumer goods produced by country 2 is o, + 6, (l—Ba) + B =X 49 |,

2 1—0'1 1
The relative price of a unit of output of country 2 in terms of s unit of

congumer goods produced by country 1 has an asymptotic growth rate of

g
1l ik 1k
T e O] T (O * 8(1B) ¥ B, {i&l t e
1
or (B "ﬁ ) + Ulc - 020 + (l“ﬁe) (el-ea)

'°‘1

This is seen from (38).

{ po(t)

10) The terms of trade of country 2 l.e., } (the relative

price of a unit of its exports in terms of a unit of its imports) has an

asymptotic rate of growth of (l—-ﬁe) {8 -8, + _}_lE

1-a | TR
P{t)

Thus —(—)- will approach « , a positive constant or zero as time goes

to infinity according as (1-*52) g is > or = or < (1.--52)92 T Oy, -

Dividing through by (1—{32) we can sey that

pe(t) - >
= constan =
-'"("7 s =8 = &
where g! = -i—2_§ + 9 Row g' would have been the asymptotic rate of growth of
2

output (Qac) of country 2 if the terms of trade were fixed. With varisble
terms of trade, this rate becomes g" = (1-32) g' +B, & . Now (g" - g') has

the same sign as (g - g') . Hence the actual asymptotic rate of growth of @, »
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namely g" , exceeds the potential rate of growth g' with fixed terms

of trade if and only if the actual terms of trade Improve over time, In
the special case of no technical change in either country, the above result
implies that the terms of trade of the country with the faster rate of.growth

of labor force will deteriorate over time,

11) It can be seen from (23%), (34) and (4k4) that the competitive rate of
rental on capital stock in country 2 relative to that in country 1 approaches
a constant as time goes to inflnity. It can be shown that this asymptotic

retio of rentals per unit of capital stock, increases, ceteris paribus, as

incresses or (c) s, decreases. These

1 2

either (a) A increases or (b) s
results can be explained as follows: A larger A implies a smaller import
of capital goods by country 2 from a given quantity of its exports. This in
turn implies smaller rate of investment and total capital stock in country 2, thus
railsing the rental raie in country 2 sgympiotically in relation %o the rental

rate in country 1. The increase in s, 1ncreases the caplital stock in

1
country 1 relative to that in country 2. An incresse in 8y has the opposite
effect.
12) It can be seen from (35) that the competitive wage rate in the country

with faster rate of growth of labor force falls over time relative to the

wage rgte in the other country.
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b, The Model With Foreign Investment

In the model presented in Section 2, one country made a free grant of
capital to the other. 1In this section we shall modify the mechanism of
internstional capital flow as follows: we ghall consider country 2 as
relatively underdeveloped. Part of the capital stock of country 2, denoted

by Kef(t) is assumed to be owned by investors in country 1., These investors
receive r2(t) Kzf(t’) as income on their investment where re(t) as will

be recalled is the instantanecus rate of rentel on a unit of capital stock

in country 2. The rate of change of Kaf(t) , Will be made to depend on
(a) the stock Kef-i)- and (b) the spread between the rates of return to

investment in the two countries. We shall continue {o meintsin the restriction
that only currently produced capital goods and the consumer goods of country 2
move between countries. In other words transfer of & part of the existing

sbock of capital from one country to the other is ruled out. Let us dencte

by A(t) the value of the change in Kef(t). Thus A(t) represents

the net capital flow from country 1 to country 2. Most of the equations (1)-(21)

describing the modei continue except for the followling modifications:

(1) n(t) = c(s) + g (t) K (t)

(13)' L(t) T Cye) + qp(t) Ky(t)

