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1. Pregentation of the problem

The purpose of this paper is to analyze the distribution of
8 given wealth between two financial essets: cash and interest-bearing
Z-apsets. Most of the time we will associate the Z-sssets
with bonds. We will first study the distribution at & glven set
of initial conditicns and next investigate the Ilmplicetions of changes
in some of the conditions, i.e., we want to study the shape of the demand

funections for cash and an interest-hearing asset.

The analysis will be carried out with three simple models. All
three models assume that there ere only the two essets, and the planning
horizon is only "one period." The alternative models will differ only in
the formulstion of the budget equation. The same utility function, ef. (1.1),
will be used in all three modela. This utility function and the firast budget

equation, cf. (1.2), were previously considered by Professor Haavelmo in [l].*

#{1] Dynamisk Pristeori (Dynamic Price Theory), memorandum from
the Institute of Economics at the University of Oslo, April 28, 1952.
These are mimeographed reports by Bjorn Thalberg of lectures given
by Professor Trygve Haavelmo, 1951-52, The specific utility function
and budget equation (ef. (1.1)-(1.2)), is used in chapter 5:
Ettersporsel etter plaseringsobjekter (Demand for speculation assets).
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Haavelmo uses the two relations for ithe determination of
the first order conditions for optimel distributiocn, ef. (2.1),
but he does not analyze the model's implications for the shape
of the demand functions. Model I extends Heavelwo's analysis by
exploring these lmplications.

We are considering a decision maker &/ who at time t has

1/ The declsion meker in question might be a household
group, an enterprise or a financial institution. For the sake
of convenience, we will often refer to the declsion maker as “he."

8 given wealth and who faces the problem of how to distribute
this wealth between the two financial assets. It is further
assumed that the decision maker has to keep the Z-assets for a

period of @w units of time g/ and that total wealth &nd the holdings of
cesh at t+w are the only arguments of his utility function.

2/ 1In a more elaborate model, the length of the period
for which & decision maker sticks to a specific distritution
of his wealth should be considered as &n endogenous variahle and not-
as here-be introduced as & datum.

For the snalysis of this selection problem we define

the following variables:



t+w

t+w

-3

total wealth at t (initial wealth) .

total wealth at t+w-

cash holdings at t (initial cash holdings).

cash holdings at <%+ . Thie is also the holdings of
cash implied in the optimal distribution at point of time
t , 1l.e.: the interest income (positive, zero or negative)

dces not enter into mt+ﬁ>.

number of units of Z-assets at t (initial holdings of 2-
assets). This item mey be positive, zero or negative. A
positive Tigure indicates that the decision maker is lending
noney, & negative figure indicates that he is issuing the

assets in question, l.e., that he is borrowing money.

Number of Z-assets at t+v . More precisely: number of
Z-assets after the redistributicon has taken place at t .
This number is assumed constant during the periocd t +ill

t+w « As for the sign of Zﬁ+w » ef. the remarks on 2_ .
actual price of one Z-asset at t .

interest inceme of one Z-asset during the period ¢ till
two 4 (i.e., the rent period is assumed identical to o

units of time.) if

y

This definition of interest income ie specific for Model I.

The presentation of the Models II end III, ineluding definitions of
interest income, will be given in later chapters.
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Pt+u) = price of one Z-asset at t+w

The declsion maker is assumed to have the following utility

function:

(1.1) U=U(F )

tawy > T

We assume that (1.1) is twice continuously differentisble. Our study of the

ghape of the demand functions will first be carried out under the assumption

2
that - ) Ua = 0 everyvhere. This assumption implies that
Tl

gl V) tHD

utility is assumed unique up to an increasing linesr transformstion. Later

on we will drop the special assumptlon about BEU and assume

"
OFt+ﬂ)5mt+m

that utility is unique up to any inereasing transformation.
The tudget equation of Model I 1s defined ss follows:

The wealth at t+0 equals the cash holdings at t+o plus
the value of the Z-assets at t+u plus the interest income of Z-assets

in the period from t +tii1l tww , l.e.:

/ ;

{
(1.2) F., = m e B T T P +P 1
) t4wy  t4w Pt P ‘) t+D t

\ t

AN

m m
The item 1 = T is the totel number of Z-assets the decision maker
t

purchases at ¢t . If My v > m , he is actually selling Z-asgets.



We also have the following definitional relations:

(1.3) Fo=m +P 2
m, ~m
t t+0
(1.4) Bevw = Z¢ .
Fy

The "sign matrix," Table (1.5), reveals the alternative
combinations of signs (including zero) for Zt and m -m - To
each combination is attached a number which identifies corresponding

interpretation below.

Table (1.5) Sign matrix for Z, and m_-m .

t t Tt4w
‘ l
m, -m =P (2, =2 |
t Tt t Tt t

- ¢ +

| - 1 2 3

2 170 b 5 6
i
+ ( 8 4 9 k

Comments on the squares of the sign matrix (1.5):
1)-3) are all referring to a decision maker who initlally is a

borrower, and who:



1) increases his debt

2) keeps the debt constant
R

P

3) decreases his debt. If (-zt) <
t

he switches
to a lender.

4)-6)} are all characterizing a decision maker who
initially holds no Z-assets, and who

L) borrows

5) neither borrows nor lends

6) lends.

7)-9) are all characterizing e declsion maker who initially is a
lender, and vho

7) decreases his holdings of Z-assets.

B Do
If 7, < = o——=—— " he switches to & borrower.

t Pt

8) keeps hie positive mamount of Z-assets constant.

9) increases his holdings of Z-assets.
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If the future price, P’c«u 3

the fixation of Dy e will by (1.2) also determine a specific

value of Ft+cu . The selection problem will then be solved by

is known with certainty,

the maximisation of (1.1) under the side condition (1.2). During

this meximization procedure the decision maker will consider Pt

Ptm as well as his initial amount of cash and Z-assets e&s datsa.

and

Ir Pt_m 18 suppesed to be unknown, the selectlon problem

becomes more complicated. One approach is to consider Pt 0 as 8
stochastic variable for which the probability distribution -- or
some umoments of the probability distribution -- are assumed glven.

The "parameter of action" for our decision meker, i.e., will

Tea ?
8till be a non-stochastic item in the sense that the decision meker may

realize any value of it he wants to within the feasible rangesy

P +1P
T4+ t
(1.6) 0< m < 7 . P .
T+ Priw ¥ (1-1) Py t

1/ The upper bound on m ., 18 obtained from (1.2) by
claiming that Ft o

shall be non-negative. Some further comments
on this range are given at the end of this chapter,

By (1.2), however, th will now be & stochastic variable. GClven

the stochastic properties of Pt-wu and given the values of the other

data: m

M Zt s Py s i and the value of his "action parsmeter,”
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m it 1s possible to develop the stochastic properties of Ft«m .

t+w ?
Further, now U will be a stochastic variable and with a specification
of (1.1) it is in principle possible to determine the probability
distrlbution of U . We mey say that his decision problem now is the
choice of & probebility distribuiion for U . The set of posaible
probabllity distributions of U 1is defined by the distribution

function of Pt+m and the values of m P

g i and the shape

L2 Ly s
of the utility funetion.

Bowe axioms on choice under uncertainty yield the
following solution of the decision problem now considered: Choose

the value of Dy e vhich ylelds the maximum expected value of U .

In this paper we will, however, assume thet the decision

maker is besing his declsion on a specific value of The

Pt«m .

analysis under this assumption is relevant in two alternative cases:

1) P is actually known with certainty.

g )

2) P is a stochestic variable, but the decision maker trests

t4w
the random variable in & somewhat crude way, namely by basing his deelsion

only upon & "point forecast" of the price., The point forecast may for

instance be the expected value of Pt ) and the decision

(= P,
+ Y Tt
maker ig then planning as if P;«w and the corresponding expected

value of F, =~ (il.e., the value of F,,, ©obtained from (1.2) by
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inserti P* for P, ) would be realized é/
e o Lo .

;/ This is the case which is assumed in the model of Heavelmo

referred to sbove. Ft«m is there termed planned wealth on t+w

and denoted by Ft*m o Similarly for W s

-

It may easlily be shown that this method emerges &as & speclal
cagse of the "maximization of the expected utility"-approach when the

utility function 1is linear.

We will make some remmrks on the introducing of one specific
component of wealth, namely cash, iato the utility function. One
reason for this is the so-called trensaction motive. The only
transactions introduced explicitly in this model 1s the redlstribution
of the glven wealth at t , but we may consider our model as &
kind of & partial model ("sub-model") and assume that our decision
maker is particlpating in other transactions. More specifically we
will assume that he hee & total of receipts (besldes his receipts
from the net sale of Z-assets and his net interest income) which --
for the period in question -- equal his total outlays, but that the
lack of synchronization between the two streaﬁs ¢reates the need for

liquidity.

If the time distribution of these receipts and outlays are

known with certainty by the decision maker, he would also know the
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1/
"maximum cumilated deficit" during the peried, and by keeping an

1/ We introduce the following flow concepts:

R( 1)
o(r)

receipts per unlt of time at point of time 7T .

outlays per unit of time at point of time T .

The cumulated deficit at point of time Q (£ <A<t + w)

is then defined as: ? [0(1) - R(7)] &% . According to our
agsumption the valu: of this integral is zero when § = t+n .

The maximum cumulated deficit is the maximum value (with
resvect to ) of the integral above.

apount of cash equal to the maximum cumilated deficit he would not
run into ligquidity problems. In order to rationalize the introducing
of money in the utility function (under the "heading" of the transaction

motive) we will make the same assumption as Don Patinkin in 2/ s

2/ Money, Interest and Prices. (Row, Peterson and Company, 1956).
See particular chapter VII: "The Nature of the Demand for Money," and
the Mathematical Appendix 6: "The probability distribution generated
by the random payment process’.

The models used by Don Patinkin are more general than ocurs in so
far as all transaetionsare endogenous variables, i.e., he does not
have to meke assumptions about "additional transactions.”

namely that the time distribution cof receipts and cutlays during the
periocd mey be considered as produced by a stochastie process. By

holding a given amount of cash the declsion maker will now achleve
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a certain security for avoiding liquidity pfoblems. If the distribution
function for the maximum cumulated deficit can be derived, we mey
determine the security level corresponding to & given amount of

cash and wvice versa -- if the security level 1s given we may

determine the corresponding amount of cash. In this case we may say
that the "true" variable to be introduced in the utility function is

not cash but "security against liquidity problems.“E/This security will,

however, be an increasing function of cash, such that cash may be a

useful indicator of the "true" variable.

This rationslization for introducing money ms a specific
variable in the utility function implies that there is a point of
saturation for money. The maxirum level of security, l.e., the
situation where the decision maker is gqulte sure that he will not get
into any liquidity problems is obtained by holding an amount of cash
equal to the maximum maximorl of the maximum cumulated deficits. This

max

maximum, denoted mt+m s would be reamlized if all the outlays had to be made

before the flow of receipts even startedi/ The marginal utility of cash

THD THO
2
2/ mgax = [ R{t)ar = [ o{7)dr.
+0)
t t
max max
is then zero when mt+m = mt+m and zero or negative when mt+a>> mt«n .

An illustration of the indifference curves is given in

rigure (1.7), the lines of short dashes rewressnting the alternastive

;/ One workable approach for a closer study of the preference for
being 1iquld should be to explore the consequences of not being liquid
and further the decision meker's preference (or "aversion" )towards these
consequences.,
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If the initial wealth of the decision meker, ¥ =P Z_+ 1

+ t % t ?
is equal to or larger than mziz s he will never become & borrower, i.e.,

we have Z, 2> O - In Figure (1.7) we bave assumed that e s

Tty Ft *

Some further comments on m:iz will be given in comnection with the

respective models.
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An alternative for using the nominal wvalues of cash and
total wealth is to deflate them by some price index, 4s far as
the cash is concerned, one alternative is to use a price index for the
commodities which are involved in the "other transactions." We will
assume, however, that the prices of these commodities are constant.
Asg far as the total wealth is concerned, we have mede no assumptlions about
what kind of "commodities" the decision maker is going to purchase
at t+» . One slternative is the commodities invelved in the "other
transactions." Another alternative 1s that he will continue his
"gpeculation,” i.e., agrin make & distribution of his wealth between
cagh and Z-assets. If so, the price index used for deflating oi

Ft«m should be a compromise of and the prices of the "other"

RbHD
goods. This Xind of deflating would, of course, lead to other results

for the effect of changes in P

then those obtained when using
T+

the undeflated variables.

Our utility function should be considered as being less

autonomous than utility functions usually are supposed to be.é/

1/ The concept of autonomy is treated in "Autonomy of Economic
Relations," memorandum from the Institute of Economies at the University
of Oslo, November 6, 1948. Authors: R. Frisch, T. Haavelmo, T. C.
Koopmans, J. Tinbergen.

