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Extended Edgeworth Bargaining Gemes and Competitive Equilibrium®

Martin Shubik

1. INTRODUCTION

There has been little, 1f any. utilization of the von Neumann
and Morgenstern concept of solution to an n-person non-constant sum
game to economic problems. In this paper an attempt will be mede to
link up this solution concept with welfarc problems and further to
glve an Interpretation relating it to the properties of equilibrium

and stebility.

The description of an n-person game is given in terms of

1ts characteristic function. As the models dealt with below exre

primerily based upon extensions of Edgeworth's two-person bargaining
model this is used to provide the first exsmple of a characteristic

function.

Suppose that two bargainers have initial fortunes consisting
respectively of {a,0) and (0,b), where the first number of the pair
is the amount of the first two commodities beilng traded which is
possessed by the bargainer. The second numiber is the amount of the
second commpdity possessed by the bargainer. Suppose that both

bargeiners possess & preference system which can be represented by

*Research undertaken by the Cowles Commission for Research in Economics
under Task NR-O47-006 with the Office of Navael Resesrch.
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* famlly of convex curves for each of them. Let them be wl(x,y) and,

mé(x;Y) - Suppose that the bargainers were able to compare utilities.

The characteristic function below describes this game:

v(ig) = 0
v({1})
v({2})

¥4 (2,0)

¥a(o.b)

]

v({1,2}) = By iy (ax,57) + ¥, (x5 D - wy))
Jhe v(®) merely states that the value of a coalition with no members
1s zero. The next two values given are the amounts that each Player
caen obtain for himself by individual action. Each bergasiner can
guerantee for himself a value no lower than that obtained by refusing
to trade. The last value given is that for the largest amount that
the bargeiners can obtein together. On the assumption that utilities
ere comparable this will in general be & uniquely defined amount.
fdgeworth calle this the"utilitarian point”. If trading is to be
worth while, the sum of the utilities to be obtained by trade should
be larger than the sum of the utilities obtained without trade. Thus

in the bargaining situation:

v({1,2}) > v({1)) + +((2}) .
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The characteristic function is & super-additive set function.
It is defined; 1.e., it takes on & value for every possible set of
players in & game. In cother words, it gives a value for every coalition.
For example, 1f the geme has four players the characteristic function
will have 2-’+ or 16 values, one for the no-member coalition, four one
man coalitions, six coaslitions of two, four coalitions of three and

one coalition of four.

In a geme that is worth pleylng there must be at leasi two
sets of players who can improve their gain by cooperating. Thus in an

essentisal game there will Le at least two coalitions without members

in common. say M and N such that v(M UN) > v(M) + v(N). It

is furthermore assumed that no coalition will ever obtain less than

can be obtained by smaller coalitions consisting of the same individuals.
Hence always for any two sets of players M and N with no member

in common, v(M UN) > v(M) + v(¥) . The characteristic function l1s
super-additive as the amount to be obtained by a coalition is alwsays

at least as much &5 the sum of the amounts obtained by the same

pleyers acting in smaller coalitions.

The characteristic function provides a useful description
for complementarity and substitutability relations among indivisible
objects, hence the sets can equally well be considered to be groupings

of speclalized mechines as well as coalitions of bargainers.
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The emounts thalt can be obtailned by coalitions are given
in the values of the characteristic function. In general we will
wvent to know the amount that each individual player receives after
the bergaining has teken place and side-payments have been agreed
upon. Let X, be the amount obtained by the ith player. We
denote by x the n-tuple of numbers (lexeb ...,xn) which indicates
the emount obtained by each player according to some scheme of
division. The first condition we impose upon these numbers is that

for all 1

(1 W) < x

This states that under any scheme of division no player will obtsain

less than he can obtain by acting unilaterally.