(21)* 2 (6)K,(6)a(E) = q () Xy (8) + mp(t) Kyp(t)
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Two new variables A{t) and Kéf(t) have entered the model., The

following two additional equations complete the models

(¥7) (L) = q(8) Ku(t)
. ry(t) (%)
(18) k() = 0Ty " aqEy [Fa®

It is easy to see by the income identities (1) and (13) are changed.
In the present model the trade between the two countries is balanced and hence
net trade balance drops out of the income identities. The new balance of
payments constraint says (if seen from country é's view point) that imports from
and factor p§ymcnts to country 1 equal exports to and net foreign investment by
the same country. Equation (hq) states tﬁat the value of the change in capital
stock owned by country 1 in country 2 equals net investment flow from country 1
to country 2. Equation (48) states that the ra%é of ‘change in foreign and
capital stock in country 2 is 4irectly proportional to the level of that stock
and the excess of the rate of return per unit of investment in country 2 over that in

country 1.

It was not possible t? obtain an explicit soluticn for this model covering all
initial conditions. However, it is shown in Appendix B that a particular {and
unique) balanced growth solution exists. It is again an open question whether
in fact every other solution of the model converges (in a suitably defined
sense) to this balanced growth sclution. This solution hés a ﬁumber of

properties which are very similar t0o the asymptobtlic properties of the model
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The income identities, to be consistent with the definitions given

in Section 2 must read:

¥,(t) ® C (8] + q () K (£} + A(t)

Y(t) = C (8) + q (t) K (¢) - A(e)

Equations (1)' and (2)' do not therefore correspond to incomes, but

to total expenditures on consumption and investment. Needless to ssy that
the results of this section are valid only when savings 1in either
country are a constant proportion of total expenditures rather than of
total income. I wish to thank Professor Arthur Okun for drawing my

attention to this.
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described. in Section 2. We shall discuss in what follows this and other

properties of this balanced growth solublon.

let g and 17 have the same definlition as in Section 2, Iet 2

be that root of the quadratic Au® + Bu + C = O which lies in

B
el — )} where

(o,
g[alsl + al(l-sl)e

(2-5,)
A = g2 a8y + le(lmsl)e +p ﬁ2 {%(lue)(lnsl) - -T22= @lsl o+ 5l(l~sl)e}}

. (1”52)
B = qelp {0‘191 + By(1-3))e + 54P, T }‘ sy | &nd

C = —(é P8y - The existence of such a u 1z shown in Appendix B.

The balance growth solubion in the following :

A 1
~ s 85 'fl u
(%9) KL(t) = 'K.j &Y whesrs Kl = e A
) g(l»n)(l—gl)ﬁle W+ ane)
el
A a Oy u ‘
' . £ o8t va ¥ U o | FhE (l-sl)ﬁle ‘
'50) K2(t) - KQ e whera K‘g - & - K‘l : : |
10 |
. ~ (1-e)(1-8.) B, - s, B,
(51) Kat"(t) = Ko 2P nere Kop ™ g_u__ { - L . 1 1 2}

1 & - e p)ﬁ
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—

1
1 | 1
~ 1 (g-—@ )t ~ g lﬁal
Bilt) = u T {ue“‘t} , B (t) = 8 (t)
(52) | }
. (e&) 0o
5,(t) = K e 1 mKlelJ_"(I;lt
le(t) = Ly € 2 Lh(t) =L, e where
(53) = L
gt a g /
le = .i;[_“ and ?lc £ -{]1_
(1) & T2 (1) 2 TE
>,
By~ (01,7048 00y
A,'“;l-"dz 1 B 1“"1}t
(54) T, () = | (=) h + ge(1-8,) Kl] 1 “e e
T T O s %
¥, (t) s, K e, {t) (1-5,) 5, &
i (e () o)
-8y} By . 1y 1-q
(56) ql(t) = 'i:“a*l-' 1 u ‘ e
k4
% g, (t a L%

(51 oz (8) = 22, wls) =) toe



.ol o

wy(t) g {se(lwe)(l-sl)ﬁi ¥ sl(l-ag?ﬁa}-e(elueb)t

(58) t bl l+§' § H + =
rli } Py ,W'1( ) Bls&(l_al) aal/l-al

po(t) [ sy{l-e)(1-5)) R+ s, (1-5,)%, (1-8,)(e-8")t
} g e where g!