We will not try to give & precise definition of this concept,
but content ourselves with merely seying that it is supposed to express
how much one relation can "stand" of changes in other relations. The
concept of "other relstions" should here be interpreted quite widely.
In order to "measure" the sutonomy of & relation it i1s necessary to go
"hehind” 1t and try to construct a sort of super-structure, from which the
specific relation is derived.
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First, importent variables are omitted. An eventual change in the
constellation of these variables may therefore viclate our utility

function.

Second, one of the goods introduced, Ty oy ? is only a proxy
for another, namely "security against liquidity problems." The
relation between "security"” and cash is glven by the distribution
function for the maximum cum:lated deficit which depends upon sev-
eral factors. Changes in these factors may therefore change the form

of the utility function (1.1).

With a more complete model, including & more general utility
function and an expliclit formmlation of the mechanism explaining the
probability dlstribution for the meximum curmlated defielf, it
would have been posslble to find oul which assumpilions are necessary in
order to derive the special utility funetion (1.1). Further we might
have been atle to appraise the realism of ~-- including the "probabilities"
for hgving changes in -« these assumptions and finally tracing the

consequences of such changes on the shape of (1.1).

Without having this more complete model it is difficult to say
something more precise about the "degree of autonomy” of the utility

function (1.1)5/ In this paper we will, however, use (1.1} even if it

}/ Comparisgons between actuel obsgsrvations and the results de-
rived from our models may serve as 2n indication of the welidity of (l.l).
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probably is guite a confluent relation.ij

1/ "Any relation that is derived by combining two or more
relations within a system, we call a confluent relation. Such & con-~
fluent relation has, of course, usually a lower degree of aubtonomy (and
never a higher one) than each of the relations from which it wes derived,
and all the more so the greater the number of different relations upon
which it depends.” {(From "Autonomy of Economic Relations,” p. 28) .

Another reason for introducing cash in the utility function
may rise if Pt+u) is considered as a stochastic variable and we only
emphasize the expected value of Pt+m and the corresponding expected
value of Ftaw + In this case the appearance of By o in the utility
function to some extent modifies the crude wey of treating the uncer-
tailnty elements involved in the model. Because the decision maker is
aware of the uncertainty concerning the realization of the expected

{or another special) value of the future price he has specific

preferences regarding the safe asgset, cashji/

2/ This specific reason for introducing cash in the utility

. 3U QU
function implies that Pl 0 when W = Ft and ST < 0
t4+w T4
when L > Ft , 1.e., the decision maker would never become a
borrover.

Roughly we may say that this will diminlsh the consequences of

di fferences between the realized and the expected value of the price. If
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LN is omitted from the utility function, the declision maker
would keep 2ll his wealth elther in Z2-assets or in cash, dependent
upon whether the Z-assets are supposed to yleld gein or less. With
By 28 a specific varlable in the utility function, he will always
(or at least as long as the actual constellation of data are within a

certain region) keep some of his wealth in cash, which reduces his

potential gain as well as his potential loss.

If we abstract from the transaction motive and 1f we treat
the stochastic espects in & more elaborate wey (than merely introducing
cash into the utility function) we may consider utility as a function
only of wealth. The selection problem may then be solved by the
"maximization of expected utility" =-- approach. If this is being
done, it may be possible to appraise the crude treatment of the random
variable mentioned above. For instance by meking comparisons between
the portfolic selections emerging from the two methods, eventually

under alternative assumptions sbout the data involved.

Finally we will comment on the feasible range of By s ?

ef. (1.6).

A negative amount of cash would in this model lmply that the
decision maker is borrowing money -- without paying any interest --
and using the money for purchase of interest bearing Z-aseets. This

would enable him to increase his wealth without bound. Graphlcally
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this means thet his budget line 1s extended into the second

quadrant. The upper limit on m is obtained from (1.2) by

T+
eclaiming that Ft+w shall be non-negative, i.e., that the decision

maker shall be solvent at the point of time <t+w .
Reasons for introducing boundary restraints (1.6) are:

1) It may be 2 merket condition imposed on the decision
maker from "outside," stating respectively that he has not the opportunity
to0 borrow et an interest rate equal to zero and thet he is bound to have

a portfolio composition which is supposed to maeke him solvent at ti4w .5/

é/ Since the solvency of a borrower is dependent upon the future
price, there mey be some disagreement as to his solvency.

We assume that the market in questlion lwposes these conditions on the

decision maker.

2) Perhaps also his utility function (1.1) only is valid in the
first quadrant (including the borders), implying that his aversion to
"low" liquidity on the one hand as well as becoming insolvent on the
other hand is so strong that he prefers not to vioclate (1.6) whatever

the market conditlions are.

In either of these cases the inequality (1.6) would complicate
the optimization procedure, at least when we are using an analytical
approach. Alternatively with 2), we may assume that the shape ol the
utility function ie such that when the decision maker acis as @ quantity

adjuster (i.e., price taker), (1.6) will never be violated, whatever
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the constellation of the other data may be. This strong assumption
implies that the indifference curves will never interseqt the axes,

but for instance approaching towards the axes asymptotically.

In our analysis we will use an analyticel technique which does not
allow for an automatic inclusion of the bounds (1.6). This implies
that the analysis is valid either

1) under the strong assumption about the shape of the

utility function referred to above, or -- if this is not the case --

2) only for that region of the data, Wy s Ly s By o P£+ﬂ), and

i , which yields optimml points not violating (1.6). Without specifying
the utility function, we are, however, not able o derive explicitly the
feasible region for the data in question.

We have Introduced two upper bounds on the actual demand for
money; miii (equal to the level of the exogenous transactions
assumed to be carried out during the period) and the right hend side
of {1.6). While we are not going to study the effects of changes in
mﬁz , the alternative upper bound depends upon some of the "variable
data." fThe ranking of the two bounds may therefore be changed under

variation in the data.
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Surma.ry

In this paper we will deal with the problem of portfolio
selection under the assumption that the future price of Z-assets
are known with certainty or, if this is not so, that the decision
maker is basing his decision only on a point forecast. In Model I and
partly in Model IT we will assume that thls point forecast is constant and
independent of Pt . As a speciflec part of Model II we will introduce a

function, which relates the forecast to the present value of the price.
This will be done in Part Two.

We will first study the selection problem under a given constellss
tion of data and next analyze the effect of changes in some of the data.
This will be done under three alternative assumptions regarding the
budget equation (ModelgI-III). The purpose of this investigation is first
and foremost to see if the usual (Keynesian) assumptions regarding the
shape of the demand functions for cash and bonds are valld when we use

this utility approach.

We wlll also study the shape of the relation between total
wealth and the data in question. For matter of convenlence this

relation will also be referred to as a demand function.

Besides utilizing the general utility function (1.1) we will
introduce & more specified functlon which enables us to obtain

explicit expressions for the demand functions.

The investligation will malnly be based on an analytical
approach: first determining the first order conditions for the
optima) selection by means of the method of lLagrange and next
differentiating these conditions implicitly with respect to the data

in question in order to study the shape of the demand functions.
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We will use diagrams to show the construction of the budget
lines and how they are altered by changes in the relevant data and to

illustrate some of the results obtained analytically.

Part One will only desl with the Models I-II.
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MODEL I

2. The optimel portfolio selection under a given constellation of dats

The selection problem may be stated as follows: ¥Find the

values of F, =~ and m_~ vhich satisfy (1.2) and maximize (1.1).

This problem is solved by maximizing the following Iagrange-expression:y

1./ From now on we use the symbol Pjém for the specific

value of the future price ¢n which the decision is made. We further

z and Zz for the initial holdings of total wealth,

cash and Z-assets.

introduce F: , I

H (Ft-l-t'.) ’ mt-w)) = U (Ft-l-w ? mt+w)
0 LS
‘ m ~m /
Fs! t tHD j
M Foiw " T T Lt By (F€m+ Ptﬁ )
This leads to the following relation:
P*
U
(2.1) u o & B L .1 ).
am‘c.-i-cn aF1:+c1) Pt
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(2.1) is & condition of the Cossen type: The utility of the last
dollar spent on the zlternative goods shall equal. The left hand
side of (2.1) is the utility of the last dollar used for cash and
the right hand side is the utility of the last doller spent on
Z-assets. The item within the parenthesis glves namely the net in-
crease in wealth per dollar spent on Z-assets. By multlplying this
item with the marginal utlility of wealth we get the utility of the
last dollar spent on Zeassetbs.

e
Pt«»

F

was zero or hegatlve the only reason for keeping positive holdings of

We assume that + 1 -1 1is positive. If this ltem

Z-assets should be a zero or negative marginal utility of cash.

(1.2) and (2.1) give us two relations for the determination

of A and Ft+w « Formelly we may write the demand functions:

(2.2) m

_ 6 0 * 1/
vew = T3 (g 5 Zp s Byow P 1)

1/ The demend function for 2

e
the demand function for mt+a}nto (1.k),

is found by inseriing

(2.3) P, =f (mf,2 ,P

*
twn t’ Pt+m T
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We may notice - when P£ is assumed given and constant -~ that

only the total initial wealth {and not 1ts distribution between m° and

t
zg) is of importance for the mctual demand.

In the next chapter we will study the shape of the demsnd functions

with respect to changes in the future price.
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3, The effects of changes in the future price of Z-asszets

When Pg;m increases the item within the parenthesis of
the right bend side of (2.1) increases. By unchanged distribution of the
initial wealth between Z-assets and cash the weelth on t+o will
increase.l/Whether the product on the right hand side will increase or
decrease is depending upon how the merginal utility of the wealth is
varying with the wealth. If, for instance, the marglnal utility of
wealth 18 constant, the right hand side of (2.1) becomes larger than

the left hand side. In order to establish the equality of (2.1) one
would have to reduce cash holdings (i.e., increase the holdings of
Z-assets). This reasoning implies that the merginal utility of cash

is decreasing and that Ft+m and m are independent in the

LD
2
utility sense (/}ill———-——— =0 \).
. \ath amtm /
If the marginal utility of the wealth is decressing with increas-
ing wealth, the first item on the right hand side of (2.1) will

*
decrease by the increase.in Py -, (as long as W 8nd Zp

is unchanged). Thus we get that the one factor on the right hand side
increases, while the other factor decreases. If the product decreases,
the left hand side is too large. In order to establish the equality,

cash muist be increased.

Before attacking the question analytieally we will show

;/ In this tentative ressoning we assume that Z%+ﬂ) is positive.
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the graph of the budget line and how 1t is altered by partial changes

in P:*w . We firstrevrite (1.2) in the following way:

p* p*
.. L LD fy 0 o
(3.1) Fiw ™ ( . + 1 l)mtma- +1 jfp 2. +m .
t

Fy

By utilizing {1.3) we obtain:

fP% o*
_ ] bt - t4+w o
(3.2) Fovo = " +i-1fm =+ " +1 F.,
t t

il.e., the budget equation will be represented /ﬂ:n a T v ? Ft o
f

2
dilagram by a straight line with the slope --(

+1 -1 and which

, \ Py
Fiors
cuts a plece equal to ( + 1 Fg of the th - axes. By
Pt
inserting Dy = F: in (3.2) it is easily seen that all the lines

which ere generated by changes in Pi-i-w s Will pass through the point m, +a>=

0 *
Fown = Feo» When all data, except Pt+w s are kept constant, the

initial wealth, Fz s 18 also constant. We assume that FO < moX

1 tan

i.e., that the decision maker may be & borrower as well as & lender.

The line BB in Figure (3.3) represents the budget line at a
given value of P:_I_w , and the line B'B' represents the budget line

¥
at a higher value of Pt-un .
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Figure (3.3)

oF

F B'

By introducing different sets of "acceptable" indifference waps in

Figure (3.3) it vill be seen that the effect of changes in P, o

are not clear, even if we only are concerned with the sign of the

changes in Ft+a) and B "

b4

L
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Note on the type of decision maker

On the basis of Figure (3.3) we will meke & small digression
concerning the type of decision meker for which this model is applicable.

If the decision maker is choosing a point on the budget line where

F

= O

e he keeps all his wealth in cash. If he is choosing

a point (on the budget line) northwest to the line o

Fovo ® Pta

he is a lender (Ft+m > F:>-m } » &and 1f he ia choosing & point

T+

southeast to the line deﬂ) = Wy s he is a borrower

(F

t ) -

w<Fy < B
Which of these three cases will actually be realized depends

on his indifference map and the actual constellation of the data,

Given his indifference mwap he will -- in most cases -- switch from

the one "main" adaptation to the other by "large" changes in the

date. Thils fact may restrict the types of decision mekers for which

this analysis 1ls applicable, namely, i1f the right of issuing Z-essets 1is

legally limited to certain types of decision makers. For the other

types of declsion makers we would then have to impose a non-negativity

condition on their holdings of Z-assets, Z,r 2. 0 . This case will

be analogous ~-- from &n analytical point of view -- to the introducing

of rationing of commodlties, for instance when dealing with the theory

of consumer's demand.
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The same applies,of course, if there are upper bounds on the
amount of Z-assets to be issued, (or: a negative lower bound on the

holdings of Z-assets), i.e., Z s . Z., where Z_ 1is strictly

positive. Both these cases of "credit rationing" way very well
violate the assumption of quantity adaptation (i.e., that the decision
maker beheves as & price teker). In the following we will assume

that neither of these cases of credit rationing occur.