A second condition to be imposed is that of Pareto Optimality
{or even more strongly joint maximelity). Let us denote by I the
set consisting of all of the players. In this instance they number n .
v(I) stands for the amount that the players can obtain from the game
by acting as one large coglition. This is the most that they can
obtain under any clrcumstences, thus 1t is not possible for the sum
of the payments to all pleyers to exceed this amount. If the players

behave optimally. it shouwld equel this amount.
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= x, = v(I)
(@) 1 1
An n-tuple which meets the above conditions is referred to
as an imputation from a game with the charscteristic function v .
The von Neumann and Morgenstern solution concept is addressed to the
selection of certain sets of imputations as solutions to an n-person

game.

The selection of the sets of imputations in a solution
depends upon the relationship of domination. An imputation

X = (xl,xg, ...,xn) dominates an imputation y = (yi,ye, ...,yn)

with respect to a coalition of players S if (on the assumption

that S contains some players)

(3) v(s) > = %y
i in 8
and
(L&} Xy > ¥y for every i Delonging to S5 .

In words, for x +to dominete y , the set of players S
must be in a position to obtain at least the amount they are suggesting
for themselves in x. Furthermore, everyone in the coalition S
strictly prefers x %o y . The set of players S is called an

effective set.
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It is possible for an imputation x +to dominate an imputation
vy eand vice versa (with respect to different effective sets). Further-
more, the relation is not transitive. x may dominate ¥ which
dominates z , which in turn dominates . If we consider voting
agreements, political power and horse-trading arrangements over
appropriations, these possibilities ere not strange. The stability
of an imputation depends upon the presence of a group of individuals
with something better to offer rather than upon an atomistic reaction

to sume price parameters.

A solution to a game in the sense of von Neumann and

Morgenstern, consists of a set of imputations B such that:

If x and y are impuitations contained in B , then nelther

dominates the other.

If there exists an imputation 2z which is not contained
in B then there is at least one imputation belonging to B which

dominates =z

The meaning of this solution concept can be demonstrated with
reference to the Edgeworth bilaterasl monopoly model. Before this is
done, we can view the important distinction between the Edgeworth
treatment and the von Neumann and Morgenstern treetment in terms of
games with and without side peyments. Figure 1 illustrates a different

vepresentation of the familiar contract curve shown in Figure 2.




If the utilities of the players were comparable it would then be
meaningful to find a point where they were jointly mairimized. Thic
is denoted by U 1in this disgram. Furthermore,6 if there were a
supply of "utiles" or a "money" commodity for which the players had
a linear utility, then ﬁhéy could jointly maximize regardless of tihwe
asygmetry involved in doing so. and then settle up Ly means of side-
payments along the h5o line denoted by SS' . This is what happens
in the von Neumann and Morgenstern theory. Thus their model of the
Edgeworth two-person, two-commodity trede is in fact a two-person

three-commodity trade medel with the third good being utiles.

If side-payments are forbidden, then the outcome must de
restricted to the curve HNN' or the contract curve (which is part
of the Pareto optimal surface}. This is the "best” that the players
cen do 1f they are unable to settle up outside of the game. An

immediate analogy can be made in terms of cartel behavior. The curve NN'
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represents the best that a pair of firms can obtain if they are not
in a position to make cash side-payments afier having adjusted their
outputs to equalize marginal costs in Loth plants (in this instance

the essumption that there is a third good in the form of money which

can be treated as transferable utility appears to be fairly reasocnable).

We can modify the von Neumann and Morgenstern assumptions
to rule out side-payments in which case the best that a coalition of
the two players can do is to obtain some point on the contract curve.
hen there are only two players it is obvious that by forbidding side-
payments and modilfying the von Neumann and Morgenstern solutions
sccordingly. then 1t is also not necessery to assume the comparability

of utilities.
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The solution to the bargain in the sense of Edgeworth (or
von Neumenn and Morgenstern without side-payments is the set of
imputations on the contract curve such that for eny imputation

(xl,xe), X, > wl(a,o) end x, > WE(O,H. This is proved by showing that

any imputation on this curve does not dominate any other imputation

on the curve. Consider two imputations (xl)xe) and (yl;yej . If
xl>yl then x2<y2 , hence the two person c¢c.alition is not an effective
set. Furthermore, for any of these imputations excluding the endpoints
of the contract curve, condition (3) is violated. For the endpoints

1f condition (3) is not violated condition (4 will be. This implies
that no single player forms an effective set for any of the imputations

on the contract curve.

