COWLES FOUNDATION FOR RESEARCH IN RCONOMICS
AT YALE UNIVERSITY '

Box 2125, Yale Statlon
New Haven, Connecticut

COWLES FOUNDATION DISCUSSTON PAPER NO. 91

Note: Cowles Foundation Discussion Papers are preliminary

materials circulated to stimulate discusaion and

eritical comment. Reguests for single copies of a
Paper will be filled by the Cowles Foundation within
the limits of the supply. References in publications
to Discuseion Papers (other than mere acknowledgment
by a writer that he has access to such unpublished
material) should be cleared with the author to pro-

tect the tentative character of these papers.

A Keynesian Model Extended by Explicit Demand
and Supply Functions for Investment-Goods

Bjorn Thalberg

May 10, 1960



A Keynesisn Model Extended by Explicit Demand

and Supply Functions for Investment-GoodsH*

Table of Contents

1. Introducetion. o o o o o ¢ « o s o o « o o & o s & o o & = 2 o+ + & 1

2. The Central Model of Keynes' "General Theory” . .

.
.
-
-
.
.
L3
(3
.
N

%3, An Extended Keynesian Model . . « « o ¢ ¢ o o o o o o o ¢ o o s o o 10
b, A Comparison of the Conclusions of the Two Models . . . . . « . « + 20
44. A Change in the Level of Public Investment. . « . « « « « » « « « + 20
4B. Shifts in the Propensity to CONSUME . « « ¢+ « &« + « « o o o o ¢ o @ 29‘
LC. An Autonomous Chenge in the Rate of Interest. . . . . + « « o« « + + 31
4D. A Change in the Level of the Money Wage Rate. . . « . « . « « « « « 33
34

.
*
.
L]
-
Y
[}
-
L
.
-
.
L]
.

4UE. A Change in the Nominal Money Supply.
)+F- SUIHIEB.I‘y - » L] . - ., s - [ L] [ - - . - L) - . - L) - 3 - - - - - . [ ] » 55
5. Changés in the "State of Confidence". . « o + &+ o« o = o + s o « o « 3

6. The "Extended Model" in the Case Both the Producers of C-goods and
Of I«-gOOdS DEmB.nd I—gOOdS. . L] . - L] * L] L] L) - - L] . - . - . h'o

7. The Time of Delivery as & Varlable. . « « o o + ¢ ¢+ v o o o v o 43

* T am grateful to Professor Tjalling C. Koopmans, vho helped me to avold
several errors in Section 3, and to Professor James Tobin who kindly read
through the whole draft and gave helpful comments. More generally, I have
benefited from Professor Trygve Haavelmo's lectures on investment theory at
the University of 0Oslo.



1. Introduction

In statlc models of the Keynesian type the investment side of the economy
is usually described by means of a single equation, which relates the level
of real investment to the rate of interest (or to the rate of interest and real
income). The form of this investment function implicitly reflects the char-
acteristics of both the demand and the supply side of the market for investment-
goods. The purpose of this paper is to develop a model which brings out these
characteristics more explicitly. Our extended Keynesian model below is a
formal exposition of the central model of Keynes' "Generél Theory" with an ex-
tended description of the ilnvestment side. For that reason we operate
separately with functions describing the supply of, and the demand for, invest-
ment goods. We will compare the results of this extended model with those of
the central model of Keyhes' "General Theory” regarding such questions as:
How will ar increase in public investment, or a shift in the propensity to
consume, affect total employment, or the price-level? The answers of the ex-
tended model are more complex expressions, which are shown to contain the
answers of Keynes' central model as special cases. We find, also, that the
extended model formalizes some qualifications often suggested verbally in
discussions of Keynesian models.

Besides it can be argued that the extended Keyﬁesian model below avoids
a certain deficiency, or at least insufficlency, of most explanations of the
Keynesian investment function, (and of most expositions of the acceleration-
principle as well). The deficiency is, briefly, that the explanations
concentrate upon the question of how much the investors want to increase their
stock of capital equipment, and neglect to meke inquiry about how soon they

get their new capital goods, although the task is to explain the increase in

capital equipment per unit of time. (Cf. p.©6 below.)
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We will proceed so as to bring in our complicating assumptions in steps.
We will mainly work from the simplifying assumption that the time of delivery
(or construction) of investment-goods is fixed. Also to start with, we will
agsume that only the producers of consumer goods demand investment goods.
Iater it will be suggested how we might relax these two simplifying assumptions.

Our models below are static; and we apply the technigue of comparative
statics. But it is possible, I think, that the treatment of the investment
side in the way suggested here, may prove useful also when we turn to con-
centrate on the gquestion of how rapidly total employment, price level, etc.

will respond to certain changes of economic pollcy.
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2. The Central Model of Keynes' "General Theory"*

We start off with a brief analytical exposltion of the central model of
Keynes' "General Theory," which will serve as reference point for discussion
of our extended Keynesian model. By the "central" model of Keynes' "General
Theory” I mean the model which Keynes summarizes in his Chapter 18 "The
General Theory of Employment Re-stated."” The chapter where he says he will
gather together the threads of his arguments.

We will denote this model "Mod. K."--In our description of "Mod. K." we
use the following symbols:

Y ves.. real national income (per unit of time)

C «evse nominal value of consumption (per unit of time)
I ..... nominal value of investment (per unit of time)
P ..s.. price level (the same for I- and C-goods)

W seses money wage rate level

T .esss rate of interest level

N +4.se total employment

M ..... nominal money supply

We shall differ from Keynes in the respect that we do not measure our
variables in wage-units, i.e., we do not deflate nominal values by w in
order to obtain expressions of real magnitudes. Instead we adopt the ordinary

**
practice of using the price level as a factor of deflation.

* The General Theory of Employment, Tnterest and Money. We refer to this
book as the "General Theory" or the "G. T."