(59) . m = | 5
2

A

slsg K2

o
2c + @

18, 2

It is shown in Appendix B that the values of X, , &, , & as

1% 2 Pre
given sbove are non-negative. With some restrictlons on the parameters it is

possible to ensure that the K

of assoclated with the balanced growth

solution is economically meaningful i.e., it lies in [0, I{2 ] . Let us
now proceed to a discussion of the properties of the solution given'by (49)-\58).

It is possible to view the role of the parsmeter p in the present model
ag similar to a certaln extent to the role of the parameter A in the model
of Section 2. It can be verified that the solubtion of the present model for.
p = 0 is the same as the asymptotic solution of the earlier model for A =1 . This
is as it should be since p = O implies (for the balanced growth solution) thet
there is no capital flow between the two countries and trade is bhalanced. The
case A = 1 has the same _:Lnterpretation in the model oct’- Section 1. The

behavior of the solution (49)-(58) as p varies is of some interest. It can



bz shown that as p (the factor by which a given spread between the rates
of return per unit investment in the two countries gets magnified into
capital flow) inereases, u  decreases. Thig in tuwrn ifmplies, as can be

shown from (49), (50), {52} and {53) that both 5lk{t) and le{t) increase

for a1l t . In other words an increase in p means a desrease in the

rate of output of capital goods in country 1. Tt can also be shown that

the stock oflcapital in country 2 at any % increasges reletive to that in
country 1. As could be expected this shift in the ratio of capital stocks
results in a decrease In the rental per it of capital in country 2 relative
to that in country 1. This is seen from (58). From (55), it can be shown that
both income and consumption in country 2 increase relative to their values in

country 1.

The behavior of the balanced growth solution of the present model is
essentially the seme as the asymptotic behavior of the model of Section 2.
Conclusions (4) = (10) and {12} of Scetion 2 combtinue to hold trus. Conclusion

{11} of Section 2 needs modification. There an Ancrease in the savings ratin =,

of country 2 resulted in a decrease in the agymptobic valus of the ratio of rental
per unit of capibtal In country 2 Lo that in country 1. In the pregent sxlntion
an increase in g, has an exactly oppogite effect -- 1t inersases the

retio of rentals. Thiz corcelusion is surprizing and no intuwitive sxplanation

of it is cbvious.



APPENDIX A

Iet us solve the system of equations representing the model of

Section 2.

From equations (11) and (12) and using the definitions of the factor

ratio variebles we get:

1-B 1=

'Ezl 8,(t) = 'agi" By (%)
(A1) or 6lc(‘b) = 7 &,(t)
where N o= ;«ll%;;l—;—

1
Using (Al) in (12) we get
1-8.\ B p (0, .~0,, )t

(A2) q,(t) = (ii:a%) n o~ 5., (t) 1™% 21071k

Using (2), (4) and (21) in (1) we obtain

b

£) [k (¢ W) X ()] = ?ik_ o, (t) = ! 1
(43) g (t) ﬁKi( ) + (1) % () = 4 (8) (o=

Qlc(t)

Now from {5) and (7) we get

. t
K (8) + X (t) = o 1k L, (t) &, (t) “ or
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. I35’ %
4,(t) | & (8) + (1-3) xlct)] = ay(t) e B L () B (8) T -hay(s) X (8)

995" 4

= q,(t) e 7 Ly, () 8, (8) 7 - p(t) X (t) using (21)

e E

0.t
" ql(t) e 1K le(t) alk(t) .