Using a completely similer argument, but assuming side-payments
with comparsble utilities it can be shown that the von Neumaznn and
Morgenstern solution is the “extended contract curve" SS' of Figure 1,

as has Leen previously noted.

2. S0ME GENERAL PROBLEMS

In dealing with models of THargaining and welfare there are
four problems, which though related, are distinct. They involve the

implications of the assumptions concerning:

(1) The measurability of the utility of an individual
(2) The comparability of utility

(3) The transferability of utility (i.e., side-payments)
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(4} The importance of the role of coalitions of players.

The fourth assumption is utterly Independent of the others.
Although it fast becomes mathematically complex. it has been shown that
even on the assumption of ordinal non-comparsble utility scales it is
posalble to define s solution concept broadly analagous to that of
von Neumann and Morgenstern teking into account the role of coalitions E/.
Thus even rejecting the first three assumptions, there is still a need

and a possibility for a theory of coalitions.

The price-parameter or competitive equilibrium theory iz a
vheory which assumes no measurability, comparability or transferabllity
of utility end furthermore assumes no role for coalitions. The fact

that at equilibrium the market is cleared implies no side-pgyments.
2/

a competitive equilibrium point exists on the Pareto optimal surface.

It is remerkseble that under relatively general conditions

Beyond the observation that it is on this surface, there is no
particular ethical content which distinguishes this point from sny other
on the surface. In fact it may not even be unique. There is, however,

a strong asdministretive argument for the competitive equilibrium. It

is simple to administer in the sense that it is utterly decentralized,
there is no bargaining or discussion between any individuals. However
instead of being an institution-free concept of economic soclution, it
should be more correctly viewed a&s one which calls for a very special
institutional set-up in which man as an economic animal takes great care
to purify himself from contact, collusion or collaboration with his

fellows.
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The recent concern for the stability of competitive equilibria 2/
1llustrates the degree of speclalty of the assumptions even further.
Differential or difference equations must he introduced which depend in
some manner upon the excess supply and demand functions E/. The selection
of the specific forms is more or less "dealer's cholce". 1In his series
of counter-examples Scerf has showm 2/ that even under some of the
"most natural” choices the equilibria may be unstable. Intultively this
appenrs to be a disturbingly undesired result. Yet even the most casual
egpiricism seems to indicate that whatever stability there is in an
economy tends to owe 1ts strength to enforcement by groups or coalitions.
For example, the instability of an agricultural market appears to be

aggravated by the lack of coelitions.

Any concept of stability which, in my opinion, appears to De
natural to an economic system should be related to the coalition
structures potentially able to disturd it. The stability of an imputation

should be inversely related to the number of effective sets of players

that exlst for that imputetion. This imposes many more conditions than
ere imposed by the conditions under which the stability of a price-

paremeter equilibrium hes been examined.

The von Neumann snd Morgenstern solution (as it stands, or
modified to rule out side-payments) to an n-person geme is a socio-
economic concept. The economic bounds are reflected in the utility
functions and assets of the participants. However the stebility of the
imputation of wealth 15 examined in terms of the sociological conditions

reflected by the power of groups.
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The remainder of this peper is devoted to illustrating the
properties of the von Neumenn and Morgenstern solution and associating
them with the concept of equilibrium by exeamining an extension of the
Edgeworth bargaining model. The proofs and initial discussion are given
in terms of games with comparable transferable utilities; however it
wlll be seen that at least for the relatively simple games under
discussion the results generalize immediately to the case where no

side~payments are permitted.

3. EDGEWORTH MARKET GAMES

Edgeworth examined bargains with more than two pleyers and
concluded that if the players became numerous on both sides of the market
(under certain conditicns} the bargaining would be such that the range
of indeterminacy characterized by the contract curve would narrow until
in the limit a single polnt would be reached which wéuld correspond to

the market price under pure competition.