¥¥ Tt can be argued that the usage of w as a factor of deflation is er-
roneous, (because Keynes often assumes that w 1s constant while p changes).
Incidentally, if one uges the "wage unit approach” one will find that the
Keynesian model contalns a determined subset, (which means a simpliflication).
In this subset real income is explained (expressed in wage units), but not the
price level, (I have tried to develop this point in detail in Fkonomisk
Tidskrift No. 4, 1958, pp. 258-261.)
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The assumptions of "Mod. X." are, analytically expressed:

(2.1) PY = C + I

(2.2) C=pr(Y) ,0<F' <1

(2.3) M= pL(Y; r) ; L >0, Ly<0
(2.4) I =pf(r), f' <0

(2.5) Y = ¢(N)-, ' <O

(2.6) o' (W) = w/p

(2.7) w is fixed

(2.8a) M is fixed

(2.8b) r is fixed

(2.9) N o<W = g(P)

(2.8a) and (2.8b) are alternatives. If we apply (2.8a), the model {2.1) -
(2.6) furnishes 6 eqpﬁtions to explain the 6 variables Y , ¢, I , p, T ,
and N . If we operate with (2.8Db), the 5 equations (2.1), (2.2), (24, (2.5)
and (2.6) form & determined model to explain the 5 variables Y , C, I, p
and N .‘ The former model, (2.1) - (2.8a), is Keynes' main alternative, the
one he states in his Chapter 18.

(2.9) is a restraint which does not affect the degrees of freedom of the
model. Iﬁ says that the level of employment is less than, or equal to, the
supply of lebour at the actual real wage rate. (Cf. below.)

We will explain very briefly each of the above equations. Because of

the controversies as to what Keynes actually said, or meant to say, in his
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"General Theory," I will aleo try to point out carefully where each equation

is stated in his Chapter 18.%

¥ TIn my opinion there should not be much disagreement about the formal ex-
position of "Mod., K." A careful study of "The G. T." must - in case we use
p instead of w as a factor of deflating - lead to the above representation.
However, the formulation of the right hand side of (2.3) is open to question,
as Keynes did not express himself clearly at this point. Don Patinkin sug-
gests that the formulation: M = le(Y) + Ié(r) , is a more correct interpre-

tation of Keynes because he never permits the speculative demsnd to absorb
an increased supply of money except at a lower rate of interest. See Don
Patinkin, Money, Interest and Prices, p. 263 and p. 465.

(2.1) is a definitional relationship. (It is not explicltly mentioned
in Chapter 18, but it is carefully stated in the Chapter 6 of "G. T.)

(2.2) is the familiar Keynesian consumption function.¥*

*%¥ To simplify our analysis we disregard the possibility that also r , or
real value of cash balances, should enter into the consumption function.

(2.3) expresses that the real demand for money, L(Y, r) , shall equal
the real money supply, M/D .
{(2.4) expresses Keynes' investment function. It looks simple, but it is

of a compound nature.®* It reflects the "marginal efficiency of capital,"

#%% This function is sometimes interpreted as solely expressing the current
demand for I-goods. {As an example see Don Patinkin, Money, Interest and
Prices, p. 130.) This is, I think, very questionable, and it is certainly
not in accordance with Keynes' own exposition, e¢f. "G. T." p. 136.

e , to be a declining function of the amount of new capital goods, 4K , which
the investors wish to add to their stock of cépiﬁal equipment; il.e.,
e = h(&K) , h' <0 . If we particularly assume that the time of delivery (or

construction) of the AK units of capital is fixed and equal to one time unit,
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we can write I = AK .* Assuming further that the investors limit their contracting
for new capital goods at the point where e , which = h{&K) = h(I) , is equal to

r, we get: I = h_l(r) or f(r) ; where f' <0 . The schedule e = h(AK) ,

* The exposition will be more complicated if we allow the construction time of
the demanded capital units to be a variable, which the investors and the producers
of I-goods have to decide upon. It can be criticized that many authors just
operate with I = AK wlthout mentioning that this involves a specific and sim-
plifying assumption. Also the "G. T." is short and insufficient on this point
(see "G. T." p. 136).

and. thereby f(r) , depend upon the rrice expectations of the investors. Further-
more these functions also implicitly reflect the conditions of the supply of
T-goods, as e also depends upon the marginal “"supply price" of I-goods.

{Cf. "G, T." pp. 135, 136).%%

** Note that Keynes does not explicitly assume that the level of investment in
the current period is partly predetermined by the volume of contracts the TI-
goods industry concluded in previous periods. If we want to bring this argument
into "Mod. K." we may, however, simply assume that the volume of previously con-
cluded contracts affects the form of the f-function, especially the constant
term.

We may conceive of several important factors which contribute to determine
the numerical value of f' , and to secure that f' < 0 . Kalecki's"principle
of increasing risk" can help us to explain why the single investor limits his
demand of new I-goods, even if he reckons that the price of his own products,

and the price of T-goods, are fixed (independently of his own adjustment).¥%%

*%% M, Kalecki, Essays in the Theory of Economic Fluctuations," p. 95.

Considering all actual and potential investors, the number of profitable invest-
ment projects (i.e., projects which are expected to yield an interest > r) is

ordinarily supposed to increase when we {cet. par.) imagine a downward shift in
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r . This increase may, however, be slight during crises of confidence. Hence, a
low value of |f'| is often supposed to express a state ofpessimistic price expecta-
tiong. Further, if there 1s little or no excess capacity in the I-goods producing
industry, an increase in AK would increase considerably the pressure on the
facilities for producing capital, which will cause its supply price to increase,
(s Keynes writes "G. T." p. 136). This, again, will cet. par. tend toward a low
value of |[f'| .

One thus can argue that the investment function, I/p = £{r) , takes several
important factors into accbunt. It does it, however, not explicitly. By our
extended model below we will try to a certain degree to dissect Keynes' compact
investment function.r

In Chapter 18 Keynes refers to the equations (2.2), (2.3) and (2.4) as "the
three fundamental psychological  factors, namely, the psychological propensity
to consume, the psychological attitude to liquidity and the psychological ex-
pectation of future yield from capital assets."

(2.5) states a production funetion. Keynes starts off his.Cbapter 18 (p. 245)
by assuming as given "the existing quality and quantity of available equipment,
the existing technique," etc. The given factors allow us, he says further (p. 246),
to agsume that "the national income depends oﬁ the volume of employment.... in the
sense that there is & unique correlation between the two."