Q. (t}  using (3)
and (4)

Using (A3) this can be simplified to yield

+ (1-e)aee) | %

Substituting for Q.lc(‘t) and ql(t) from (6) and (A2) respectively and

using (Al) we get

g, + (1-e}{1-2.) | o, t p B
I;l e(l-sl) . j‘e e Llc(t) 1 : 5J.Ivr;(t) '

8.\ 8 B (0 ~00, )t b
BKT@_;L)“ b oy, (e) R ‘}eclk Lppe(t) 3, (8) "

Canceling out terms common to both sides we have

s, + (1-e)(1-s, ) 1-f
[l e(l-sl) 1 :‘Llc(t) m(T—TJlj;)le(t) or

(85) Ly {t) = uly, ()
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e(1-8,)(1-s,)
SR CECR ERE EE I SN

where

Using (A5) in (9) and (10) we get

(46) L (6) = jﬁié) Mk L (t) = (%%?) X

We can rewrite (8) as follows:
(47) - B8] Loy (8) + &) (£) Ly (t) = 6, (¢) L ()
Using (10), (Al) and (46) in (A7) we obtain
(48) G—Tﬂﬁ) yy(8) = By() m e L K (8)
From (5) and (7) we get

K (t) = Q) (t) - X, (t)
= Q. (t) - % Fbecauaa of {(21)]

(A9) = Qy (t) « -’-’~;-§- %ﬁ% lasing (3) end (1)1

Using (6) and (7) we can rewrite (12) as

Q, (¢) Q. (8)

(12)* (l-ﬁl) -L-l-:-ﬁ')' uql(t) (1'01) W



g, (t) 1-B; . 1k(t)

Q 1 L, (t)
Hence —ooy = (-al) Q’lk(t)

(1-at)
(20) - =y ) Lusing (46)]

Using (AlO) in (AS) we get

] +-6)l-al)u_\

Sl T [l

i (1-e)(l-c W 0.t

Ll - xeeil—ﬁlalB %clk Pra(t) By () A _

| -8t

=

o |0 x®Ew) k

ot £ e K (t)(1H

= o(r) e E T },u e’ | 1 i 0 inén%Aéﬁ)
_ L a .
2 (L-e}(1~ar Ju (1-€)(1-5, )

where o())= }Ll - xe(l-Blfj = | 1 - by %,Sl + (l-e)(l—-sl)_}

Hence
" . l— 2(2) ] fenr egle ke

(A11) K(t) ~K(t) = i P

‘ 011 ]
(1) T(atnu)
N -

Equation (A 11) is the fundamental differential equation of our

- international economy. Solving (A 11} we get

=

10 (1-a ) &(n) Lo, +(1~ e, It
(#12) K () = [k 2(0) + L { wRAT)

(o0 o ha) ™ M)
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Iet us define

(1~ ) @(r)
(0) = e

e
foy + o) fam) (uma)

1~
(23) § 2

Then we can rewrite (A12) as follows:

| | 1 b 1e 1
1. (+= ) o+ 85t Al =
(A18) K () = le'lL o) - ri'al(o)} +{R,0) il'al B } 1-%

Using (Alk) we can solve for the rest of the variables of our model:

1
10 1 -6, (1~ )t 1 o t—; 1-
(a15) &, (t) = {al. (0) -, (o)} Jale da lk-l ey

Country 1
. _
(416) o (0) = () 0y(o)
5, (t) = [%%%} 3, (t)
MB:L (c.-:lc + el)t By
(A7) Qy () = 15 5| e 8.7 (¢)
(1) T(aemp) T
L }
(o Kt el)t -y
(418) Q,(t) = = e 1 8,1 (t)
(1) -al(l_w)al



(a19)

(A20)

(a21)

(A22)

(A23)

(a24)

(425)

(a26)
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- RN -
1-8 1 B, (g, -6.. )t B~
ql(t)-(l 1 )(1414) gl le ik 81(1‘)101