For further investigation into the questlon of the sign of

JE,
D
the changes in Ft«m and mt+a> we will calculate aP*
L4
Bmt«”
and " by impliclt derivation of (1.2) and (2.1). We first
apP
T+

Introduce twe new variables T and A] :

P*

(3.5) Al I 5 R 1 { = net increase in wealth per
P
t

dollar spent on Z~assets, assumed positive) .}/

1/ A, 1s & kind of an interest rate. It might have been
termed the effective rate of interest for the peried + ¢ill T .

We will further assume that the marginel utillties are positive

_ (L. 2.1 d
and decreasing in those Ft+w s Moo polnts satisfying (1.2) and ( ) an



- 29 -

that the two "commodities FT and o, ere independent in the

utility sense:

U a0 Ry % 32U 1
> 0, > 0,“—= <0, =% < 0, = 0.
SFy Or, o S Sy, SFy

We rewrite (1.2) as (3.6) and (2.1) 88 (3.7):

*
(3.6) Fp = My + 2 (P,T + P 1)
U dy
(3.7) - A, .
%,?'r 53‘; 1
Derivation of (3.6) with respect ©o P; and utilizing (L.})
yield:
OF, d 3
TJE = —TE + + (R; + P, 1)(- % ) mi ,
i aPT t aPT
SF, By 3
——% = - £ +1 =1 —?ﬁ + ZT
aPT Py BPT
l.e.,
| OF
d - ar;
(3.8) mﬁ . z
aPT Ay

E/ Iater on we will prelax the assumptions sbout the
utility indicator, cf. pp. 35 - 35h.
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By derivation of (3.7) with respect to P. , we get:

T
3y Oy Fu OFp 1 U
(3:9) o2 o Alg;é- dpk ¥ P, SFp
Sy iy T “p
oy
By inserting the expression for —— from (3.8) into (3.9), solving
aP,}“
BET
the equation thus obtalned with respect to S—; and utilizing (5.7),
P
we get: T
13U 3%U
3F B, omy * Zw( oz
(3.10) =i L _
B {Ae U %W
B e * S J
Fop B
Inserting (3.10) into (3.8) and rearranging the terms, we
om.,
obtain for ;
BRT
1 W 3%
[ + A - r——
om, P, SFT toA) I 5%23)
(3.11) = o —
Rl [Ae 3% 2% T
A Tt T
OF %) J
T o

Under our assumption the denominator in (3.10) and (3.11) is
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positive. y The numerators in both (3.10) and (3.11) may be a sum of

1/ This follows from our assumption of decreasing merginel utili- -
tles.

The seceond order condition for 2 regular maximum of U under
the side condition (1.2) takes the form

R
P B T

vwhich, under the 2ssumption of independent commodities, reduces to

3 32 | 5

| 2

-+ A +
l 1 aFa

L

o .
3
T omy

a positive end a negative term.

dF,

Further comments on

: Chse G : ZT 20, 1.e., the

*
anr

decision maker is not a borrower at the given price. In this case his
wealth will increase. 'This conclusion is velid even if he increases
his holdings of cash (i.e., decreases his holdings of Z-assets).

This result reminds of a conclusion from the classical analysis

of the supply of labor. A%t an increase in the wage rate, the total

income will alwaeys increase even if the individusl is working less.

Case Gy ZT < 0, i.e., the decision maker s actually a borrower

et the jglven price. The condition Z, 2 0 1s a sufficient, but not

necessary condition for erriving at the conclusion of increase in



- 32 -

wealth. In order to arrive at the opposite result, the debt must

be "large," more precisely:

1-..?..
oF, P
(312) — S 0 1f 7, T = T,
= 2y
d 2
T
Case a.: QEE_ = 0 . If we leave one of our assumptions,
3 ami
52

'“g < 0, and consider the very special case of a utility function
Sy
with constant marginel utility of money, the decision maker will

always gain on an inerease in P; , even 1f he is a borrower.

i SR

X
aPT

Further comments on

1/ From (1.4) we obtain:

3 3
—52 = - L —EE , 1.e., as for the sign, the effect on
SP Pe op®

T T

ZT will be opposite that on O, -

Cage Bl: ZT £ 0 , i.e., the decision maker 1s not a lender. In

this case his demand for cash will decrease.

Case 52: ZT > 0, i.e., the decision maker is actually & lender.

In this case the numerator of (3.11) 1is a sum of & positive
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and a negative term. If the holdings of Z-agsets are "large,”

he will increase his holdings of cash, more precisely:

1Y
2 Pe Oy

(3.13)

t
g 0 if ZT 2 / aQU
L O

*
BRr

By combining the cases Sl - 52 we get the following

picture of the relation between mT and P; and ZT and R; 5

assuming the other data constant:
¥*
If, for a2 given value of R% C; PTé), ZT 1s negative,

case Bl , the decision maker reduces his cash, i.e., he reduces
3
hisdebt(ZT < 0, —Z£> 0).

as B increages, it will
BP; /

T

therefore reach & value (= F;) for which his holdings of cash

equals his total wealth, i.e., ZT = 0 .;/ We still have

g/ It may be that the shape of the utility funetion and the
given constellation of the other data are such that ZT is incressing

without reaching zero, for instance approaching asymptotically to a
negative value. The reasoning above assumes that this does not take
place.

dm (B 3z, (BX)
—Eg—J2~ < 0, or _E%_JE_ > 0 , 1il.e., he switches from being
apT BPT

8 borrower to become & lender.



. 3l -

As P; (and thereby zr) increases, 1t may occur that,

of ) omp (BD
for & finite value of PT = P% y T equals zero, cf.

OB
T

| > . |

(5.13), and 6—7 > 0 when E > 13: ; L.e., the demand for Z-
P £
T sz

assets will decrease. As we have —-—— > 0 , vhen Zr = 0, Zr
OF],

will, however, never be reduced to zero when P; increases. This

implies that even if the case {3.13) should occur, the decision

maker will never hecome a borrower when P; > f¥ .

Extll
o

constant, the decision maker will always reduce his demand for money

Case 65 : = 0 . If the marginal utility of wealth is

. &
by an increase in P .

T
aFT
Introducing the term abnormal for the results —— < 0
3 3B
T
and — 2 0 y we may formulate the followlng conclusions:

*
OF,

When ilmposing the abnormal results there emerge boundary

restraints on the actual demand for Z-assets. The restraint corres-

oOF :
ponding to _J% s 0 is an upper bound which is negative, cf. (3.12) .
aPT amT
The restraint corresponding to — z 0 4is a lower bound which ig
oP
T

positive, cf. {3.13). This implies that both the abnormal results

will not cceur simultaneously.
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What the demsnd for Z-assets actually is depends upon the shape of

the utility function and the other data: +the initial holdings of cash and
Z-assets, the preseni price and Interest and finally the wvalue of the

"variable" datum, the future price,

More general assumptlons about the utility indicator

S0 far we have studied the shape of the demand functions under the

special assumption that wealth and money are independent in the utility sense,
2
i.e,, that 35U = 0, One rationalization for this assumption ig

FT mT

the following: Iet us assume that the reason for introducing money in the
utility funetion is uwncertainty regarding the time distribution of recelpts
and outlasys during the period, cf. the reasoning pp. 9-12. Iet us Turther

. assume that the Z-assets are completely illiquid.é/ and that there is no

i/ Bven 1f the Z-sssets had "some degree" of liquidity this would
only be of help to a decision maker who has positive holdings of them
{(i.e., a lender).

possibility for obtaining transaction credit. If this 1is the case, an
increase in totzl wealth vhile the amount of money 1is kept constant, will

not yield any higher security against illiquidity. In other words; the

marginal utility of money 1s independent of wealth, gﬁ_ﬁ_ = 0 .

%
37U
T

The assumption that Y on = 0 1is, however, not invariant with

'l
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respect to any increasing non-linear transformation of the utility

2
indicator.;/ If therefore gFEéEE is assumed equsl to zero with respect
T

;/ The sign of the second order derivatives .- if they are assumed
different from zero -- may also be changed by an increesing non-linear
transformation of the utility indicator.

to one utllity indieator, it will quite certainly be different from zero
with respect to an alternative indicator which is obtelned by an Increasing
non-linear transformetion of the former. We will now drop the special

2
agsumption that %Fgﬁir = (O and only assume that utility is unique up %o
T

any arbitrary increasing transformation of the utility indicator and -- as

before -- that the second order condition for & regular maximum is fulfilled.

oF,
Under this more general assumption we obtain for 5%3— and
T
g
s
aRr
1 U 3%y 3%y
= + A -
_— 3F,, _E S, * Al h Fom T m
3p oh 2 2 v R
. ., L e ol
OFpOmy, T B
T
L oW, 2y . a%}
d B o : 1
(3.05) % By OF L oFdm, o .
JF,
T o X e B R
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For typographical reasons we introduce the following variables:
U 37U X = F, m
(3 L 16 ) Ut.r = EE] 3 Ir': = ar ’
SR RS Y = F, m

(3A7) N o= A UL - U

- {] - t
(3.18) Nlm = U%m A1 U%F
T 2 t ]
(3.19) Dl = 2 A trm - A] UFF- Um
The signg of N, , Nlm and D1 are all unchanged by any arbltrary

increasing transformation of the utility indieator. We assume that 1D1 is
strictly positive. This is identiesl to assuming that the second order

condition for a regular maximum is fulfilled. The algebraic values of hoth

OF 3

3 z and T are unchanged by any arbitrary increasing transfermatian of
)3 7
T T

the utility indieator.

Proof of the transformatlion properties mentioned above.

If the utility indicator U(Xl s xg) is transformed into

WoeW {U(Xl » XE)] s Where %% is assumed strictly positive, we obtain the

following relationes between the derivatives in the twe systems:
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(5.20) g%i . g—}'}-— Lg‘%i (1 =1, 2)

(3.21) 2w _wm v P ow w f1e1, 2
axiaxj ouU axiax 5 3u> a:«:i o 3 \j =1, 2} °

By utilizing (3.21) we obtain the following relation between Ng] and

[U]
Mg (i.e., the value of the variable Nip o

resvectively the W - and the U - system):

defined by (3.17), in

e . BB, %-%] .

The terms within the bracket parenthesis is zero, cf. (3.7), and thereby:

(W] ow U]
Expressions of the type (3.20) and (5.23), i.e., that the variable
in the W - system equals the corresponding variable in the U - system
oW : -
multiplied by U is aliso obtained for Nlm and D L This
further implies thet the algebraic values ofthe derivetives (3.14)=(3.15) are

unchanged by eny arbitrary incressing transformation of the utility indicator.

We will now discuss the expressions (3.14)-(3.15) under alternative

1
assumptions about thesigns of NlF and LTWN".‘/When the product of Z’I‘ and

ek

respectively NlF and Nlm equals zero, we always obtain what we have

or 81%

I > 0 emd —% < 0. This implies

termed the normal result: s

BP,;[, oP
that a necessary condition for getting the abnormgl result 1s,81s0 in the more

genaral cese now studled, that the decision maker does not keep all his

1/ Our previous study of the shape of the demand functions, cf. pp. 29-34,
iz based on a2 set of assumptions which is sufficlent to make NlF and Nlm
gtrictly positive.
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wealth in cash. It further implies that vwhen respectively NlF and Nlm is

equal to zero, the abnormal result will never emerge whatever ZT may be.

In the following we assume that the products referred to sbove are

different from zero.

OF,
Comments on — .
BRT
JF,
(1) Zp p> O alwaysylelds the normel result, S—% > 0 .
P
T

(11) Zp Mp < O The numerator of (3.1%) now is a sum of a positive and

g negative term. By imposing the abnormsl result we obtain:

OF
— <o if
6Rr
. ou
< B oW
{3.2%) Zp = . vhen W,, > 0O
1F
or if
1w
. om
(3.25) 1z, > T vhen N, < O .
1F

When NlF > 0, we get an upper bound -~ vwhich is negative -- on the actual
demand for Z-assets, ef. also (3.12). The assumption that NiF < O implies

that the abnormal result will occur if the decision maker is s "large" lender.
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3
Comments on --;— .
aPT
omp
(1) Zp Nyp < O always yleldsthe normal result, g-;— < 0.
P
T

(11) Zp Wy > O The numerator of (3.15) now is & sum of & negative and

s positive term. When imposing the abnormal result, we obtain:

0 ir

T when Nlm > 0

or 1if

gl
&

(3.27)

A
ot

when Nlm < 0.