The assumption that ¢'' ﬁgp 5 quite central in Keynes' analysis. Keynes
assumes that when we imagine that N increases from a point where there is much
excess capacity, ©®'(N) will to start with decrease very slowly, but laten when
we gét close to the full capacity point, &'(N) will fall.strongly with ¥ . (cf.
"G. T." p. 42, p. 296, and pp. 299~501;}——Acc6rding to (2.6), employers will
eﬁploy so many workers that the marginal product of labour equals the real wage

rate. Implicitly, (2.6) expresses the demand for labour as & function of the real
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wage rate. In Chapter 18 the relationship (2.6) is mentioned on p. 249: “Increasé
in output will be accompanled by a rise of pricés (in terms of the wage-unit)
owing to inecreasing cost in the short period." (Cf. alsc "G. T." Chapter 2, es-
pecially p. 17.) '

(2.7) assuﬁes the money wage rate to be fixed. Keymes' justification for
this assumption is twofold. TFirstly he argues that w actually tends to be rigid,
at least in the downward direction. Secondly he holds that the assumption of

fixed w gives analytical advantages.¥

* As to this second point cf. "G. T." Chapler 19, especially p. 257.

(2.8a) assumes that the nominal supply of money is fixed.

The assumptions (2.7) and (2.8a) are clearly stated in Chapter 18, p. 247,
Fere Keynes says: "Thus we can sometimes regard our ultimate independent variables
as consisting of (1) the three fundamental psychological factors ..., (2) the
wage-unit as determined by the bargains reached between employers and employed,
and (3) the quantity of money as determined by the action of the central bank."

As mentioned, the equations (2.1)-(2.8a) form a determined model. On some
occasioﬁs Keynes does not apply (2.3) and (2.8a) but assumes instead that r 1Is

directly fixed.¥* This gives a simpler, and somewhat different, model.

*% When (2.8a) is replaced by (2.8b) the equations (2.1), (2.2), (2.4), (2.5)
and (2.6) form a determined system. If we still operate with (2.3) this equation
will give us the level of M which is necessary to keep the rate of interest on
its fixed level.

This alternative and simpler model is indicated in Chapter 18, p. 2b5. "Our
independent variables are, in the first instance, the propensity to consume, the

schedule of the marginﬁl efficiency of capital and the rate of interest, though,
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as we have already seen, these are capable of further anslysis."*

¥ TFor an example where Keynes applied this simpler model, see "G. T." p. 260.

(2.9) expresses, as mentioned, the restraint that the level of employment
cannot exceed the supply of labour, which is (in the classical way)supposed to be

a function of the real wage.¥¥

** Conversely it is, according to "Mod. K." possible that N is less than

NT(z g(w/p)). The workers will of course, especially the unemployed of them, not
like such a sitvation. But as Keynes says (p. 291), that whilst labour is “always
in a position to refuse to work" on a scale involving a real wage which is less
than the marginal disutility of employment (i.e., N > g(w/p)), it is "not in a
position to insist on being offered work"™ on a scale involving that N = g(w/p).

There should be no doubt that Keynes attached the restraint (2.9) to his
model. This is clearly stated in "G. T." p. 29, p. 30 and p. 292. In Chapter 18
it is mentioned on p. 246. Keynes says here that the factors which he considered
as given also "furnish us with the supply function of labour (or effort); so that
they tell us inter alia at which point the employment function for labour as a
whole will cease to be elastic.,”

We may ask what would happen 1f the "effective demand" increases in a situ-
ation where N = NT = g(w/p). In this case Keynes will apply a different model.
In particular, he then no longer assumes that the money wage is fixed and con-
stant, (c¢f. "G. T." p. 301). Instead he suggests ("G. T." Chapter 21) that we
may assume N and Y +to be constants. Under these assumptions, an increase in
the "effective demand" will raise p and w , but otherwise leave all real

magnitudes unaffected.
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3. An Extended Keynesian Model

As a point of deviation from "Mod. K." our extended model below describes
separately (though very briefly) the demand and the supply side of the market
for I-goods, and the demand and the supply side of the market for C-goods.

It thus may become possible to express more explicitly relevant characteristics
of inter alla the demand and the supply of I-goods.

We shall make use of the theoretical construction of the "week," which,

e.g., Don Patinkin applies in his "Money, Interest, and Prices."* I.e., we

#Cf. "Money, Interest and Prices," pp. 8«9 and p. 37.

assume that the acts of consumption, production and delivery are going on
continuously. However, buyers and sellers meet only once a week, e.g., on
Monday morning. On this "meeting" the prices and quantitiese-for that "week"
-waare supposed to be determined in accordance with the demand and supply
functions and with the market cleasrance conditions. We describe thus a
short term eguilibrium.

We consider first the demand for investment-goods. We shall, in this
section, assume that the producers of I-goods do not demand J-goods themselves.
Only the producers of consumer goods demand capltal goods. We imagine homo-
geneous units of capital. For the sake ofshmplicity-we further assume that

it takes a constant and given span of time, ® "weeks,"** to construct, deliver

¥*% To secure that the production will be constant throughout each single
"week," we will assume that @ is an integer, and that new capital is put to
use at the beginning of the "week."
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and install any quantity of Iegoods. Thus, imegine a contract concluded this
week, i.e., week no. to ; about the construetion of Q capital units. This
contract gives rise to an investment of Q/& capital units per "week" from
the beginning of week no. to to the beginning of week no. (to + @).— The
production per week of the C=goods producers depend upon their inputs of
labor and capitel. At the begimning 6f the week to the size of their capi-
tal stock is a historically given datum. So is also the number of capital
units they have already ordered, but not got. Let KO denote the given
stock of capital, including what is ordered, but not yet delivered. If the

Cegoods producers contract at to ¥ for a number of @ capital units, their

#I.e., at Monday morning in "week" no. t, -

stock of capital in week (to + @) will be (Kb + Q).*¥* Their planned input

*¥To abstract from the factor of depreciation, we assume that capital goods
retain full technological efficiency,and constant maintenance costs, indefinitely.

of labor at (to + @) Wwe denote n . TMMWJW W’wﬁ + @) 1is

consegquently 1{(Ko +Q n), or G{g, n), as KO is a constant. We assume

e 1
that both G and G

11 20 are negative,¥%* (diminishing returns to a single

1

1 denotes the second order derivative of G(Q,n) with respect to §, and

]
FHR
Gl

Tt

G22 the second order derivative with respect to n .

factor). We assume that the producers of C=-goods, when deciding how much new

capital they will contract for this week, act as 1f they maximize:
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v =f"[(p XQ, n) =wn] e Tdr - aqe™"® .
®

V expresses the present value of expecied imeresssin—their—emibewlatsd

income. p denotes expected price level of C-goods, and w denotes the
axpected nominal wage level. We cperate with the simple assumption that the
producers of C-goods expect p and w 1o remain constant (on their existing
levels this week). r denotes the existing level of the rate of interest,
(we thus assume that the producers of C-goods will want to get at least this
rate of interest on their capital outlay). q denotes the ppice level of
I-goods. It is assumed that the purchasers of I-goods pay ét the time of
delivery. (The expression qu-r® thus expresses the present value of their
payment for the @ capital units.)