1+nu
Ulct B1 Qlc(t)
Wl(t) = (l-ﬁl) e 51(:("'5) " (1-!31) i?cm
a, t -(1-8,) Q, () -B
ry(t) = Bpe B T omp LlLZG:T 8, (t)
0y(8) = 2 Qy (¢)
qy(6) X (8) = = By(6) Xp6) =5 @ (8)
| N |
X, (t) = %(14)(1_“1)” b e(clkml)t
€ "Bl ‘_L.al l_al
L(lﬂl) (1+nu)
AR ]
= % (}”E"e‘)(i:’i') Q'lk(t)
(1-e)(1-s.)
-3 Elﬂl—e)(l-si) J Q{8

n(t) . ( -fl—gl) ¢, (t)

-,
.‘f(l_sﬁ Q. (t)

. (l-(—:)(l-sl)
Ky = Q= % {6) =11 - ‘i{ 5, * (1-€)(1-5,) } Q%)

zs(t)u:L

1
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Country 2 |
(1-¢) (1-s))

A8 - (1-2)(1e)(1-8,)

k() = % (8) ={ } g

. (1-¢) (l—sl) .
(az7) K] = X,(0) + { %, - (Tn)(T-e)(ie;) } {Kl(’“) - Kl(°)}

_
Y (8) = Cp(t) + py(ts X (t) = (1-8,) Y (t) + p(t) X (t)
(28) = %2 p,(t) X,(t) = -’g—a a, (%) X, (t)
(1-¢)(2-5,) (1-€)(1-8,)
-2 ST ne s T
|
[ (1-8,)]
() a0 ez 2 TR

(30)  X(t) = 5, Qy (t)

Palt) Kyl6) () Xy (t)

py(t) = X, () K(E)

A31 -
(o) - (l-ﬁe) Qlc(.t)
e/ s8Ry (%)

Qac(t) -82t
(152)  wylt) = (1B,) By(t) oy = (1Bp)e = mplt) Ape(t)

BoPo(t)ay, (t)

(A33) ra(t) = K2 (T)
(4




- 3% .

Intercountry Comparisons

T(6)  (1-e)(i-s;)

(A3L) T, (%) = ““"T

c.(t) (1~8,)(1=€)
(A55) Cj(t) = 5

2

p,(t) X, (¢) [ (l-e) (2-s)) Q) ()
(456) —rr —(—r o T (Ta-ey) J 505,00

Using (46), (A16), (A20), (431) and (A32) we get

w(t) /1.3 \1-«-: “p N\ (88t
(37) m Kl-ﬁl/ ¢ lm) e

Using (46), (A16), (A21), (A31) and (A33) we get

(38) r,(t) (P2 \((ae)) m ) K, ()
r,(t) By 826, \\;1_-1—,-1“ m

From (Alk) and (A27) it is clear thaet

e B T T (eI

A-d
= Y using (46)
Hence - ‘

r Ba /{1 N/ \
(#9)  n _2‘(?,-.-.%11_1_35_)@1)

t 71 By \Be® AT \&

Since p and ) do not invelve 5, and ) it is clear that this limit is a

2

decreasing function of Sy and an increasing Tunction of A ,.'
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APPENDIX B

Tt will be recalled that equations (2)-(12), (1k)-(20) of the model
described in Section 2 continue to hold for the model of Section 3. Eguations
(1), (13) and (21) are replaced by (1), (13)* and (21)" of page 20. Two
addition;al equations (47) and (48) complete the model of Section 3. It is

seen that the followlng equations developed in Appendix 1 contimue to hold:

B, (1~ )
(B1) alc(t) =17 8., (t) vhere n = 511'(1%

By

18, fl e(alc-olk)t
l-al

(22) q, () -'( 81 (%)

Using (B1), (8a), (9) and (10) we get

8, (t) - 8,(t)y &t a(t)-ﬁts (th et
(23) = v, (6)=q =2 m'?el

Using (B3), (5}, (7) and (16) we obtain

By) K (t) + k(t) =Q)(t) me
R R () syt

Let us define

8. (1-a )t (10, )%
()  we)=el T e



- 35 -

Using (B5) we can rewrite (B4) as follows:
1l

2
) - nu(e) L

(T=n) ulE)