%p

Nlm

When Nlm > 0, we get a lower bound -~ which is positive -- on the actusl
demsnd for TZ-assets, c¢f. also (3.13). The assumption that Nlm < 0 1implies
that the abnormal. result will be brought about if the declsion maker has a

"large" debt.

We will further study the feasibility of the alternative combinatlons

of signs for N and I, . From (3.17)-(3.19) we obtain:

(3.28) N + A N = Dy .
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Since A, and D, both are assumed to be strictly positive, (3.28) implies

1 1

that at least one of the two items N and NTm hag to be strictly positive.

ir
In Table (5.29) is shown the alternative combinations of signs for NlF

and U The non-feasible combinatlions are indicated by drawing the

im °
diagonals of the squéres in question. The feasible combinations are indicated

by "O0.K."
Tsble (3.29). Sign Matrix for N, and W, .
Nlm

- 0 | +
~ . g i

pd 0.K. if

NlF > - Al Nlm
N e
.. P -
N 0
1ir
0.K.
0.XK. 1f
+ NlF > - Al Nlm OII{. OQI{.

Under the combinaticns in the lower left and the upper right corner of

Table (3.29) the sbnormal result may occur for both demand functions

simultaneously. From (3.8), which is derived from the budget equation, it 1s

easily seen:
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@

1. The conditions mﬁ 20 and Zp < O -- vhich alvays are fulfilled
~
oPT
an
in the case (3.27) ~- are sufficient to yvield < 0 .
)l
T
OF,
2. The conditions ~ € 0 and Z'I‘ > 0 ~~ vwhich always are fulfilled
aRr
oy
in the case (3.25) -~ are sufficient to yleld = > 0.
oP
T

We therefore obtain the abnormal result for both demand functions

gimultaneously 1if:

% Up ihen T.. > 0
wien
(3.30) Ty § — { ¥
M bnd W <0
or it L U "when N < 0
, Fom ‘ iF
(3.31) Zp = . amd M >0/ °
MR \ =

Graphical illustrations of these two cases are given in Figure (3.32).

As in Figure (3.3) the line B'B' shows the budget equation at the higher price.
[1]

The indlfference curves marked U velongz to a preference map where --

at least in the relevant region -- N, > 0 and N, < 0, cf. (3.30),
2]

and the curves marked U belong to an alternative indifTerence map where

Np < O and N, > O , ef, (3.31).

oF,
; anIﬁ
o (= rqf) in the different intervals of the new budget line BRB'B* .

In the diagram is further given the signsof the derlivatives

(= Fr)

and

%
SPT

The diagram indicates that a degision meker with the U[l]-curv'es would require
K P ",

quite a high value of Al ( = P—T— +1 -1 ) in order to become & lender, and

t
a decision meker with the U[el- curves would require quite a low value of Al

in order to become a borrover.
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FMgure (3.32)
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The effect on U

We will 2lso study the effect of an increase in P; on the

total utility. Consldering F., and mI, gs functions of P,"I," s We get

P
by differentiating (1.1) with respect to P; 3
(3.55) w_ow L ow M
% - * *
BPT omy, BPT BFT BP,I.

By utilizing (3.7) -~ (3.8}, (5.33) 1s reduced to:-l'/

(3.434) =, = — Zp, le,
agr aF&

(3.35) oU % 0 saccording as ZT% 0.
)

When P,; increases, the total utility will increase, be
unchanged or decrease, according as the decision meker at the given
price is a lender, neither a lender nor a borrower, or & borrower.

This conclusion is also indicated by the effect of an increase in

P; on the budget line, of. Figure (3.3).

We may consider the effect (3.34) as a kind of an income effect
or a capital gain effect. When P; ig increased by one dollar, the

future wealth ie increased by one dollar multiplied with the total

1/ The sign of U is unchanged by any arbitrary increasing

+*
P
transformation of the utility indicator and is further independent

of the sigm of NJ.F and Nlm .
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number of Z-assets. By multiplying this item with the marginal utility
of wealth, we get the increase In utility. This reasoning assumes that
the distribution between cash and Z-assets 1s unchanged, or -- in other
words -~ the substitution effect 1s not taken into account. Roughly, we
may say that the substitution effect is of another dimension than the

income effect.

We may further notice that -- when Nim > 0 -~ the income effect
has to be "large" if the decision maker shall increase his demand for
cash, cf. {3.26). When Zp fulfills the inequality of (3.26) and Ngy>0,
the income effect is in fact so large that total wealth as well as holdings
of cash will increase. VWhen Nlm < 0 , the algebraic value of the income
effect has to be below a negative item 1f the demand for cash shall be
increased, ef. (3.27).

#*
The value of Py (= E;) which makes the decision maker keep all

o
his wealth in cash (FT =ty =¥y, Zp = 0) yields the minimum value of U .
*
This is due to the fact that whatever P@ 1s, the decision maker 1is
always able to keep his given (ana constant} initial wealth in cash, and
.
when P; E RT other points on the budget line will yield a higher

value of U .

In Table (3.36) we have summarized the effects of an increase in

*
P& on the demand for wealth, cash and on utility under alternative

agsumptions about the signs of ZT , N and N

1F im



Table (3.30)

The effect of an increase in P; on the demand for total wealth, cash and on

utility under alternative assumptions about the signs of Z‘I‘ s N

and

N

1F im
! A 1 = -
Mp = A Vg - U ; Mo = Upm ~ A1 Uy ! Bffect
[ | - - J
H ] ¢ "
; _ ; 0 i . ' 0 l + ‘Yoon U
" ! i :
7 ' ..a_F..'.I.I. S ! amT 4] i ! :
e —— > 0 laccording as ! according as ! % * | OF
! UPT ap* o ; Y i OPT aPT FohT
T - m | o P i
T g F T P, |
OF, AT, dF, d o 3 ou_
I- >0 Lo --—i 0 r o :ﬁ < 0 am'f' < 0 o8 0
K =3 P-h-
aPT aPT apT aPT L T
i
f
~ : e
Fp > amT <
oP g0 OF OF, EmT om,, 5p* s 0 U 5o
<
T = > L 0 o | = <o} %Fr BP;
raccording as ap¥ ap* P ops according as
gz & L S PR
T® . : ; PN
| Pelip | TS Plm

"Bl.g“‘
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L., The effects.ofchanges in the rate of interest

By considering the budget equation (1.2) and the adjustment

condition (2.1), one mey notice that the effectsof partial changes in
the effects of

i are equal to/partial changes in Py as far as only the sign of

effects are concerned. The analysis in chapter 3 is therefore also applic-

able to an analysis of the effects of changes in the interest rate, 1 .

oF,
For the sske of completeness we present the expressions for 3-%-

o)
and 5f§ below:

F 2U MR :EUa i :212; ]
(4.1) . i S B
1
28 >%u L2 3%y 3y

1 - 2
IF apg ot

du 3%y 3%
h.2) m, T It Pl “ S omy, © 1 3%
.2 = —_—
3T 2
o v 2 Ry

- 1 2
3 Oy, aF§ ou

The ilnequalities (3.24)-(3.27) remain the same except

oF amr
that 1 is substituted for P¥ in respectively I~ eand
OF, BP;

On the basis of this model we thus obtaln as one result that the demend
for cash may increase et &n increase in the rate of interest, cof. -

(3.26) - (3.27). This conclusion is the opposite of
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the liquidity preference theory of Keynes.-é/

1/ We obtain the relation between demand for money and
the interest rate as s result of our model. We will not discuss
here to which extent the liquidity preference of Keynes iz a "direct”
agsumption or emerges as & result from more baslc assumptions.

The alternative asset to money in Keynes' theory is bonds. For
these bonds there exists an effective price. The effective rate of
interest which these bonds yleld may be considered as a function of,
among other things, the effective price. If we assoclate the Z-assets
in Model I with bonds, we may consider Pt as the effective price
at t and i as the effective rate of interest. If this is done,
we can't any more take Pt and the rate of interest as Independent
variables, but we have to take into consideration that there exists

one relation between them. This will be done in the Models II and III.

Before we present Model II, we will, however, introduce a
more specified utility function In order to derive the explicit
expressions for the demand functions This is done for illustration

purposas.
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5. Explicit expressions for the demand functions under stronger

specification of the utility function

We introduce the following utility function:

(5.1) U= ay In Fp + ey Inmy + a ,

where a, and a, are assumed positive. (5.1) ylelds positive
and decressing marginal utillities and independence between wealth and
cash. (5.1) does not, however, satisfy the assumptions (cf. also
Figure (1.7) ):

W(Fy » my )
(5.1a) = 0 {for all values of Fp) and

S

aU(FT , mT)
Oy

max
< O (for all values of Fp » T > Uiy ) .

We will therefore consider (5.1) as a kind of an approximation
which only is acceptable for those constellations of the other data

yielding

(5.1b) M < o - & positive constant.
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It is seen from the indifference curves in Figure (1.7) that the

tudget line has t0 be horlzontel if the decision maker should
max

choose mr = qr

and the corresponding comments. We will not meke any attempt at an

« This corresponds to A, =0, of, Figure (3.3),

explicit determination of the positive constant of (5.1b) and the
corresponding feesible region for the data. In the graphs of the
demand functions emerging from (5.1) we will, however, give an

indication of thelr feasibility.

We will first study the shape of the indifference curves
corresponding to (5.1). We denote the constant value of U by U

and solve (5.1) with respect to 8, In Fp:

a1 n¥F == a2 In mb + U - a, » i.e,.:

T
a, eU“ao
in FT = fn = ’
T
which further yields:
. U
a,
(5-2) FTl= a -
2
"
By teking the alth root on both sides of (5.2), we obtain:
"
( !
5.3) Frn = ———— .,
* ‘2
m al
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When T, increases from zero to infinity, F.,, decreases

T
oF,

frow plus infinity to zero and (5&; increases

) U = constant
from minus infinity to zero. This implies that the indifference

curves are approeching the axes asymptotically. Thus the utility
function (5.1) belongs to the class of utility functions which

fulfill the strong assumption mentioned on pp. 17-18.

By assuming 5‘2 = al

utility of an amount of wealth equals the marginal utility of the

-- which implies that the merginal

geme amount of cash -- and -- for the sake of convenjence -«

putting &, = 0 , (5.3) becomes:

o Ic:l
't::l

1

o

@

ip

(5.4) Fp = s leee, Frm,=e 1 - constant.

(5.4) 1s & reguler hyperbela whose axes coinclde with the m, , Fp

axes. The greph of (5.4) is glven in Figure (5.5) for three

valuee of U .
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Figure (5.5)
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From (5.1) we get for the marginal rate of substitution:

OF,,
(5.5a) 5

3
)

N

H i

e

U = constant

When F& = M, (1.e., the point of intersection between the indifference

curves and the 45° - line), the marginal rate of substitution

&
equals minus 2 (=-21vhen a, =&
8y 2

When U, &, and a, are assumed constant, all the indifference

, &8 assumed in Figure (5.5)).

curves vhich are generated by variation in a,
U-a
o
%1

the polnt m, =1, F,= e , cf. (5.3}, When e, <a, , the

will pess through

indifference curves willl be situated below the corresponding one

in Flgure (5.5) as long as O < 1 and ebove 1t when m, > 1.

Before deriving the expliclt expressions for the demand
functions, we will see if the abnormal results, ef. (3.12) and (3.13),
way occur. We now have;

3U &2 3%y
m,  m,
"o O "

and (3.12) takes the form:

3
3F,

A

nA
;'_.f

ol
L]
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The total wealth of the decision maker "just after" he has
made the redistribution is -- of course -- the same as his initisl wealth,

i1.e., (cf. also (1.3)- (1.4)):
(5.7) Fz = mz + P, Z: =, + Py Zp.

We will now assume that his inltial wealth is strictly positive,

o

Ft > 0 , whatever the present price, Pt , way be:
(5.8) Fﬁ > 0 (for a1l PB,) .

This assumption will be called the strong assumption of solvency.
The word strong is applled because of (5.8) is due whatever a "bad"
( = high ) price a debtor (Z: < 0) is facing and not because we
don't allow for the zero value of the wealth in this definition of

Bolvency.éf

1/ 1In model IT we will give some further remarks on the
assumption (5.8) and, to some extent,also study the impliecation of

a non-positive F: .

{(5.7) - (5.8) lemd to the following inequality:

(5.9) Ty > ;2 , L.e.,

t

the abnormal result, (5.6), will never emerge. Vhen P; increases,



FT will always increase.

(3.13) may now be written:

(5.10) _a..m'_r 2 o if zTizl. f‘_'l_' .
ory A By

By substituting the expression (3.5) for Al 3 (5.10) gives the

following upper bound for FT:

*
P’I‘
T -(E;g +i-l)PtZ‘I"

I A

(5.11) ¥

From (3.6) we obtain for By

(5.12) my = Fy = (Pp + Py 1) %, ,

and by using the non-negativity condition on mn - ef. the left

bend side of (1.6) -- we obtain the following lower bound on Pyt

t

P*
(5.13) Fp 5 (T,-T- + 1)1=t A
hY
(o

X

P

== + i) > == + 1 - 1/ the case (5.11) -- or its
Py s th

equivalent (5.10) -- will never oceur, i.e.: When P; increases,

B will elways decrease, which further Implies that ZI.‘ will always

increase.