A necessary condition for maximum of V (at some @ > 0) 1is that its

partial derivative with respect to @ be zero. This condition gives:
]
(3.1) p G (n)=raq.

(3.1) expresses that the expected income of the marginal unit of capital shall
equal its price times the rate of interest.
Another necessary condition for maximum of V 1s that its partial deriw.

vative with respect to¢ n be zero, which gives:

(3.2) p G, () = v .

(3.2) expresses that the planned input of labor at (to + 8), when the
Q@ capital units are installed, shall be so high that the merginal product of
labor equals the real wage rate.

Actually, we are not interested in the variable n per se. As mentioned,
n denotes the planned input of labor in the week (tO +®) . Thus, n does

not directly affect the demand for labor this week. But, n affects the
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marginal product of capital ( at to + 8}, (i (Q,n), which in turn affects the
ordering of capital goods this week, and thereby this week's employment in the
T«goods industry. Therefore, in order to explain Q, P, 49, ete., we have also
to explain n . Only if we assume that Gi; is zero for all actual values of
Q and n , need we not include n , and the equation (3.2) in our model.

t LR

] T
We shall assume that at the point of adjustmentw- G G, > (G )2
11 22 127 .
In that case (3.1) and (3.2) give a maximum of V . If this condition is not
met, no certain values of Q and n give maximum V s glven the values of
™
P, W, ¢ and r . -wo The assumption is realistic, I think. When investors
consider large increases in their stock of capital within a limited period of

L

@ "weeks," they must consider the problem of getting labor with the same
degree of skill, and other difficulties.

(3.1) and (3.2) describe equilibrium conditions of & familiar type in
analysis of the firm assuming perfect competition. We have, however, dealt
with total production, etc., without going into aggregation problems. It may
briefly be mentioned that the function G(Q,n) is, of course, supposed to
possess characteristies which are typical to the individual production functions,
Furthermore, when we consider an equilibrium situation, and consider equili-
brium prices as given parameters, we may say that the single firms act as if
they Jointly and directly maximize the profit of the whole industry.

We now turn to the producers of I-goods. When at the beginning of week
to » they are meeting the (potential) buyers of JT-goods, they are already
obliged to fulfill a certain number of previously concluded contracts. The
work on those contracts has been started (before to), but is not yet completed.

For their completion the producers of I-goods will employ, we assume, a fixed

number of workers, I (throughout the week no. t,)-
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Secondly, we assume that the I-goods producing sector also carries out
puolic investment programs. For this purpose we suppose that a number of Ll
workers is employed during the week tO « We will look upcn Ll as an
exogenously given variable. An upward shift in L_.L expresses an increase in
the level of public investment.

The sum (L + Ll) we denote N0 . As L 1is supposed to be a constant,

an upward shift in Nb i1s supposed to express an inerease in the level of

public investment.*

*#Tf, particularly, @ =1, I, is zero and NO = Ll .

Thirdly, we assume that the producers of J-goods employ a number of Nl
workers, from the beginning of week t0 s to accomplish the orders they
contract now (at to) + They expect, we suppese, that this employment will
render a production of ®(Nl;N0) capltal units per week, {tais does not in-
ciude output of public investment goods ) on an average in the period of time
from to to to + 8 . Why NO should enter into this function needs an
explanation. As mentioned an alternatively higher value of Nb means that
more wWorkers are engaged in public investment programs. This increase in

No tends, cet. par., to diminish the capital labor ratio in the I-goods

1
producing industry as a whole. a¢/amo {which we denote ¢2) may, therasfore,

2
and numerically quite high. That may be the case if the capacity of the

be negative. We can imagine situations where the value of 0. is negative

J=goods industry 1s pressed and the marginal rate of substitution of capital
for labor im the public investment activity is low. Conversely, if there is
plenty of excess capacity and/or this marginal rate of substitution is very

1

high, ¢, 1is probably zero or approximately zero. Furthermore, when No
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increases it probably becomes more difficult to hire skilled workers (in case

we consider an increase in Nl). Consequently, Qi may decrease when No

increases, i.e., ®ié <0 .¥

* An alternative and somewhat simpler way of proceeding is: We assume that

the preducers of I-goods, when they at t are meeting the (ootential) buyers,
have already obligations which bound them“to produce o° capital units per
week (in week t, ). (¥ let ¢° include also public investment. } Their
total production®per week (during week t ) is @(N ), where N; denotes their

total labor input. The size of the production which goes to accomplish the
orders they conclude today (i.e., at the beginning of week t ) is: ®(N ) - 9°.

In this case an increase in the level of public Investment can be expressed
by an upward shift in o°

By this alternative set up we omit, however, some possible ways that an
increase in public investment may affect private investment. (Cf. our discus-
sion in Section 4.4 below.)

The producers of I-goods calculate, we assume, that the orders they con-
clude at to will give them an average net income, in the period to to

to + 8, equal to:

T = q@(Nl; NO) - le .

Tt is here, among other things, assumed that the money wage rate is
expected to remain constant during the pericd to to to + 8,
A necessary condition for maximum of n , {at some Nl > 0), is that its

derivative with respect to N, is zero; which gives:

1

(3.3) q@; (N5 N ) =

(5.5) expresses the usual condition that the marginal product of labor

times the price of the preoduct shall equal marginal cost.
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The equations (3.1) and (3.2) describe the quantity demanded of I-goods,

Q , as a function of p, q, wand r . (3.3) expresses the variable Nl

thereby the supply of I-goods, as a function of q and w (and also of NO).

, and
We have, as a market clearing condition, that the supply of I~goods shall

equal the demand:

(5-)4-) Q(Nl; NO) 8 =Q .

We now turn to the market for consumption goods. 'The production of the

Cwgoods preducing industry, Xc s 1s supposed to depend upon its labor input,

N :*%
C
(3.5) X, =¥ (N) .
* This applies to the production in the week no. to . The size of the

capital equipment is constant throughout the week. (Cf. our assumption that
® is an integer.)