(1-c, Jgt Oy
}e'—al where g=—+9

S 1
) e e = {2 =

Using (1), (2) and (4) we can show that

Q. (+) "L (6 sy (6)
. By 1lc By €. c e

m = 6
Kj_(t) T-a1 eq, (t) .%!(l-sl) Ql(t) éxsing ( ))

P ﬁl

8, @ 5 ('t) P1 Llc(t) (ustng 22)
= using
(1os,) - lfﬁ B, (a o~0 )ta (t)ﬁl-al
% [
N 5,047 ;11; 511:(15) ! “ ﬁalk(t) - 81(1:) eelt (using B3
e oo [T e
e on
. ‘Of 1 )
..._;_ |
(57) | _j’sl o u(t) Kl(t) e(1-~:=r1)gt (ustng 55)
\fl-ﬁ) Bye | | (2en) u(t)
From (11) we get :;Ez;— @ e lk(t) Slk(t) i (1-01)
(1-a Jgt
Aacs using (B5)

u(t)
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(), (t)
K (t)

B
From (19) e get r,(t) = 2% « In view of (13)*, (14) and

(15) we can assert that:

1-8
po(t) Qo (8) = p(t) X (%) +-( .

22 ) a, (¢) X,(t)

(l—é)(l—s ) . l-8 .
= fawi® o 2 ) 0,(8) Ky(6)
z,(t) p,(t)05,(t) (1-e)(1-8)K (8) . (18, Ky(t)
r (¢) r(t)
Substituting the expressions for -——T—j- and _-T—T in (48) we get
(1-¢) (108, )%, (&) - (- Jot
. -€)(1l~s - e
(38)  Ky(t) = o [B,~ K(t)xl 62(822J- i Koo (t)

Using (26), (47) in (21)' and substituting for pe(t) Xe(t) and re(t) from the

gbove derivations we get:

(l-e)(l-s
{ )}q (0)iy (8) + q(£)pu(t) = ay (8)iH(t)

(l-e)(l-sl)f&(t) 1-s, 1'{2(2

+ Py (t) ‘{ AR & (I
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Assuming ql(t) # O we can rewrite the above equation as

(1-€)(1-
(39) {.,_.....f__s

L JEAOES MOER A

53

s, { (1-e)(1-sl)£<1(t) 1*52> k(%)

lee'(t) + A FAC) Kae(t)

Equations (B6), (B7), (B8) and (B9) are the four simultaneous differential

equations which determine Kl(t) , Kaf(t ) and u{t). Once these are determined

the remaining variebles can be solved for by substitution in appropriate equa-
tions. It is clear how one could construct & .solution to this system of

differential equations starting from given initial values for Kl(t) s

Ke(t) and Kaf('b) . For, we can solve for 1<1(t) s Ka(t) and Kat,('t)
uniquely in terms of Kl(t), K2(t) s Kef(t) and u(t) using (B6) - (B3).
Substituting in (B9) we can then solve for wu{t) in terms of Kl(t), KE(t)
and Kﬁ.(t). Tt can be shown that either (a) no nonnegative solution or
() ean unique nomnegative solution for u(t) exists. If we do have a
nonnegative u(t) , we are left with equations which determine I.{l(t) s
Kz(t) and Kef(t) uniquely in terms of Kl(t) s Ka(t) and Kzf(t) .

Thus given any initial values for Kl(“b) s Ka(t) and Kef(t) the future

time paths of these varisbles are uniguely determined; assuming that at no t we run
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into a situation where elther no negative u(t) exists or some cother

varisble of the system vliolates the nonnegativity constraints imposed by the

problem.