- 47 -

Next we will derive explicitly the demand functions. (3.7) may

now be written:

(5.14) T T W

We rearrange (5.14) as (5.15) and rewrite (3.2) as (5.16),

utilizing (3.4) - (3.5):

(5.15) 8, Fr, - &, Ay My = O
P*
T o
(5.16) Fp + Ay Wy, = 5;— +1) F .
The solution of (5.15) - (5.16) with respect to Fp &nd m, ylelds:
,'* 4
P
T o
(5.17) Fp —('f’; + 1) 8 F_
¢
52 + 1
t o 1 o]
(5.18) my, = - (1-a)Ft = —T (l-a)F%
?2 + 1.1 R;
t B +1
t
where

{5.19) a =
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By substituting (5.18) for L in (1.4%) we obtain for Zyp

4;*
T
{'i:',-“-i-i -1 PO
(5.20) _avt T
R P
51 +1 -1
t
1
a B
- T
+ 1 (o}
_ Pt Fy
L . L Py
*
Fp
-15—+i
t

The demand functions (5.17)-(5.18) and (5.20) are in-

varisnt with respect to any increasing transformation of (5.1).
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6. The demand for wealth, cash and Z-assets a&s functions of

the fubture price

(or any increesing transformation of (5.1))
We have seen that when the utility function (5.1)/is utilized,

the demand for wealth will always increase and the demand for cash
will alwaeys decrease (i.e. the demand for Z-assets will always
increase) when the future price of Z-assets increases. We will now

study somewhat more detailed the explicit demand functions,

assuming P, and 1 (and mz and Z:) constant. Under this study
we will mssume that m. 1s strictly positive. We will use the

t
notatlons F(BY), my(Py) and 2z (B}) for the demand functions
in question. The technique applied will be to determine the extreme
values of ‘ET » Ty, and ZT » 1.e., the values obtained for these
variables when 3; assumes its minimal end maximsl velues, and
Turther evaluate the first and the second order derivatives of the

demend functions (5.17), (5.18) and (5.20).

*
P
We have assumed that T +1i~-1 > 0. We will now consider
P
t
0 ag g limit value;
P-H—
L 41-1 2 0, e,
Pt
P*
(6.1) Io+1 21 or P; 2 (1-1) P, .



Infinity will be considered as the maximal value of P; .

(1) 7= ET(Rg).

From (5.17) we obtain:

(6.2) lim Fp =

——— + 1

6.3) Fp

(6.4) OF

(6.2) - (6.3) imply that total weelth will be a linear function
of the future price, starting off from & positive value and increase

towards infinity.

(11) my = my (BD) .

From {5.18) we obtain:

(6.5) 2im M, = +



O
(6.6) lim m, = (1-a)F,
PT'-'}N
N 0
(6.7) ! (1-8) IR
a - - - * === (negative)
?:‘:'P; PX \2 Bt
= + 1-1
i /
% Fy
(6.8) ‘;T 2 il-&) v . = (posttive) .
3P P, 3 P
T T \ %
F + i-1 /
t /

The demand for cash will decrease from plus infinity to a finite

value, (l-a) F:

infinity to zero. (The fumction (5.18) is a hyperbols with axes

» 1ts first order derivative increasing from minus

Pp = (1-1) P, and m, = (1-a) F}) .

(111) 2, = 2 (P;).

From (5.20) we obtain:

(6.9) lm Zy ==~
"pt
T
=+ 121
Py
(6.20) lm %, =& 5
% t
P
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oy,
*
agr

(6.11) — =

1
= - §t (positive)

(6.12) —_— - % (negative).

The demand for Z-assets will increase from minus

infinity to a posltive finite velue, a ?E- » its first order
t

derivative decreamsing from plus infinity to zero. (The function

(5.20) 1s a hyperbole with axes P; = (1) P, and z, = &

e

The value of R; (= ?;) for which the decision maker
doesn't demand any Z-assets (i.e., FT = O = F:) is found by equating

the right hand side of (5.20) to zero. This ylelds:

(6.13) B-(z-1)0r

We may notice that the initial holdings of cash and Z-asseis are of
no significance in the determination of P* . From (6.13) is seen

% * T
3P, BPT
that e~ @s well as 3 are negative, 1.e,, the more the

decision maker prefers wealth to cash and/or the higher the interest
rate is, the lower is the value of the future price which mekes him
switeh from borrowing to lending. In Table (6.1k4) we have -- for
some combinations of & and 1 -- given the expected price increase,
calculated as a percentage, at which the declsion maker keeps all

his wealth in cash.
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TABLE {6.14)

e~

Expected price increase!_: (é - 4-1) 100} vhich mwakes the

decislon maker demend no Z-assets under alternative assumptions

about a snd 1 .

| a\\i 0 0.05 | OI0 | 0.15 0.20 | 0.5 | 0.%

o9l 1 6 |-y | - 9 -1 | =19

0.8} 25 20 15 10 5 o |- 5

0.7} 43 38 33 28 23 18 13

0.6 67 62 57 52 g 42 37

- 6.5100 95 % &5 | 8o o 70
- a e L

When a 1is as "low' as 0.5, which ylelds the indifference curves
of Flgure (5.5), the decision maker has to expect guite a high price
inerease in order to be a lender. 1If he expects no change in the price,

j.e., P a , s he will dewand no Z-sssets if the right hand side of

RT
(6.13) equale P, , which implies
t

1
(6.15) = -1=1.
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In Table (6.16) we have listed some a , i- combipations satisfying
(6.15).

TABLE (6.16)

Cowbinations of & and 1 yielding ?; = P,

1 i 0 0.05 0.10 c.lijl' 0.20 0.25 0.30
% 0.83 c.80 0.77

a l 1 | 0.95 0.91 0.87

Figure (6.17) - (6.18) give the graphs of the demand functions
for totel wealth, cash and Z-assets. In Pigure (6.17) we have -~ for

illustration purposes -- plotted & value of m,!},_]a * larger than F: 3

and farther assumed that P° 2 P° is the feasible P* .- range
T it T

vhen taking into account that (5.1) only is en approximation. The po-
gition of the demand functions in the non-feasible P; - range is
indicated by short dsshes. The diagrams are drawn under the
assumptions thet a = 08 and i = 0.25 , which is one of the

combinations yielding ﬁ; = P .
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We may finally notice the following: From (5.17) follows that
if two decision makers have the same utility function (i.e., the same
value of a)} and make the same price forecast, the one who ls richest
in the initial ,pogition (i.e., largest F:) will stay the richest
whatever P; may beQE/The richest will alsc demend more cesh at any

value of P; , ef. (5.18), and the numerical value of his holdings of

Z-assets will alwaysbe the largest, except vhen P; = (% - 1) Pt s

when they both demand no Z-assets. The ranking of people according
to thelr wealth in the initlal situation may, however, be changed

by changes in P

. ? which hes been assumed constant.

;/ If the price forecast, Pg » turns out to be wrong, this
conclusion mey be violated.
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MODEL II

7. The budget equation

In Model IT we will utilize a definition of the Z-assets which
should be applicable to quite a wide class of bonds. We now define a
Z-asset as an asset which -- after "one period" -- ylelds an increase
in the wealth equal to a constant (and known) interest income plus
the increase in the price {capital gain). The given interest income
equals the nominal (face) value of the asset multiplied by the nominal

rate of interest.

Tf we denote the constant interest income received in each
periocd by b , we have:

¥*

(7.1) Increese in wealth per Z-asset: P + b -P .

The budget equation in thlis case is obtained from (1.2) by

replacing P_ . 1 (the expression for interest income per Z-asset in

t
Model I) with b . We then obtain:éj

// - 3\ ! y
O \
(7.2) Fp o=y + {20 + s ) (

T N Py /j

1/ The definitional relations (1.3) - {1.4) are slso valid for
Model TII.
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We may further ask for the effective rate of interest, i .
If the duration of the asset in question is definite, say n ‘periods,
and we denote the nominel (= redemption) value of the asset by bo »

we get the following relation between Pt 1, b and bo:;/

1/ 1If we denote the nominal rate of interest with i, s ve may

write: P =bP .1 .
o] o

The variable A, , defined by (8.2) may also be consldered as a
kind of en effectlve rate of interest.

b

Po= o 4+ —2 + b 2 + e
v o1 (141)% (1+1)" (1+1)" , 1.e.,
b
(1.3)  Py= 3 |12 °

—

and the equation in the foctnote above
From (7.3)/follow that the effective rate of interest, i ,

depends on the effective price, the nominal price and the nominal

rate of interest and the duratlon of the asset.

An annuity bond, l.e., a bond which bears ne maturity date, the
interest continuing indefinitely may be considered as a special case of
the class of Z-assets yielding the budget equation (7.2). When n

increases towards infinite, we obtain from (7.3):
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(7.4)

W
"
s Red

, or

(7.5) i =

0‘
d"‘d I

We may notlce that the budget equation (7.2) emerges from

(1.2) by replacing i in the latter with the expression (7.5).

Neither (7.3) nor the specification (7.l4) 1s necessary for
the following analysis. We way say that these relations leave us
free &8 to choose between Pt and i eas varisbles in our model.
In the followlng we will use Pt as the independent variedble and
use the budget equation in the form (7.2). The relations (7.3) =
(7.4) may Dbe considered as "secondary” relations which make it

possible to compute corresponding values of i and Pt for given
values of b, bo and n
Whatever n (the durctionof the Z-assets) mey be, we will

always have that the effect of changes in 1 1is opposite the
effecte of changes in Pt as far as we only deal with the sign
of the changes in the relevant varlables: FT » s Z‘I‘ + This

dP
gstems Prom the fact that ﬁ , derived from (7.3) , is negative,
whatever n uway be (provided that n > 0). By differentiating

(7.3) with respect to i , we obtain:

dP
(7.6) di;. . b 141 4nt- (1+i)n+l 0

1% (141)2* (1+1)°%2
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Putting =n = 0, 1, 2, we obtaln for the terms in the bracket:

=0, [-««}=1+1-{41) = 0

n=1, [---1=1+21-1-21-22=-4%<0

2

1431-1-31-342 172 -34". 1< 0,

=
1
R
—
[}
i
¥
| -
H

The terms within the bracket will always yield a negative factor

when n 2 1 . The factor before the bracket is strictly positive.
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8. The optimal portfollo selection under & given
constellation of data

The provlem of the optimal portfolio selection is now solved by

maximizing the following lagrange-expression:

7 m - mr\
B(F, » mp) = U (Fp , mp) -2 FT-mT-:,\Z€+ tPt )(P;«l-b) .,

This leads to the following relation:

(8.1) U . W {’
&, O |

N

J“I»a’d*
+
oo
§

i

St

This condition may be interpreted in the same way as (2.1):

Fach dollar spent on Z-assets results in & net increase in the
PT 4 b - Pt
Fy

future wealth equal to

By multiplying this item with the marginal utlility of wealth we obtain
the utility of the last dollar spent on Z-sasets, which -- in order to
achievean optimel distribution -- shall equal the marginal utility of
the other good, namely cash., We will use the symbol A, for the

2
expression within the perenthesis of the right hand eide of (8.1):5/

1/ A, -~ like A, , ef. (3.5) and the corresponding footnote --
may be consiﬁered as an Blternative definition of the effective rate
of Interest.

P; + b

dollar spent on Z-assete, Ae is assumed positive).

-1 ( = net increase in wealth per



- 62 -

(7.2) and (8.1) give us two relations for the determinetlion of F,

and mr .

We will again study the effect of changes 1n data. By
comparing the relations (1.2) and (2.1) on the one bend with the rela-

tions (7.2) and (8.1) on the other hand it is easily seen that P%

enters analogous in the two models. This implies that the efTects

of changes in P in Model IT will be the same as those in Model I.

T
aFT 3
In the expressions for ~—— and , ef. (3.14)=(3.,15) in the general
BP,’I," OFy
Ly ~
case and (3.10)-(3.11) in the special case whele 5§_555 = 0,
T
we only have to substitute % for 1 , or -- what amounts to the same =--
t
Ae for Al . Doing this we obtain in the general case:
1w, ZTl\ L Yu__ | aau]
2 2
(5.3) BFT = P, Om, % BF&BmT du, |
3p* 3%y 2 3y 2%y
T 24 - A -
2 R D 2 du
7~ T Ty
1 QU %y 3%y
. moor O Longm 2 o
(8.1) r _ &7 7 T )
ap¥ '
T ea, T 2 v |
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BFT amT
The comments glven on = and in Model I are therefore also
OF, E:P,}*

valid in Model II.