1 "t
We assume that ¢ 1is positive, and V¥ negative, i.e., we assume

decreasing returns (in the single factor Nc)' There 1s a certain relation-
ship between G{Q, n) and w(Nc) . The latter function we can derive from
the former by putting G equal to zero and Nc equal to n . (To be, inter
alia, able to write some formulas below in a shorter form, we have chosen to
use two different symbolé.)

The calculated net lncome per week of the producers of C-goods is
{p W(Nc) = Nc)' A necessary condition for maximum net income is that the

derivative with respect to Nc be zero, which gives:

(3.6) Py (W) =v .
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(3.6) assumes that the producers of C=goods will employ so many workers
that the marginal produet of labor equals the real wage, Ww/p .

The real demand for C-goods, Xg , depends, we assume, upon the size of
total employment (No + Nl + Nc) . This is as close as we can come to the
Keynesian consumption function, which assumes the real consumption demand to
depend upon real income, when weee-in order to simplify---want to exclude

real income from ocur list of variables.*

* We allow the price levels of Cwgoods and T-goods to vary in different
proportions, which complicates the definition of real income.

As an equilibrium condition, we have that the supply of C-goods shall

equal the demand, i.e., X, = XE .

{3.7) X, = 8(N, + N, +N) .

The ncminal supply of money we denocte by M . We assume that M is
autonomously given, i.e., M =M . As an expression for the real money
supply we write: ﬁ/p . 'The real demand for money is supposed to be a funcion
of total employment and the rate of interest, i.e., L[(N0 + Ny o+ Nc),r] .
Here the argument (NO + Nl + Nc) is supposed to express the demand for money
caused by the transactions motive, while the argument r 1is connected with
the speculative motive.

As an equilibrium condition, we have that the supply of money shall equal

the demend:

(3.82) M/p =L0(N, + N, + N,), rl .
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As an alternative to (3.8a) we may operate with the assumption that the

rate of inerest is directly fixed, determined autonomously by the monetary authority.

(3.80) r is given.

Such an assumption may, as compared with (3.8a), often simplify our
analysis considerably.

We finally assume that the level of the money wage rate is given, determined
by bargains previously reached hetween employers and employed.

If we assume that r is fixed, the model (3.1)-(3.7) above provides seven
equations to explaln the seven variables: Q, n, p, q, Nl’ Nc and Xc - If we
alternatively operate with (3.8a), also r will be a variable, and the model
(3.1)=(3.8a) provides eight equations to explain elght variables.

In "Mod. K." (Section 2 above) we operated with one aggregsted preoduction
funetion for both Te-and Cegoods and with a single variable describing the
general price level (as prices of the two mentioned types of goods are supposed

to vary in the same proportions).* In our extended model we operate with

* We may say that there is a certaln asymmetry in the way Keynes treatis
investment and consumption. In "Mod. K." (see p.lh above) (2.5) describes the
supply of both Ie and C-goods, (2.2) describes the demand for Cegoods, but
(2.14) does not describe just the demsnd for I-goods. (2.4) states the level
of HIAQ given r . As mentioned both characteristics of the demand and the
suppiy side affect the form of the function f(r) .

separate markets for I-goods and C-goods. As equilibrium conditions the demand
equals supply in each market. By this deviation from "Mod. K." we are, to
socme extent, able to elaborate Keynes' compact investment function. Otherwise,

however, the assumptions of the extended model are essentially quite similar
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to those of the "Mod. K." * Comparing the equations: (2.4) of "Mod. K." is

* When describing our extended model, we spplied the theoretical construc-
tion the "week." This should not, I think, hinder a comparison of the two
models. The construction of the "week" is helpful to interpret and formulate
a short term equilibrium model, (where we concentrate on the income generasting
effects of investment decisions). It may also be useful to interpret "Mod. K."
on the base of this construction.

related to the equations (3.1)«(3.4) of the extended model. (2.6) is related
to (3.3) and (3.6). Furthermore, (2.2) is related to (3.7),and (2.3) and
(2.8a) are in the extended model expressed by ( .8a). In both models the
money wage is supposed to be a given constant. The condition (2.9) of
"Mod. K." also applies to the extended model, though it is hitherto not men-
tioned in Section 3.

Both "Mod. K." and the extended model can describe situations of equili-
brium with unemployment. Our assumptions do not remove the possibility that

total employment is less than total labor supply N [= g (w/p)l.**

*¥% Indeed we may imsgine situations where the potential investors are satisfied
with the amount of capital they possess (including what is ordered but not yet
delivered), or even where they find they have too much capital. In these

situations Nl will tend to be zero. However, such a tendency may be partly

counterbalanced by a tendency towards a low value of g

In the next section we proceed to compare the answers of the two models
to the questions how employment and prices will respond to various changes

(e.g., of economic policy).
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4. A Comparison of the Conclusions of the Two Models

By means of comparative statics we can, within our two models, discuss
how total employment and other endogeneous variables will respond to different
shifts in parasmeters. In this section we intend to discuss quite thoroughly
the effects within the two models of a change in the level of public investw
ment. We will also, more briefly, look into the effects of shifts in the
propensity to consume, in the rate of interest, in the money wage level and in
the nominal money supply. Finally, we shall briefly try to generalize how

the answers of the two models compare.

A. A Change in the level of Public Investment

We consider first"Mod. K." The investment function (2.4) we will now
write: I/p = f(r) + I, + A shift in the level of the constant term I, cen
be interpreted as an autonomous shift in the level of public investment. The
investment function, together with (2.1) and (2.2) give: Y = P(Y) + £(r) + I, -
We assume that the rate of interest is fixed and constant (cf. Section 2).

Differentiating with respect to IO then gives; *

dy 1l
(h4.1) ag =t -
o luF
* An alternative way of proceeding is: The consumption function may be

written: C/p = F(Y) + C, - Ashift in C, can be interpreted as a shift in
the level of public investment. In this case we get: Y = F(Y) + C, + £(r) .

Differentiating with respect to Co leads obviously to the same results.