Tt is thus possible in principle to obtain (using a computer) the
wnique solution of the system when it exists, However it was not possible
to obtain the same solution analytically. We therefore searched for s
possible solutlon in which, if the initial conditions were appropriate,

the variables K,(t) , Ky(t) and K,.(t) will grow exponentielly at the

same rate. From an inspection of (B6) - (BQ) it is obvious that this common

rate of growth has to be g . Therefore, the following solution was tried:

Kl(‘h) - '}‘L_L 5t | Ke(t) = ia &0 s Kaf(t) - Raf B ang

~ (1" )gt
u(t) =ue ! . This solution will be economically meaningful

only 1if iil, X, w20 ad 05K, S K, . Substitution in (B6) - (B9)

gives us the following eguations to determine ﬁl 3 I?‘.a, K and 1 .

2f
1
. I
o atfy kg {200 )
) {(1-n)0
1
1
~ alsln 'G. -ﬁ-

, &
) *RT Gepee L aoa J



(z12) g =

(m3) |

8y

From {Bll)} we get

(BLb) K =

Using (BlL4) in (B10),

o

(r15)

(1-¢)(1-s) e |

w 39 =

— 1
B (1-e){1-s,)e . . B (1-3,)8 !
le2 8, . u
L _
a »\ n (1-€)(1-5,)e '121 1-s,
+ gK,.=g K, +B - -+ g
) op 2t P N 5 e
=
I
% 8y ¥ ™
8 ,(1~ﬂ3"fl-sl) Bye u o+ Q8.1
(1-s,)B.e + a5, y . I K (1-s,)8, € +xns
_:g{ 1Py all}nu 18 1Py © *ane
g (1-n) g u (1-n)
e -
i)
3 “ { (1-5,)B,€ + ayns, } ~
g ) . el

g(l“ﬂ)(l‘ﬁl)ﬁl € {;' + alslﬂ

NS,

(l-»sl)ﬁl € + al

n 8y

~

g &nsy u

NSy

Xs, -8 {(1"5_1.)'31“’ * c‘1,"3‘1,\({ u

gqlgla

1

-



or

(m16) EZ =
X

2

g@ s;u

s, - g li(l—sl)f’ﬁole + alsl} a

Substituting (B16) in (B12) we get:

2 A ]
Bo(1~e)(1-s;) " 1 B(1-s,) @
E = p + g -~ —
~ S ~
/\2 FaY rey
or Au +Bu+Cu = 0 where
(1-8,)

A - g : @31 + ﬂl(l-sl)€> + p Ba {Gl(l-e)(l—sl) -

B =ga |p {(l-sl)ﬁl €+ as) + 5.8,

o]
H

It is clear from (B16) that

alsl
sl(1-s )8, ¢ * 4%

<

if 0<g<l. If g>1 K >0 for W20

- °§ P 8y

SOl

20 for.ﬁgo

2
85 ?131” B1(1""51)

~
whenever u:

. From (Bl4) it is obvious that AKl >0 for 2>0

only if

)
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~ 8.0
u < el ' . For 5 >1 it is obvious that —de—— >1 ,
(n-l)g[(l—sl)ﬂl_e + alsl] n-

2

Hence if we can show that there exists a root u (of Au” + Bu+ C = 0)

X5y

g l:(l-sl)ﬁle + alsl]

‘satisfying u >0 end u< both K and R

2

2

will be nonnegative, Let us consider now f(u) = Au“ + Bu+ C ., Now £(0) = C
2
s p Bos;(1-e)(1-5.)
= -dfps <0, f{ e }: % 0 Py — X >o.
gF(l-al)Ble + alal] (l-sl)Ble +asg
- ~ ~ %%
Hence there exists a u such that f(u) =0 and 0<u< .

g[(l-sl)Ble +as ]

Since f(u) is a quadratic and has a real root » the other root must also he
real. Now C<O, and u 20 . Hence the other root is positive if A <O

and negatlve if A >0 . However it is clear that in elther case
£'(d) = 280+ B>0 .