We may further notice that P; and b enter completely

analogous in the two relations (7.2) and (8.1). This implies that
the effect of an increase in the interest income
is the same as the

effect of an increase of the same size in the future price, cf. (8.3) -
(8-4), vhen Pt in either case is assumed constant.—k/

In the next chapter we will study the effects of an increase in
the present price of Z-assets. When only dealing with & qualitative

-analysls this is the same as studying the effects of 2 decrease in the

effective rate of interest, whether the interest rate is defined by

(705), (715) or (8.2).

1/ Assuming P, constant, an increase in b implies
an increase in the effective rate of interest.
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9. The effects of changes in the present price of Z-assets

We will first study the effect of an increase in P

t on the

budget line. We rewrite (7.2) as (9.1):

T+D

/ * -' R o N

E ; / o By *
(9.1) FT=- -_f’;_ -/)mr+[<t+ 'f;;—' PT + Db .
As far as the slope of the budget line is concerned, we see from

(9.1) that it becomes lesg steep when P, increases. Whatever

t

the value of Pt may be, the decislion maker 1s, of course, always able

to keep amounts of ecash and Z-asseets equal to his initial heldings.

By inserting o, = mg in (9.1) we obtain:

(9.2) F, = wo + (P

A . o+ b) zg , 1.e.: the budget line will

pass through the polnt By = m: 3 F& = m:

the present price is, This firm i/ point is located below, on or

+ (P; +b) 2° , vhatever

Z0

1/ Firm as long as the data m_ +

6 and (R; + b) is constant.

above the h5° - line according as Zg is negative, zero or positive,

We assume that the initial amount of cash ls non-negative;

(9.3 m Z o.
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For a decision maker who initially is a non-borrower, i.e.,

0

>
¢ = 0 , the right hand side of (9.2) will never be negative. We

Z

may consider (R; +b) es a paximun value of P, . (Actually P, has

to be smaller than (P + b) in order to obtain Ay> 0, cf. (8.2) ).
The right hand side of (9.2) is therefore the minimum wvalue of the initial
wealth of & decision meker who initially is a borrower, i.e., Zg < 0.

We usz the notation Fi (Pf; + b) for this value of the initial wealth.y

. =0 _ 0 o
1/ Generally: Fe (B}) =m + B 2.
By assuming
o *
(9.4) Fg (B, +%) > 0,
the decislon meker will be solvent when he enters the market

at t wvhatever the (feasible) value of P, may be.—a/

2/ cf. also (5.8), where F: (R; + b) was assumed strictly
positive, and the corresponding comments.

The assumptions (9.3) - (9.4%) implies that the point of rotation
for the budget line always will be located in the first quadrant of a
By > F& -~ diagram, including the borders. We will further assume that

the equality sign does not occur simultanecusly in (9.3) and {9.4),

l.e., m + Fz (F + b) > 0. This implies that the point of rotation

never will colncide with origin.
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We summarize our results about the situation of the budget line

and how it is affected by an increase in PE in the following points:

(1) The budget line becocmes less steep when P, increases.

(1ii) All the lines which are generaled when P,

the point m, = z » Fp = F: (R; +b) = m:

varies pass through

* 0
+ (r& + b) Zy -
(ii1) The point of rotation for the budget line 1s located

(1iia) on the FT - axig in the special case m: = 0,

1ib) ox the - ax n the speciel case F_ (P, + b) =0.
111b) B is 1in th ial g ; )

(iv) The point of rotation for the budget line is located in the

interfor of the first quadrent vhen m_ > O and Fy (P; +B) >0

and below, on or above the 45° - iine according as Zz is

negative, zero or positive,

The graph of the budget equation for two alternative values of

P

y 18 &lven in Figure (9.5) - (9.9}, 1In all these dlagrems the

line BB represents the budget line at an "initial" value of P and

the line B'B’ represents the budget line at a higher value of Pt .

The diegrams are otherwlse based on the alternative assumptions about

o Oy o
me , Fy (RT +Db) and 7, mentioned above.

In accordance with Don Patinkin, 5/ ; we will refer to the

1/ Money, Interest and Prices.
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for
difference between actual demend/and initial holdings of a commodity

&8 excess demand. In the rotation polnt we have ZT = Zg and

thereby the excess demand for Z-assets equal to zero. The points
situated on the budget line to the left of the rotation point are
characterized by ZT > Z: s 1.e., 8 positive excess demand,while polnts
to the right of the rotation point imply 2, < zg , 1.e., & negative

excess demand for Z—assets.;/ Points situated on the budget line between

1/ We might as well have considered the excess demend for
money which has the opposite sign of that for Z-assets,

the rotation polnt and the point of intersection between the budget
line and the 45° - 1line involves that the decision maker
1) is & borrower when Zz < 0. His debt, however, is smaller than

in the initial situation, i.e.,

(9.10) Zg < Z, < 0,

2) 1s 2 lender when Zg > 0 . His claim, hovever, is smaller

than in the initial situation, i.e.,

(9.11) 0 < 3, <@ .

The location of the rotation point for the budget line indicates

-- 88 whan deallng wlth changes in E; , ef, Mgure (3.3) and the
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corresponding remerks -- that the effect of changes in Pt

on demand for wealth, cash and Z-assets are not clear, even if we

only are concerned with the signs of the changes., For further

oF o
7 iy

investigation into this question we will derive == |,

X avt BP,C '

Zip 3*y
and . We first assume that a 0 .

Py SFomy

We rewrite (9.1) and (8.1) as respectively (9.12)
and (9013)-
P* + b mo
| X - o, .t *
(9.12) Frn 7, 1 o, + <zt + P 54 +b)
P*
U AU T+ Db

(9.13) = —— ] .

Derivation of (9.12) with respect to P, yields:

/* 3% £
OFy =_(PT+b _l)amT +PT+b By
OF, F, 5P, Pi By 2
t
m: = Op o
By introducing A = Iy - Z, , cf, (1.4), and utilizing
t
(802), we c¢btain:
JF, d Py
T _ " T+ Db ]
(9.14) 3, " 3, "TF, (zp - 2¢) .
By differentiating { 9.13) with respect to P, we get:
¥
%y Mg sy Ept*? Py g
Rl W TR T T 2 W
t T
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By multiplying each side of (9.14) with _83_[)5 we obtain:
Oty
32y g 2%y Omp  Bp4d a%
{9.16) = - —— - L -
2 5P b T35 3 P (zg - Zp) -
amT t amT t t mT

By further inserting (9.15) into (9.16), rearranging the terms
OF
(under which utilizing (9.13)) and finelly solving for 3—2 s We

obtain: -
P*+b\ d
T 1 3y ( aaU)C o)-x
- = + - -2
(9.17) 2{22 - Fe LBy o )\
v 2 3
T Bp
OF

By inserting {(9.17) for 3-} in (9.14), rearranging the terms
t

Oy

end solving with respect to 35 Ve obtain:
t

P*+'b
7 1 3%y
Sy, 7, ['ﬁta'ﬁ*“"g(%'z’]
(9.18) E'P_; = - .
2
-[Aa \
T

By differentiating

(9.19) Zp =2 + —F
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with respect to Pt we get:

J 0
(9.20) ?32% Pt\ mT) ( )

or, by utilizing (9.19):

3 )
(9.21) a% = - %t’: 2. (Zp = Zg ):l

d
By inserting (9.18) for ;T- in (9.21) end rearrenging the terms, we

v 7 W (ne )L e (%)]

{9.22) 3 =
: - P, | A2 El , v
t| 2 2 P
» T fp

obtain:
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By assuming that the decision meker has no initisl holdings of
Z-assets, Z: = 0 , and comparing the expressions (9.17) - (9.18) with

(3.10) - (3.11), we notice a "high degree of similarity"” between

aFT ‘c‘sFT 3 amT
—z &and —= and between - and —= . Putting Z: = 0, we may
apT apt aPT apt
aFT BFT
consider —=, (9.17) a&s being obtained from —— , (3.10), by multiplying
OF, . BP,;
P .+D
the latter with minus and replace AZL with A2 . By applying
Py
Snip
the same calculation to the expression (5.11) for " we obtalin the
amT aPT
expression (9.18) for —— . We may say that this similarity also is
apt
indicated by our study of the budget line. When Zz =  , the rotation

point is situated on the h5° - line, ef, Figure (9.8), which is always

the case under variation in P , eof. Figure (3.3).

If Z: ;4 0 , we may still apply the formuls above for the
oF, d
transformation of the expressions for —— and —= %o the expressions for
) )l
T
BFT amT o
= &nd —= if we replace ZT in the former with {Z‘T - Zt) .
P, P, ~

we may utilize the results derived from the discussion of -1 and
oP,
T

o
— ef. ppe 31~35. The only change we have to do is to replace the
oF,

T
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assumptions about the sign of the demand for Z-assets, ZT , with

assumptions about the sign of the excess demand, ZT - Zz , and finally

reverge the sign of the conclusions arrived at.il We will however, write out

E/In a specific sense ZT in (3.10) - (3.11) and (ZT - ZZ) in

(9.17) - (9.18) measure the seme: the deviation between the actual demand
for Z-assets (= 7} and the demand for Z-assets which corresponds to the
rotation point. qEnder partial varisiion in P* the rotation point implies
an smount of cash equal to the initial wealth, i.e., an amount of Z-assets
equal to Zerc. Under variation in Pt the rotation point is characterized

by an amount of Z-assets equal to the initial amount, Zg .

BFT amT
the comments on snd -—— explicitly.
OP, P,

The denominators of the expressions (9.17) - (9.18) and (9.22) are all

positive.



- 76 -

aFT
Couments on —= ,

aPt

Case Q' (ZT - Zg) 2 0, l.,e., the actual demand for Z-assets is not

}/ As regards the alternative combinstions of slgns for Zz and
(%, - Zg), of. the sign metrix (1.5).

less than the inlitial heoldings of Z-assets, or -- in other words -- the excess
demend is not negative. This will always be the case when FE(P; + b} =0,
cf. Figure (9.6). In this case the total wealth will always decrease when
the present price of Z-assets is inereasing, This conclusion holds true
elther the decision meker initially is & borrower (Zz < 0) or a lender

e

(Zt > 0) and either he is decreasing or increasing his demsand for Z-assets

when thelr present price is inereasing.

This form of the demand function for wealth (which implies that total
wealth is increasing at an increase in the effective rate of interest) will in

the following be referred to as the "normal."

Casge % (Z'l‘ - Z:’j< O,g/ i.e., the actval demand for Z-agsets lsg less than

g/ Thls case lmplies that the decigion maker chooses a point to the
right of the rotation point, vhere My = M . This further impllies that the

amount of money corresponding to the saturation point, m;ax > has to be larger

than mo + If the decision gaker shall become a borrower, l.e., chocse a
point td the right of the 45" - line, 1% is necessary (but not sufficient) that

0 max 0
Ft < LIS Ft is a function of Pt,and ve have:
Fo(max) = FC (0) = ul (for a borrower, i.e., Zo < 0)
t t t t
-0 (max) O ¥ o * o o
Fe =F, (Pp+b) =m + (F; +b) 2, (for & lender, i.e., z, > 0) .
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the initial holdings of Z-assets, or -- in other words -- the excess
demand is negative. In this case the bracket parenthesis of the numerator
of (9.17) is the sum of a positive and a negative term. If the
numerical value of the excess demand is "smell," we still get the normal

result, In order to arrive st the abnormal result, the excess demand must

be "large negative," more precisely:

12
OF P
(9.23) —= 2 0 if (3, -2) € - o S
OF, U
T2
oy
i.e. (when expressed as a bound on ZT):
;2
P
< [a) + mT
(9.2!‘}} ZT ™ Zt - ag[} -
- g;g

In Figure (9.25) is illustrated the mutusl loestion of zz and
ZT, the right hend side of (9.24),and the Zp, - range which brings

about the abnormal result. In Figure (9.25) ve are assuming that

Plgure (9.25)

ZT - intervel which

brings about the ¢
abnormel result. . ; 3 Zp
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Case a_: —_—= 0 ., In the special case of a utility function with

constant marginal utility of money, the decision maker will always lose on en

increase in P , vhatever the sign of (ZT - Zg) may be.

)
Comments on «—=— .

OPt

Case Bl: (ZT - Zz) S0, i.e., the excess demend for Z-assets is not positive.

)
This will always be the case when mC = 0. In this case we get BEE— >0, i.e.
t Pt; 2 b

the demand for money will increase when the present price of FZ-assets
increases. GSince the effective interest rate of Z-sssets 1is reduced when
their present price is increased, cf. (7.6), the above result implies that
the demand for money is reduced when the effective rate of interest im
increased. This result -- which coincides with the usual assumptions,

cf. for instance the liquidity preference theory of Keynes -- will be

referred to as the normal.

Case 62: (ZT - Zg) >0, l1.e., the excess demand for Z-assets is positive.