Using the equations (2.5) and (2.6) we further get:

(4.2) i ="+ T



2
“4"5) Q-R = ll ¥ E—
a1 (1-F ) o
o
(4.1) and (+.2) express the familiar Keynesian multiplier effect. The
1
lower the marginal propensity to save (L-F ), the stronger this effect is.
(4.3) shows the effect of an increase in IO on the price Jevel. An increase
T
in I 1is seen to increase p . If {9 | is high, t.e., if we are close to
the "full capacity point,” p may change considerably even if the multiplier
t
1/(1~F ) , and thereby the effect on Y, is quite small.
In the above analysis we have disregarded the possibility that the level
of public investment may directly and/or indirectly affect the level of private
(real) investment. {When r has a fixed value, the level of private real

investment was supposed to be given [2qual to f{r)] independently of the

value of IO .

We now turn to our "extended Keynesian model.” This model takes the
possibility just mentioned into account. Here an Increase in real public
investment is supposed to be associated with an increase in the number of
workers carrying out public investment, which we express by an increase in No .
The variable N enters into the function ¢(N1;NO). Thus a change in N,
can directly affect the supply of investment goods to the private sector.
{Indirectly Nl may be affected through the effect an increase in NO has on
p and q.)

We assume that the rate of interest 1s autonomously fixed. Our extended
model thus consists of the equations (3.1) to (3.7) described in Section 3
above.

According to (3.h), Q= @¢(Nl; NO). Further, according to (3.6) and

1 t
(3.3), p=w/y (Nc) and q = w/¢1( Ny NO) . Inserting these expressions
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for Q, p and q into (3.1) and (3.2) we get:
1 t 1
a) ¢l (Nl, NO) Gl [Q(D(Nl; NO), n] =1V (NC)

b) Gé [ee{N; N, ), n] = w'(Nc) .

(3.5) and (3.7, furnish a third equation:

c) Y(N,) = g(N_ + N, +N_) .

1

By a), b) and ¢) we have a determined model to explain the three variables

Nl s 0 and NC

We will discuss how, according to a), b) and ¢), a change in N, will

affect N, and N, . Thereby we also learn how total employment (NO + N o+ Nc)

is affected.

[}
Let us first assume that Gl2(Q, n) is zero.* In this case N; and §_

* We then need not take into consideration the effects of a planned change
in input of labor, together with the @ units increase in the input of capital,
at the point of time t + 8 . Intuitively, a planned increase (or a planned

decrease)in labor input will, when Gl2 # 0 , tend to increase G, , and thereby

1
raise the demand for capital goods. 1Y, therefore, an increase in N, is found

to increase N (and N ) when G =0 , it does so to an even stronger degree
i1

when Gy, # 0 .

are explained by the equations a) and ¢). Differentiating a) and c) with

respect o N, we get:

t LI T 11

(4.4 W (b =g ) (6% 45 + ¢l¢2 C118f -~ g""
(¥ -g ) {?l¢ll + (@l) Gllé} -r gV

W
(o]
L} T rt 11 1 11t ] T
(4.5) N, & {Gl (0; = 9pp) + 9,6,,8(8) - @2)}
: dN, - same denominator
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To comfort the interpretation, let us at first look at the cases vhere
% t

¢2 and ®12 are zero. A shift in No will then not directly affect the

supply of I-goods to private firms. This assumption may be realistic when
there 1s plenty of excess capacity in the production of I-goods (i.e., in a
depressed economy). 1In this case (4.4) simplifies to:

[ A ]
le r gy
4aN

T

o (v -g) Gld‘r‘i:;_ + (0 )

Tt he

(4.6) 5

1t 1
Gu@ﬁ"rg‘l’
As to the sign of the denominator of (L4.6) we shall first assume that

] 1
(W -g)>0., I.e., when Nc increases the consequent increase in the out-

put of C-goods willeecet. par.--exceed the consequent increase in the demand

for C-goods. This assumption resembles the familiar assumption of "Mod. K."

1
that the marginal propensity to consume is less than unity. Actually, (Vv - g )

expresses something quite similar to the marginal propensity to save.

T

The first term of the denominator of (k.6) is thus negative, since ¢,

T 11

W and Gll

positive. We shall assume that the numerical value of the first term exceeds

1] Tt
are all supposed to be negative. However, (-r gV ) is

that of the second term. This is, I think, (dynamically seen) necessary for
stability; in a similar way as in "Mod. K." it 1s a necessary stability condi.
tion that the marginal propensity to consume, plus the possible marginal pro-

penslity to invest, be less than unity.*

ty Tt
* Imagine a case where both |®ll| and IGlll are very small and where

LI
[¥ | is quite high, such that the denominator of (4.6) is positive. Imagine
that, in a possible equilibrium situation, No ghifts upward. Because of

equationc) p.22,this will produce a tendency for a rise in Nc . A rise in
N, necessitates a sharp rise in p , [ef. (3.6} % rise in p will, if N
remains constant, disturb the equality (3.1): p Gl =rq . Ca?‘a rise (orr?
fall) in N, restore this equality? Not in this case where |®ll] and [Glll
are very small; [ef. also (3.3)].
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Thus, according to our assumptions, the denominator must be negative.

1t

The numerstor of (4.6) is negative (as ¢ < 0) . (4.6) thus says that

N, will rise when NO rises, Intultively, when NO increases, the demand

1
for Cegoods will tend to increase, whereby p rises; while w 1is assumed to
be constant. The increase in p , therefore, gives private firms inducement
to increase their demand for investment goods. Thus ¢ and Nl will rise.
If le'l is approximately zero, which is probably the case durlng a
depression (with much excess capacity also 1n the production of Cegoods ),

(4.6) shows that le!dNo =~.0 . {In this case p will increase but

slightly, and the mentioned inducement to the investors will not ocecur. )

¥
In the case ¢, and ¢, are zero, {(4.5) reduces to:
] 1 tt [} 2 L )
(5.7) an, g {Gl®11 + {9)" Gy @_}
N dN - 1 ' Tt T o [} [
o ('eg)foyo, + (o) cp8} ~rEy

As the denominator is supposed to be negative, and the numerator is nega-
t LI |

tive (because o4 and G,

We see that the effect on Nc of an increase is No is the stronger, the

are negative), this expression musi be positive.

i1 [N ] : 11
lover--wcet. par.-=- is [&, ] or |Gy, |, or the higher is by | . 1f

Tr
¥ ~ 0, i.e., if there is much excess capacity also in the C-goods industry,

T 1 |
ch/dNo approaches g /(¥ - g ). *

1 T
* Cf. that we may interpret (¥ - g ) as expressing the maerginal prow=
pensity to save.

This last conclusion is quite similar to the conclusion "Mod. K." gives.
The consumption function of "Mod. K." is: C/p = F(Y) . Thus, in this model

we have: d(C/p)/dal  =F &Y/dI  , which because of (4.1) is F /(1-F ) -
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]
When @2 and @le are zero, the effect of an upward shift in N, on

total employment is:

L8 a(N, + N + N ) v {Glll+(¢) GJ.:L }
(') aN = T [ (LI

o (v -g) £G1°11 + (‘Pl) Gll @} -rg ¥

1
positive and > 1. (This also follows from our findings that le/dNo and

(4.8) says that d(N0 + N, + Nc)/dN0 is, according to our assumptions,

ch/dNo are both positive.)