We still have to examine whether ﬁ lies between 0 and f{e « HNow

ef

from (Bl2) and (B13) we get

~ gl(1-e)(1-s5,) - 5K, - 5.K.]
(B17) K’;_'f - a_ll ﬁl 171 12
Sl[ T g (l» ]D_-)]
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It is not easy to determine whether for all relevant velues of the
parameters of our model (Bl7) will yield an economically meaningful value

for Kgf

i.e., a value in [0, ﬁe] ; However, we shall show that for
positive values of p sufficlently small we do get economlcally meaningful
values. We note that for all values of p in [0, 1] the denominstor of (BL7)

is positive. Hence for any p in [0, 11 in order for K.. > O we must have

of
Al 51 " o~
—_— ——— It is easily verified that K. - K
k. ”  (1-e)(1-s.) a &
iy~ 1
~ %- 5 ~
8K, [—ﬁ ¥ 21 - g(l-e)(1-8) )K)

1~

s [fi -~g(l- %)]

This means that for O Sp <1, 2-K2E>O if and only if

X =T s lap + gl
El_( - u p - lalp gu
ﬁe g(1-e)(1-s, ) u o g(1-€)(1-s;)
8 K < S[ p+ga-]
Hence if we can ensure that - ; ;Kl = ~ 1%
(1-€)(1-s,) K, up g(1-e)(-s)

We would have ensured that 0 S Kop < K, -
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Let us go back to the quadratic which determined . . This was

flu) = M+ Bu+C=0. Now A, B and C are functions of p . It is easily seen

from the defintions of these coefficients, they are continuous functions of p
and have certain values A(0), B(0), and ¢(0). As we let p =+ 0 the
quadratic approaches A(O)u2 + B(O)u + C{(0) . The roots of  f(u) =0
approach the roots of A(O)u2 + BOJu+C{0) =0 as p=+ 0, It is seen

thet C(0) = 0, Hence the roots of A(O)uEe + B(OJu+ C(0) =0 are u=0

s
and u= - 2O e . Tt is clear that the root u
A(0) g[alsl + ﬁl(l-e)sl]

which we used above approaches the nonzero limit., This can be shown as Follows:

~ A2
f(u) = Au + Bu + ¢ = O,
A2 ~
@ g_A +%u +%g.
Hence —éll— = -\ S2 e . AB we indicated sbove
0 2 A+ B

oM +B>0. Now & = ge B, "\_al(l-e)(l-sl) - (1:2) @15’1 * Bl(l-sl) ‘“:)
2

of a - .
= g (1 Bl)Ble t s, + s

dp 1 1

B 1-8,)
2 4c _ .
w—;m—-— and dp lesl

2



- Ll -

A2 ~ Fad o~ ~
Hence % u + % u- + %g = %‘f‘(u) + % u ctlsl - g{alsl + ﬁl(l-sl)e} u

%5

>0 since f(u)=0 and 1<
S[alsl + 51(1"81)6]

Hence Py <0 . This implies that as p + 0, 2 (> 0) increases and cannot
%8y

reach a zero limit., ILet us define 2(0) =
sFalsl + B, (1-¢)s, ]

Now from (Bl6)} it is clear that

gl__.:__&_.{__.‘:.’-_..._.,.}_ Hence as p + 0,
X, )

Ny
¥
8

!
5 e —— . It can be
g(1-€)(2-s, )

Therefore for small enough values of »p

R

shown that for values of p too small, the upperbound on will be

5

g(1-e)(1-s,)

violated, If there exists a value p for p for which

mpvll—Fq) m;x:) lm>

then for values of p in some intervael with S as an upperbound and some positive



-5 .

values as lower bound, will be within the required bounds. We

-

shell assume that such a exists.
It remains to be shown that du >0, This can be proved in a way
ds
2
dn,
similar to the proof of — <O .

dp