The assumption of a non-positive excess demand, case Bl s 13 a sufficient,

but not necessary condition for obtaining the normal result. Even when
™
O

the excess demand is positive, we may have 3§-v> 0 . In order to errive &t
t

the opposite result, the excess demand has to be "large," more precisely:

; 1 Ju
mT < 0 Pt F&
.26) = 0 i -2) 2
o (== |
aFg J
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i.e. {when expressed as a bound on Zg ):

3
P SF
(9.27) 2 2° s t T
Zep t Za
Ax(- T3
OF

In Figure (9.28) 1s illustrated the mutuel location of Zz and ZT

the right hand side of (9.27) and the - range which brings about the

abnormel result, 7z° 15 assumed positive.

t
Figure {9.28).
‘Zg -~ interval
" which brinegs
about the abnormal
N ; result “
6 ZS o Ty ~ - ZT
5 a‘" Zp
] —
Eﬁr
- (_ 3%y )
2
=
3%y
Casge Bj - 0. In the special case when the marginal utility
oF
T

of wealth is constant, the decision maker will always increase his demand

for cash by an increase in P, , i.e., the normal result will always cowe

out whatever the sign of the excess demand wmay be.
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d
Conmments on 3;2 .
t

As far as (the effect of) an increasein R; is concerned, the
3 s}
effect on ZT will always be opposite of the effeet on mT 3 -EE = - L qr .
3t P 3%
BPT t BPT

From (9.21) is seen that this does not necessarily apply to the effects of an

incresse in P_ . This implies that even if we obtain the normal result as

t
regards the demand for cash, ge may obtain the ebnormsl result when it comes
to the demand for Z-assets, 55 20 » and vice verasa: the abnormal result
t

as regards demand for cesh meay he cowbined with the normal result for the

demand for Z-assetis.

) 3
The actual combinations of signs of T and 55 depend upon
t t

the sign of the excess demand, ZT - Zz « The "relation" between the signs
o 3
o g Zp
of (ZT - Zt) , 352 and 5§; is revaaied in Table (9.29).
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TABLE (9.29)
Th ti bhet signs of - Z0 amT and aZT
e connections between signs of ZT v [ 352— Eﬁ;— .
; o
% Zp - By
; = : g T ¥
{ {negative ex- i(zero excess (positive excess
| _cess demand) | demand.) demand)
T o T -
| f oz, e %, 2
op. 3P 38,
i t : t t
(abnormal ) (abnormals\\\\ normal )
. 1
omy, 0 22y > = 0 oy < 0
w (ebnormal) 3P, P, OF,
{atnormal) (abnormal) (normal)
+ 232,T o% azT
> 7
(normal) gﬁ; 5 0 a-?;- < 0 5?:'-— < 0
!
! (normal) (normal)
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From Table (9.29) 1s szeen that the combinetions above the

diagonel between the lower left and the upper right corner yleld the abnormal
™
S

result, S5 > 0 , the combinations below thet dlagonal lead +to the

t ~
s
normel result, 5;2 < 0, &and the combinations along that dlagonal may
t

lead to the normal as well as the abnormal result (except for the

3
combinagtion in the center of the diagonal, which is ylelding 522 = 0).
t

Table (9.29) is, however, based only on the definitional relation {9.19).

~
omT<

According to case &l the abnormal result T = ¢ will never emerge
+

when (ar - Zz) < 0 . This implies that we have to omit the four combina-
tione which establish the upper left two times two matrix of Table (9.29).
This is indicated by drawing the dlagonals of the sub-matrix in question. This

omission reduces the possibility of obtaining the abnormal result,

)
r 2 0.
'é'P’,; =
We denote the terms within the bracket of the numerator in (9.22) with
K
3%y 2%u
(9-30) K = A + - —— .
2 due
T T

By imposing the abnormal result and assuming alternatively K
negative, equal to zero and positive, we obtain from (9.22):
Sy
P

B-—-Zom
%



K
P& + B ég
(9.31) ZT - Zz > when K 0
\ - K
k]
P +1b
(9.32) SIS %9 2 0 vhen K = 0
P Fon
t
¥
) RT + Db ég
2 oF,
0y, < Py T vhen x > 0.
(9.33) (zp - 2,) 2

In the special case ¥ = 0 , vwhich may emerge for one or "a few"

values of Pt , the abnormel result will never be brought about, cf.

(9.32). When K # O , there has to be an excess demand if the

abnorral result shall emerge. When X < 0 , the excess demend has to
be positive and when XK > 0 , the excess demand hes to be negetive. The

numerical velue of the excess demand has to satisfy a lower bound.

Conclusions from the discussion about obltaining the abnormel results, i.e.,

oF, amr d
T = < ZT >
3§; <z 0, 5§;— = 0 =and 5§; z 0.

When imposing the abnormal results there emerge beundary restraints

A
0 1 )
cx1<}& - E/, implying that the excess demand for Z-assets has to be differ-
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ont Trom zero( i.e., 1if the actual demend for Z-assets for instance
neither of
equals the initial holdings,/the abnormal results will be brought

about).
Fp
In order to obtain 5 = 0 , the excess demand for Z-assets has
t 3
to be lower than a negative item, ef. (9.23), while 522 S o0 requires
t
that the excess demand for Z-sssets has to be above & positive item, cf.
oF 3
{9.26). 'These results imply that the combination 5?2 2 0 and = S o
2& o t t
will never be brought about when gf-a-" = 0, Q_g_ <0 and QEE_ < 0.
T mT aFT aZT am%
In order to bring about the ebnormal result == 2 0,
t

the excess demand for Z-assets has to be above a positive item when K --
defined by (9.30) -~ is negative, cf. (9.31), and below & negative item

when X 1s positive, cf. (9.33).

The actual demand for Z-assets, and thereby the actual value of
the excess demand,(zT - Zz) , depends upon the actual price and the constant
deta: the utility function, the initial emounts of cash and Z-essets, the
future price and the interest income. The bounds on ZT , which emerge
when imposing the abnormal results, depend upon the seme data. No
attempt will be made here at deriving explicitly the class(es) of
utility functions which -« for some region of the other data -- will

yield ZT - wvalues satisfying the boundary reatraints referred to abvove.
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More general assumptions sbout the utility indicator

As in Model I, cf. pp. 35-35h, vwe will now discuss the shape of

the ¢femand functions when no specisl assumption is mwede about the sign of

-
%ﬁgsa; . We now obtain for the derivetives of the demand functlons:
T
% _— -
P_+b :
T 1 1 ‘
ar - =L Uy o+ (B - 2) Ny
(9:34) I = LR =
Pt
D
2
Ph +D
T i '
du, F, ['15,0 Up - (% - 2) Nen:_‘
(9.35)  sp—-= -
+ D
2
o+ -
T v - 7°
oz, | B Up + (B - Z¢) Ty
.36 - L
(9.36) 55;
Py Do

vhere MN,, , N, and D,are obtained from (3.17)-(3.19) by replacing

Al in the latter with A2 ,i/ and:
on
%/ The rule givent’pp. Th-75 for transforming the expressions
SFn o OF, azqr
for " and - to the expressions for and
apT aPT OP, apt

also holds good under the more zeneral assumptlons about the utility

funetion.



(9.37) Nyy = ¥pn = N,

or =-- by inserting the expressions for NEF and H2m:

(9.38) N,y = (A2 - 1) U;m + A, UF"F - U;;]m .

The sighs of D2 3 NEF R Nam and NQZ and the algebralc values

BFT BmT aZT
of —_—, ——— and —— are invariant with respect to any arbitrary
oF,  OP, P,

increassing trensforwatlion of the utlility indicator. Wz assume that D2

is strictly positive, l.e., that the second order condition for a regular

maximum is fulfilled.

We will now discuss the signs of (9.34)-(9.36) under alternative

assumpbions about the signs of‘HEF s sz and Naz . In Table (9.39) we

have given the feasible sizn combinatlions for NEF and K

T, -- ldentical,

of course, to those revealed in Table (3.29) -- and the resulting sign

for W Also X maey be negative as well as zero snd positive. Whan

2z 27

i and N " both ere positive, i.e., the lower right square of

2r 2

Table (9.39) the sign of I,, 1s not clear.
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Table (2.39)

Sign Matrix for NEF R NEm and NEZ
i .
Ném
; % |
- 0 ; + §
- - - - - e — .,....._.._._.._‘...._4,-..1
! ' 0.K. if
N, < 0
O-K-
Mo o}
N, < O
0.K. if
0.K. 0.X.
+ Nop = = A By -
|
7
N, > 0 1 Ny, > 0 ! N, % o |
P | f

When the second item within the bracket parenthesis in the nuperators

of (9.34)-(9.36), i.e., the product of (ZI - Zg) and respectively N, ,

qu and NEZ » equals zero, we always obtaln what we have termed the normal

=

SFE? amT BZT
Tt it
result: 352 < 0, cPt > 0 and gﬁz < 0. This impllies thset =

necessary condition for obtaining the abnormal result is
for Z-asgets
that the excess demand/ is different from zero, i.e.,
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In the following we assume that the products referred to above are

different from zero.

BFT
Comments on .
apt
o aFT
(1) (ZT - Zt) N2F > 0 always yieldsthe normal result, - < 0.
oP
t

(11) (ZT - Zz) Nom < 0, The mumerator of (9.34) now is & sum of a

negetive and a positive term. By imposing the ebnormal result we obtain:

oF,
=L 2o if
BP%
I
P
(9.41) Zp, § 7 - £ vhen Nop > 0
NéF
or 1if
L '
o P ‘n
(9-’4‘2) ZT 2 Zt b ———tas vhen NEF < 0.
- Uap
o
Comments on 5 .
+
o
(1) (ZT - Zg) Nem < 0 always yleldsthe normal result, —= > 0.
aPt

(11) (ZT - Zz) Yo > 0 . The numerator of (9.75) now is a sum of & posi-

tive and & negetive term. By imposing the abtnormal result, we obtain:
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o
it J SR
aPt
1 '
$ U
] ~ [} t
(9.53) 7,2 2z, + . when N, > 0
2m
or if
X ¥
< () -ﬁt UF
- I
em
o
Comments on ZT .
BPt
3
(1) -(Z,I, - Zz) NEZ > 0 alwaysylelds the normal result, -ZE— < 0.
BPt

(11) (Z*I‘ - Z:) N2Z < 0. The numerator of (9.36) now is & sum of a

negative and a positive term. 3y imposing the abnormal result we obtain:

o
" 2 0 ir
BPt
% "
Fp + .
PE F
< o _ +
(9.45) ZT < Zt . when NEZ > 0
2z
or if
P;+b
= Up
PL.
(9.86) 2z, 2 22 + ——1°—;I-——— shen N,, < O .
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The abnormal result may occur for all three demand functions
similtaneously. From (9.1%), which is derived from the budget equatlon,

1t 18 easily seen:
O

1. The conditions < 0 and (ZT - Z:) < 0 == which always are

oP

t oF,
fulfilled in the case (9.44) -- are sufficient to yleld £ > 0.
3R, . OF,
2. The conéitions —=— > 0 eand (ZT - 2,) > 0 -- vhich always ere
aPt amT
fulfilled in the case (9.42) -- are sufficient to yleld -——= < 0.
apt
The Ludget equation may be written as:
. 3
J_iTzzmT-l- (PT+b) ZT s Liest
oF, J 3
....._2_ = mT + (P; + b) _._Z‘_r_ .
apt oP, aPt
From the last equation is seen that the simultaneous occurrence of the
JF,
abnormal result for the demand for wealth and cash, — z 0 and
aPt
BmT <
—— = 0, is a sufficient condlition for obtaining the abnormal result
aPt az,T >
as regards the demand for Z-asseis, = 0,
oP
t

We summarize:

The abnormal result will occur for all three demand functions simultanecusly if

5 UE"
(9.146a) 7 < Zz __t {when N, < 0,
or if
LR
. 5, ul vhen N < O,
(5.450) 2 7. + ' 1.e..N .
Zy t e \}r*sfzm > 0 ana N2Z<0;}



- 0L -

The effect on U

Considering FT and Ty &s functions of Pt s We get by

differentiating (1.1) with respect to P :

b
(0.17) U _ oy . & OFy
gi;t BET 5?1,: gﬁT uPt

By utilizing (9.13) - (9.1k) and (8.2) , (9:47) is reduced to:

*

P +Db

oU o T ou
(9.48) 5§t = - (zT - Z.) 7 Efi , 1.e.
(9-%9) g%; 3 0 according as (2, - Zg) E 0.

When the price of Z-assets increases, the total utility will
increese, be unchanged or decrease, according as the decision maker has

a negative, zero or positive excess demand.

We way consider the effect (9.48) &s a kind of an income effect.
Instead of using the concept of excess demand we will now rather

use the concept of net sale of Z-assets, deflned as {Z: - Zr).