If ¢'L-O , {(4.8) approaches W'/(W'- g') . Comparing this result to
(4.2 ), we see that under specific assumptions, which may be realistic in a
depression, our extended model gives resulis quite similar to those of the
"Mod. K." In this case an upward shift in N, will not, when r is fixed,
affect the price levels of p and gq , [ef. (3.3) and (3.6)}]. The level of

private investment is thus not affected either directly or indirectly.*

Tt

1
* Not direectly, because we assumed ®2 and ®12 to be zero. Not indirectly,

because the price levels p and g remain constant.

Ny

the multiplier, to increase so much that the demand for C=-goods equals the

is then constant. But Nc has, in accordance with the simple logic of

supply (on a higher level of employment and income).

Imagine next a case where there is still excess capacity in the I-goods.--,
tt Tt

1
but not in the Cegoods, producing industry, so that 0y = ¢12 =0, vy <0 .
According to (4.6), an increase in public investment will in this case
stimulate private investment. The increase in Nl may'be considerable, but

it will be small in the case is very high. Furthermore, according to

Tt
614 ]
1 t 1
(4.8), the effect on total employment exceeds V¥ /¥ = g . The multiplier
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effect is now strengthened,* we may say, because a rise in N0 rises p and

thereby Nl .

* If we in this case imagine that an upward shift in No will, cet. par.,
increase Gl » (for example because the increase in NO is expected to

facilitate transport possibilities), the effect may be still stronger.

1 Tt

Iet us look into the case where ®2 <0 and ®12 <0, i.e., where an

increase in public investment affects unfavorably the facilities for the
supply of I-goods to private firms. In this case (+.4) shows that le/dN0

T

may be negative, e.g., if Qé and $| are spproximately zero.

It is intuitively understandable that a low value of |$"| tends
towards a low value of le/dNo «+ In this case the private demand for
J=goods 1s not much stimulated through a rise in p ; ag p will only rise
slightly, (3.6), p. 16.] As to the value of [@él , the higher this value is
the higher isew-according to.(h.h)--—le/dNO . To explain this we may stress
é| is high the Jegoods industry will have to increase Nl conside
erably to meintain the same supply quantity to private firms (as before the

that if |90

increase in No)' In this case Nl may increase even if @ decreases.
Is it, according to (4.4), possible to concelve of a fairly realistic case

where le/dNo is as low as =1 or lower? We can hardly imagine that the

LI} e 11
915 12 = %11
= 0, le/dNO may be negative, but is > «L . If, however, at the same time

Tt
value of exceeds I@ll| . {cf. p. 15.) If @ , and if

1
s
L}

Gyq~05 dN, /4N will be close to -l .

]
, and a high value of |0

it

tt
and of | | tend towards a high velue of dN /AN . Thus, the same forces

From {4.5) we see that a low value of

which tend towards a rise in Nl (when NO increases ), tend towards a strong
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11 1t

tt
rise in Nc . If ¢12 = ®1l , and Gll

while le/dNoﬁd -1 . 1In this case an increase in N will not increase

~ 0, ch/dNO is approximately zero,

total employment. (The level of employment must be limited for other reasons
than lack of demand for Tgoods.)

If ch/dNo 1s positive, dp/dNo is positive. This appears from the
equation (3.6). HEven if the rise in N, 1is small, p may rise considerably
if ]w"[ is high. By equation (3.3) and (4.4), we find that the sign of
dq/dN, is uncertain. But dq/dNo may be positive even when le/dNO is
negative.

r
We will briefly look into the case where G, # 0 . ¥ Differentiating

* Intuitively, we should expect that by and large our above ccnclusions
about the sign of le/dNO s ete., will hold also, & fortiori, in this case.

Cf. the footnote on p. 22 above.

the three equations a), b) and ¢) (p. 22 above) gives:

(4.9) le/dNo =

toor ot ot 1ty oo tr vt/ e ot e 1
(¥ =g )@,9,0 4G50, =(Cy ) E o8 {512¢1‘G22 + GaeGld’la(“"g )

= ™ T U=} Tt 1
(¥ -& )(0,) @{GllG?d (cjzjﬁw 601Gy T) + Gy &)1 (¥ =8 )

(4.10) dN_/an, =

1 1t 1 Tt 11
05) § Gy 22'(G "; t+ 8 Gea 1(¢11 910)

same denominator

1 t 1
g @¢1(®l~

Let us first look at the denominator. The first term must be positive.

LIS} L

[0f. p. 13, where we assumed that G11 o = (Glz) >0 .] The third term is

alsoc positive, as both G2 and ®l < 0 . The second term may, however, be
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negative, (it will certainly be negative if GlE'Z 0). We shall assume that

the numerical value of the second term does not exceed the sum of the first

and third term.¥* Thus, the denominator is positive.

* This is, I believe, a necessary condition for stability. Cf. the argu-
ment in the footnote of p. 23.

The numerator of (L4.9) can be either positive or negative. As in the

case of (4.4k), we see that the numerastor is probably positive, and accordingly

1 T

L]
le/dNO negative, if ®2 and W are approximately zero. (4.9) also
71

confirms other results we found when we assumed Gl2 to be zero. We see, in
t1

! *¥%
accordance with (4.6), that if % = &, =0, le/dN0 must be positive, and

*% I.e., a shift in N0 is not supposed to affect the supply of I-goods to

private firms directly.

11
the numerical value is higher the higher (cet. par.) |y | is. If, in this
LI §
case, ¥ ~~0 , also le/dNonv‘O . 'This is the case of the simple"multiplier,”
described on pp. 24-26 above.