An Bdgeworth market game consists of a set I =MUN of
players where the set of players M can be regarded as traders with
initial assets of commodity 1 and the set of players N are traders
with initial assets of commodity 2 . Iach player has a utility
function consisting of a set of strictly convex indifference curves
(i.e., an indifference map). The utility function of the ith
pleyer i1s denoted by Wi(X; y) where x and y are the quantities of

the first and second commodibty. It is assumed that:
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lim wi(x, v) <o and lim wi(x, y) <

X-hen Yo
and that the wi are twlce differentiable. The ith player in the
set M starts with initial resources (ai, 0) of goods 1 eand 2 .
where the first number is the amount of the first good and the second,
the amount of the second. The jth player in set N has initially

(o, bl) - The characteristic function for the game is:

v(@) = 0
r -
V(S) = max \—"\ '@ri(ai-'ﬁyi) + y\ Wa(hj: bJ - yJ} ! ’
175 | seBom 3o

L i

vhere in = Exj, Eyi = Eyj and xj, Yys > 0.

In order to examine this game fully we would heve to consider
rany special cases depending upon the shapes of the utility functions,
the initial stocks of the traders and the number of traders. We limit
ourselves to the simple case where all traders have identical utility
functions wi(x, ¥) = ¥(x, y). Each trader belonging to M initially

has (e, O) and each trader velonging to N has (0, b)

Because of the above restrictions we can immedistely write down
the explicit characteristic function for any game of this type. If there
is no joint gain to be obtalned from trade, the game is inessential and
the value of any coalition is the sum of the individual initial utilities.

If the game 1s essential and trade tekes plece, then by the symmetry and
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convexity, at a position of joint meaximization for any group of players
all pleyers will dbtain equel quantities of the same good (at this point
the marginal rate of substitution between the two commodities being
traded will be the same for all players trading). The cheracteristic

function 1s:

I
<

v{®)

v(s) = s ¥

where s = (3|, 5, = S 0 M and 5, = iS5 Q Nj . The characteristic

funetion for the two-perscn game becomes:
v(e) =0
v({1}) = ¥(a, o}
v({2}) = ¥(o, b)
= a,>h
v({x, 2)) = ew(e 2\;
: ;

it

The solution to this game consists of the set of imputations of the form:

: “g"'é' =P y(o, b) + (1 - p) ¥(a, o),

\

%

2(1 - P) ‘!f,’f’g'; %H- P "'Z’(OJ b) = (1 - P) 1[»‘ (E-; 0) ; H

;
7 .4

0< » £ 1

It can be shown that if the number of treders in one commodity
is the same as the number of traders in the other, then for any size of
the market there is a solution enaleogous to the solution to the two-person

game (although such a solution will no longer be the only solution).
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There exists a set of imputations which form a solution such that all
traders on the seme side of the market always obtlain an equal amount.
The set of imputations is characterized hy a pavameter p (as in the
two-person game)} which can be interpreted as a market price. The range
of this price remeins constant for all games with the same number of
players on each side of the market.

THEOREM 1 . An Edgeworth market geme denoted by
[n, n) for eny size n where the number of
tradeirs in one commodity 1s the same as the number
of traders in the other commodity and the traders
have the same preferences will have a solution

consisting of all 1mputations of the form:

/ | |
Lep v(3 %)-pﬂr(o, b) + (1 -p) ¥(a, o), ..., 2(1 - p) w(-g’—’ g—)
i AY

(1) +pp(o, B) - (L -2) ¥ (8, 0), oor |

0< p < 1

PROOF., No imputation of the form of (1)} can dominate another
imputation of that form. A set to be effective for any imputation
requlres memvers from both M and N , i.e., trade must take place;
but no imputation of the form (1) dominates another of form (1) for a

set containing members from both M and N .
Any imputation not of the form (1) has a pair 74 * 73 < Ew(g’ %)
where 7£ is the amount & player 1 e M end 73 is the amount a player

J e N obtains from this imputation. If we select & p such that

oA
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v} - ¥a,0) 7} - ¥(0,0)

- <p<1- &
) - ¥es0) - w(o,0) 2¥ (3 3)- a) - ¥o0)

PO
ol

ol

then the imputation of form {1) for this value of p dominates the

imputation 7 . This completes the proof.