2/ Or -- if wanted -- excess supply.

We may then say that if the decision maker has chosen e point en his

1/ The sign of g%. is unchanged by an arbitrary increasing

transformation of the utility indicator and is further independent
of the signs of NEF » Nam and Nez .
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budcet line which implies that he actuslly is selling Z-assets (i.e.,
reducing his initial smount of Z-assets), (Zz - ZT) is positive and

he will be better off when Pt increases.
(9.48) may more detailed be interprated as follows:

When Pt is increased by one dollar, the incowe of the net

sale of Zeassets 1s increased by 1-(22 - ZT) vhich -~ assuming mT

o)
2y = Zp
Fy

constent -~ yields an addltional number of Z-assets equal to

This addlitional number of Z-assets ylelds further an increase in ET

o]
2y = T
Py

marginal utility of wealth we ovtain the increase in U per dollar

equal to (E; + b) and by multiplylng this item with the

increase in Pt . As when dealing with the effect of an increase

in P¥ , cf. (3.3}, the substitution effect is left out.

The value of Pt at which the declsion maker demands an amount

of Z-assets equal to his initial holdings, ZT = Zo

£ ? ylelds the

o] o
minimum value of U . Since the point ZT = Zt s lie., Up = D, is

the point of rotation fox the budget line, the reasoning at the end of

Chapter 3 may be applied also to the case now studied,

Tn Tables (9.50)-(9.51) we have summarized the effects of an
inecrease in Pt on the demand for wealth, cash and Z-assets and on

utility under alternatlive assumptions about thesigns of (ZT - Zz) 3

N I end N

oF ? TZn 27 °
on (Z - zz) , which are obtained by moving Z: in (9.51)-(9.46) over

In these tables are given the boundary restraints

to the left hand side.



The effect of an incresse in P

t

Table {9.50)

on the demand for total wealth and cash,

-
Ez - ]
Nop = A2 Upy < Upm | Nop = Upy - B0
- 0 + - i 0 : +
i : e
‘ oF 3 i k
E 3F,, 3F,, 3P < 3, ’ S, o, -
. < < O @ according as according as > 0 '
0| - w, BN
' 0,< m
(Zm 2,08 - = ( z2)S = !
i A % . Zp Byl3 Pt Tom
- .i
S s
o OF aFT ’aF amT o, .,
- > > 0
ZT Zt 0 P'I‘ < 0 _S—Pt < 0 la_—— < 0 -5-1-);—- > 0 B'Pt— 0 gi';’;‘“
t
i
i
i
oF, < OF ! JF amT BmT amT
T 3 T ;D > 0 >0 | 0
+ F, 70 s, <% e < 3B, . 3P, ra
according as ‘ l according as
-U % : o P
o= 1 (T~ 2)S 5
( | -. | ! N~ 243 B
Zp - SP o : [i i % 5P, 2{#,
J-__.._-..._..L._._L._._L ' : 1




Table (9.51)

The effect of an increase in Pt on the demand for Z-assets and utility

- - 1 ' - t
N, = (1-12 1) Uy + A, U'FF U

Effect on
. ‘ !
- | + U
;
i
3
“EE > o
BPt <
SZT BZT according as Su_ > 0
< 0 —_ * ' )
3P 3P o< (Pp 0IUL 5
+ t (ZT" Zt)= - 2
. > Pl N
ZT ZO 3 3 3 )
T % z oL
..Z'..E_ ¢ g X ._-.ZP.-. < 0 5P 0
3P, OP, 3, b
azT < .
‘g.__Pt 3
according as
© (e b)U; Sy o, X <o
(% + L <9
Sy OFy t
t 22

A

PRI PO Sy

--fr6-.



- 95 -

In Figures (9.522)-(9.52d) we heve given a slightly different
survey of our results. In these fizures are indicated the signs of
oF % o
552— (= 7) , 3;2" (=m') and 5;2“ (= 2') 1in different (ZT - Z:) -
t t t

intervals under alternative assumptions about the signs of NQF B NEm

and sz s 8ll now assumed different from zero. Zz is suppeosed to be
a glven constant, which mey be negative as well as zero and positive. Some
brief explanatory comments on the limits of the intervals along the

(ZT - Zz J-axes are given below.

When N, , N, and N, all are positive, cf. Figure (9.52a),
the values of (ZT - Zg) representing the interval-limits are obtalned
from the bounds (9.41), (9.43) and (9.45). The lower bound on (ZT - Zz)
obtained from (9.43) is strictly positive. The upper bounds on (Zr - Zz)
obtained from (9.41) and (9.45) are both negetive. In order to compere the
algebraie values /oihese two bounds we first rewrite the second term of

the right hand side of (9.45). By utilizing (8.1)-(8.2) we obtain:

(p% +v) U! u! u!
(9.53)  — L . £ . :
Py Mo Py Moy Py Ay Nop
1+ AE 1+ Aa
A2
By forming the difference between NEF and Ngz and utilizing
1+ Ae
(9.37) &nd D, = Nyp+ Ay N, o, we obtain:
A D
2 2
(9'5’4‘) N‘EF - NEZ nz »

1+ A2 1+ AE



- %6 -

which is strictly positive, This implies that the (algebraic) value of the
upper bound on (Zr - Zz) obtained from (9.45) is smaller then the (algebraic)

value of the upper bound on (ZT - Zz) ovtained frow (9.&1).5/

1/ This result is more eesily obtained in the following way: From
(9.37) and our assumptions about the signs of N,. , N end N follow
2F 2m 27
that NEF > sz and since we have Ef:rﬁé < 1, Pt N2F is larger then
the denominator of the item to the extreme “right in (9.53).

When N, > 0, N, >0 and N,, < 0, cf. Figure (9.52b),

the problem is to compare the lower bound (9.43) to the lover bound (9.46), both
when Interpreted as bounds on (Zp - Zt
belng strictly positive / In this case we have, cf., also the term in the

middle of (9.53):

N D
27 2
(9.55) Nog = (T?Ia’) = IVE,

which implies that the value of the lower bound (9.46) is larger than the

2/
value of the lower bound (9.43).

__/ From (9.37) and our assumptions about the signs of

NQF 3 N om and th follow that Ne > - NEZ , waleh is a sufficlent

condition to determine which of the two bounds in question 1s the strongest.

When N, > 0, Ny < 0 and N,, > 0, ef. Figure (9.52e), the

bound (9.4h) is the strongest of the upper bounds in question, cf. also

(9.46a). The comparison between the two other upper bounds, (9.41) and

(9.45), was made above, cf. (9.54) and Fizjure (9.52a).

When Nop< 0, Ny > 0 and Ny, < 0, cf. Figure (9.524), the

bound (9.42) is the strongest of the lower bounds in question, cf. also (9.46b).
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The comparison between the two other lower bounds, (9.43) and (9.4%6), was
wade above, cf. ($.55) and Figure (9.52b),

In the Figures (9.52a)-(9,52d) the limite of the intervals along the

(zp - Zz) -axes are denoted by F , m and Z , defined as:

U'
(9.56) Fa- 2
P lop
Ul
(9.57) —
PtNam
PPaevium
(9.58) E=-(T£ E .
t Yoz

Figures (9.52a)-(9.524).
BFT \ émT / BZT ‘
The signs of =5 (= F') > S ka m‘) and -B-I-;—-(= Z‘) in different
t +t t

( Z'I' - Z,S ) - intervals under alternative assumptions about the signs of

Nop s Ny, &nd Ny, o
Figure (9.52a). Nop> 0, N, > 0, N,,> 0.
o> 0 Fr'>0 o< 0 F' < 0
m' > 0 m'> 0 m' > 0 mt < 0
z' > 0 2' <. 0 AR z' <0, _.,0
A F 0 = >Zp = 2y
Flgure (9.52b). Nop> O, N, > 0, N, < 0.
F''> 0 F'' < 0 F'< 0O Fr< 0
m* > 0 m'> O m < 0 n' < 0
Z' < 0 7' < 0 Z' < 0 2'> 0., _,0
4 > Gy = 2y

=]
Bi
1}
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Fizure (9.52c). Nyw > 0, n< 9 N, 0

F' > 0 F' > 0 P> 0 F <

m' < O m' > 0 n' m' >
Z' > 0 Z' > 0 Z' < 0 z' < o
p=a g o 1 } ZT- Zt

m 7 F 0

Flgure (9.524). I\IEF< 0, W, > 0, N 0

M < 0 M <O F! o} o>

mt > 0 m' < 0 m' 0 m <
rAREE S} Z2'< 0 VA 0 AN o
f > - 2y

m A F




- 99 -

APPENDIX

In Model I we defined the varisbles Dl s NlF and Nlm P

ef. (3.19) and (3.17)-{3.18). The corresponding variables in

Model II are obtained by replacing A, in (3.17)-(3.19} with 4, .

1 2
1
In either model we have A, = ﬁﬁ- ({ = 1,2), cf. {3.7) and (8.1)-(8.2).
F
Ul
We now insert ﬁ$— for A, in (3.17)-(5.19) end denote the varisbles
F
obtained with D , NF and Nﬁ :
U' ;;U' }2
P I R I -
() Pe2gr Uy 0 Fr " U
Ul
- B 1 - )
(2) YT T U " Vo
]
= " .
(3) My, = Uy T Upp -

In this appendix we will zive & graphical interpretation of the

signs of (1)-(3).

If we denote the slope of the indifference curve, i.e., the

derivative of Er with respect to T » U assumed constant, with

aF&

SE;— s we have:

(4) EEE* = - ﬁg" (U = constant) .
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aF
We will now £ind the chenge in &:— with respect to the following

varietions:

a) Increase in T U assumed constant, i.e., a move along the

indifference curve.

b) Increase in Tn s Fb assumed constant, i.e., a move from & point
on one indifference curve to a polnt on another indifference curve,

the latter point helng located stralght east of the former.

¢} Increase in ET > B assumed constant, i.e., a move from s point
on one indifference curve to a point on ancther Indifference curve,

the latter point belng located straight north of the former.

OF,
The derivatives vhich express the change in 5;% with

regpect to the variations defined above will be denoted respectively:

a,aFT \ a, aFT Y
2 ; " i
oy O Pm ) ENCY,
2 ? om,., ¢ OF *
amT P T

We obtaln for these derivatlves:

(5) =

; OF

=)

(6) L F
my
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' JF
9 §_T' i
) o =- =
BET Up

The algebraic values of {5)-(7) are invariant with respect to any

arbitrary increasing transformetion of the utlility indicator. Since U%

is positive, we obtain from (5}-(7):

The sign of D gives the sign of the change in the slope of the

indifference curves, i.e., the sign of the change in

oF,
L. | defined by (&), with respect to the variation defined by a),

Omy

Similarly, ghe sign of NF and the sign of - Nﬁ gives the sign of the
F,

change in o with respect to the variations defined by respectively
oy

b)-c) above. L/

i The right hend side of (5) equals the right hend side of (6) minus
the product of U and the right hand side of (7),; cf. also (3.28).

It
Up

Some supplementary examples on the graphical interpretation of the

signs of D, NF and Nm are given below:

a") Assuming D >0 1is identical to essume that the indifference curves

are becoming less steep vwhen B is increased or, in other words, that
UI
the numerical value of the merginal rate of substltution, A 3
Ul
F

is decreasing along the indifference curves.

") Assuming Np > 0 implies that the numerical value of the marginal

rate of substitution is decreased by & move in straight easterly

direction in the L F. - dlagrem, ¢f. point b) above.

T
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This is the cape with the indifference curves in Figure (5.5). In Figure
(3.32) the U] - curves tmpiy thet ¥, > 0, and whe UM - curves

imply that NF < 0, at least in the vicinity of the optimal polints.

¢") Uhen N, > 0, the numerical value of the marginal rate of

substitution is increased by a move in straight northerly direction

in the Mn RI - diagram, ¢f. point ¢) above, This is the case for

the indifference curves in Figure (5.5). In Flgure (3.32) the U[l] -

curves arecharacterlized by Nﬁ < 0 and the U{El - curves by N > 0,

gt least in the viecinity of the eoptimel points.

In Model II we defined the variable N, , cf. {9.37). We now leave out

the firet subscript and obtain:

(8) N, = Np = N, » .
where N, and N are defined by (2) - (3). (6)-(8) imply that —%— is
F
: oF
the derivative of EEE- with respect to m, (or F&) vhen dF, = dmy, .
oF,
The sign of N, therefore glves the sign of the change in BTET’IL with respect

to a move in north-easterly direction in the B > FT-diagram. For example,
when using the utility indicator (5.1) == or any increasing transformation
of (5.1) -- we obtaln, ¢f. also (5.5a)1
() Yo% hoho

[]
Up 21 n’

(9) implies that in any point on the h5°~line we have NZ =0, il.e., the

marginal rate of substitution is constant along the h5°-11ne. Above the

45°-1ine we have N, > O , and belov this line we have N, < O.