We have shown that a line in 2n dimensions which is the
direct analogue of the contract curve is a solution to the 2n person
gome. Furthermore the range of this solution is the same as in the
range in the two person game. This however is not the only solution
o the 2n person game, although the contract curve is the only solution
to the two person game. It appears that there will be many sets of
imputations which satisfy the stability conditions. Thus as is indicated
below there can be solutions in which subsets of players may fare
relatively poorly as compared to others with the same initial economic

strength.
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The vertical line in Figure 3 must be imagined as the contract curve in
2n dimensions. The lines departing from it represent sections of other
solutions which include only part of the comitract curve as menmvers of
the stable set. These may have very general shapes. No attempt is

made here to calculate the totality of solutions which exist. For owr

purposes thelr intersection is of prime concern. In Figure 3 all the

solutions have a common segment DD' . This segment is part of the
contract curve, but for n > 1 in any of the 2n person games the
segment DD’ willl not be the full length of the contract curve S58°
Under the appropriaste conditions as the number of bargainers becomes
large, we will show that the (multidimensionel) segment DD' converges

to a single point.

The intersection of all of the solutions to a game is known
as its core. Ve give it an economic interpretation upon observing that
it consists of a set of imputations which are alwsys undominated under
every circumstance. There is no effective set of players for any of
these imputations. In economic terms, these imputations are stable
against the economic power of any coalition. In the two person bilateral
monopoly there is only one solution, hence the whole contract curve is
the core of the game. The core appears to be determined vy the techno-
logical conditions. Any imputation within the core glves to all players
at least as mich as they are able to enforce in any coalition. In any
econony any imputation of wealth cutside of the core implies that some

group of individuals is profiting at the expense of another group.
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The core to a game need not always exilst. In particular this
will hold true in an economy with decressing returns. This implies that
in such an economy no division of product can be made which i1s stable

against all coalitions.

L. CORES AND COMPETITIVE EQUILIBRIA

The proofs of the following four theorems have appeared else-
where é/ hence they will not be reproduced here. The discussion is

limited to the economic interpretation of the results.

We consider the Edgeworth merket game with one trader of the
first type and examine the behavior of the core as the number of traders
of the second type increases. The core approaches a single imputation
at which the solitary trader of the first type acts as a perfectly
discriminating monopolist and obtains all the gain from {trading. The
theorem may be stated as follows:

THEOREM 2. In an Bdgeworth market game denoted by
[1, n], for any n the imputation:

n \

’r g nb\ , M i e e g+

t kY 4
n=t (0¥l) ¥ [ o7 '=w ) - nw(o,b), ¥(o,b), (o), .en, Wlob) S

lies in the core. For any € there exists an n(e)
such that for all n > n(e) no imputation ¢ with
€y = n, - € lies in the core.

In Theorem 3 & very specialized condition is introduced which
results in the core of the game converging to the competitive equilibrium

point of the no side-payments game.
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THEOREM 3. In en Edgeworth market game denoted by

{m, n] such that m=lm', n=1kn' and

s . S a 5 0
/ _m'a n's “r1 n
Vi — e’ = max yf——? -=—
( m +n mn'+tn’ t g 8

e

the imputation

wn mn ? T mn

1s always in the core. and for any ¢ there exists
a k(e) such that for all k > k(e) no imputation

{ with a component

(1) -
G <me  ©

is in the core, 1 =1, ¢, ..., m+ n .

The proof of this theorem 1s similer to that of Theorem 2 .
An interpretation of the condition that

n'a , n'h !Sma. SnD
\l! L m+n' mi+n! = max llf‘ H g
3 .

is obtained by examining the nature of the function

It is homogeneous In the two variables, 5 and 8. Ir S and. Sy

are Iincreased in a constant ratio the value of the optimum trade increases

in a constant manner. In economic terminology there are constant returns

to scale.
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The meaning of the optimum ratic can be seen for this rather
specialized symmetric game by observing from the form of the characteristic
function that in the process of obtaining the joint maximum each individual
has as his final stock Pp wunits of a and (1l-p) units of b where
0< p £ 1 depending upon the ratios of the different types of players.
As can be seen in Flgure L there will be an optimum size for p or in

other words there will be an optimal coalition.

Figure b
This size will be determined Ly the size of the initial stock of the

players and the shape of the indifference maps. If the size of the ganme
increases with the players remaining in the ratio given by p , then

the core converges to the single point which is the point of tangency
between the hyperplane representing the imputation space in the side-payment
game and the Pareto optimal surface in the no side-payment situation.

But this point also has the property of a competitive equilibrium.

Given the initial stocks of the players there exists a price which clears

the market and brings them to the Pareto optimal surface.
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Ir this instance we have the property that the competitive

equilibrium is the only undominated imputation in the limiting game.

A simple example of the optimum ratlo for traders is given if
we suppose that all members of the society maintain that the best
proportion hetween the emount of tea and sugar used is 2 cunces of the
first with 15 ounces of the second. If all players of the Ffirst type
come to the market with 2 ounces of tea, and all of the second come with
& ounces of sugar, then the optimal proportions between the players is

6 of the first type to 13 of the second.

There are two very simple theorems concerning the core of a
game and incressing and decreasing returns.

THEOREM k. In an n-person economy with increasing
returns everywhere a core will always exist for any

gize of n .

THEOREM 5. In an n-person economy with decreasing
returns for all coalitions with more than s¥ members

vhere s¥% < n , no core exists.

5. CONCLUSIONS

One of the major reasons why it has been so hard for economisis
t¢ even examine the relevance of the von Neumann and Morgenstern theory
for the cooperative solution of games is thalt in their book very little
abtention was paid to constructing games witl an economic content. In

order to do so the characteristic function of the game must be obtained



- 22 -

from economic considerations such as the initial assets of individuals,
Production functions and preference relations. Having given the
characteristic function economic content it then appears to be reasonable
to ask 1f the solutions appear to bear any relationship to the body of

economtic knowledge.

Although in the spplications of welfare, utility comparisons are
made daily and transfer payments are based upon them and the power of the
coalitions invelved; the pills of comparable end transferanle utility are
hard to swallow. This still does not rule out attempting to introduce the
imporiant role of coalitions into any solution concept. The neat formu-
lation of the characteristic function with a single value for each
calition must be ebandoned and replaced by & "Pareto sub-surface" which
indicates the restraints upon the payoffs hetween the players. TEdgeworth
was aware of the role of coalitions and pointed out that if they were
permitted; the contract curve would not shrink as players became numerous Z/.
Even without giving the formal definition for a solution to a game without
transferable utilities, in the 2n person gemes described, making use of

symietry it is easy to see that the full contract curve is still a solution.

What does a unique polnt core mean? Is it a pure coincidence
that the core and the equilibrium point coincided in the symmetric game
discussed above? A unique point core means that there is only one possible
imputation of wealth in that society which yields as much or more to all
participants than every conceivable subgroup considered &s a whole can

offer to its members.
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In Section 4 an example of an optimal combination of 6 tea
traders with 13 sugar traders wes given. The goods are infinitely
divisible, the preferences of the players may be assumed to be continuous,
however the players are not divisible. Thus although the price parameter
or competitive equilibrium solution for the games (6n, 13n) will always
be the same, in the (6,13) market game the coalitions are at loggerheads
hetween any point on the contract curve. This is Decause of the Tewmness

and indivisibility of the players. TFor a large n there is always the

possinility of finding a "more reasonable" optimal group of traders, thus
the relative importance of the indivisibility caused by the presence ol
subgroups of optimum size diminishes. The possibility that large groups
may still act together is reflected in the multiplicity of solutions; the

narrowing of the core reflects the lessening effect of fewness as more

combinations of players obtain power over the impulations.
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