Turning to (4.10) we see that the numerator must be positive. (We assume,

11 Ty
inter alia, that {¢12| < |q>ll .) Thus, an upward shift in N_ will rise N_.

Tt
o]
(30 LN ) 11

and of |¥ | tend towards a high value of dN /AN . If &, =0,

(4.10) shows, as (4.5) does, that a low value of , and a high value of

1
o]
t1 1

and Gll and G22

I.e., in this particular case a shift in No will not affect total employment

~ 0, ch/dan—-o , while according to (4.9) le/dNo«~ -1 .

(N, + Ny +N,) -

1
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B. Shifts in the Propensity to Consume

We consider first "Mod. K." ILet us use a linear representation of the
consumption function: C/p = oY + Co . We digtinguish between two kinds of
shift in the propensity to consume. First, a shift in Co s which, cet. par.,
will change the average, but not the marginal propensity to consume. Second,

a shift in ¢« , which will, cet. par., change both the marginal and the average
propensity to consume. Actually, the effects of a change in CO we have
already discussed. (Cf. the footnote on p. 20.) The results are given in
(4.1)=(4.3) above.

A linear consumption function together with the equations (2.1) and (2.4)
give: Y =0oY +C_ + f(r) . Assuming that r is fixed, and differentiatiné

with respect to « , we get:

ay 1
()-I'-ll) ao = 1o Y .

Using (2.5) and (2.6) we further get:

dnN l X
11 o
o __ .1 Y p_
(b.13) T ia o v

(4.11) and (4.12) express a- familiar Keynesian effect.: The

lower the marginal propensity to save, the stronger this effect is. Comparing

ay 1 _ay
(4.11) to (4.1) we see that & YT do, .

(4.13) to (4.3) we find similar results for the variables N and p .] (%.13)

[Comparing (4.12) to (4.2} and

shows that an increase in ¢ will, cet. par., raise also the price level

1
{(as & <0 ). 1If ]¢ ] is high, the price level may increase considerably

even if the multiplier, 1/(l-<x) , 1s quite low.



We turn to the extended model. We shall operate with a linear demand
function for Cegoods. E.G., we write: g(NO + N + X)) = d(No + N+ N) + C, -
We shall first consider a shift in C0 ; which means a change in the average,

but not in the marginal propensity to consume.
This case of an upward shift in CO is, analytically seen, quite similar

to a case we discussed in Section 4A, namely, the case of a shift in Nb when

1 Tt
@2 and Qle both are zero; i.e., when changes in the level of public invest-

ment 4o not directly affect the supply of Jegoods to private firms. When

i It

& = 95

b) on page 22. They enter only on the right hand side of ¢), which is

=0 , in effect neither No nor CO enter into the equations a)} and

g (No + Ny +N_), or a(N, + Ny + N} + C, , alternatively. The partial

1
derivative of the right hand side of ¢ ) with respect to NO or to CO respectively

1

t

is g and 1 , respectively. This shows us how le/dCO differs from
le/dNo ; which is given by (4.9). The expression for le/dCO has the same

denominator as (4.9)* , and the numerator is also the same except that we

* Notice that the denominstor remains the same whatever parameter we differ-
entiate with respect to.

T

1t
o and ®12 equal to zero and substitute 1 for g . By changing the

numerator of (4.10) in a similar way and keeping the denominator we get the

T

put ¢

expression for dHc/dCO . We thus find that N, increases, when
C0 increases. Compare our more detailed conclusions above in connection with
(4.6), (4.7), (4.9) and (k.10).

We then consider & shift in o , i.e., a shift in the marginal propensity
to consume. Also in the extended model this case does not, analytlcally, differ
much from the case of a shift in Co . The partial derivative of the right

hand side of c¢) with respect to o is (NO + Ny + Nc) . This shows us how
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dN, /da  differs from dN,/dC, . dN,/dx is derived from (4.9) in a similar
1
way as le/dCO, but in this case we substitute (N  + N, + Nc) for g .

(Consequently, we find that le/da times l/(No + N o+ Nc) equals le/dC0 )

C. An Autonomous Change in the Rate of Interest

We consider first "Mod. K." The equations (2.1), (2.2) and (2.4) give:

Y = F(Y) + £(r) . Differentiating with respect to r gives:

(4.1k) o4 QU

1
We see that (L.lk) differs from (4.l), page 20, only by the factor f
1
in the numerator. Similarly, di/dr equals (4.2) times f , and dp/dr

equals (4.3) times £ .

1
t is supposed to be negative. T, N and p will consequently increase

1 1
when r shifts downward. The numerical value of T is erucial. If f ~ 0,
a lowering of r will fail to stirmulate economic activity even when the
1 1
multiplier l/(l-F ) 1is high. A low value of f may reflect a state of

pessimistic expectations. Tt can also reflect that there is no excess capacity

in the J~goods producing industry.

We turn to the extended model. Differentiating in the equations a), b)
and ¢) on page 22 with respect to r , we get:

1t [} t t
dn Gy ¥ (¥ =g )
. 1 22 7

"~ denominator as in (L4.9)

The denominator is supposed to be positive (¢f p. 28 above). The numerator

ts
22

the marginal propensity to save, is positive. (4.15) is consequently negative,

T t
is negative, as G,, <0 and (Vv - g )} , which we interpreted as expressing

i.e., a lowering of the rate of interest will stimulate employment in the

I-goods industry.



N

Of equation c) page 22 we get:

T
ch le

dr L
V =g

(4.16)

We see that Né willl move in the same direction as Nl does. The effect

of a shift in r on total employment (§, + Ny, + Nc) is given by the sum of
(4.15) and (4.16) as N, 1s supposed to be constant.

a(N_ + N, +N_) ' an
0 1 e’ ¥ 1
(“"17) dr = 1 O dr ¢

This result seems quite familiar. It resembles (4.14) which says that
the effect on Y (and thereby on total employment) of a change in r equals
I
the multiplier, 1/(1-F ) , times the effect on real investment. In our

] 1 t
extended model we may interpret v /(w « g } as expressing the multiplier,*

1
* Cf. (4.8) in the case ¢ ~—0 .

(while the change in N, expresses the change in real investment ).

1

According to (4.15) N, will. as mentioned, rise when r shifts downward.

iR
L] It
But how much? We see that if o1y is  ~~ 0, and if [Gll| is low
t1
compared to ]G22| » the numerical value of (4.15) is comparatively high.
The assumption that @ii may be realistic during a depression.

tr it
A low value of iGlll compared to |G,,| means that there is diminishing

returns to a greater extent for labor than for capital. If, conversely,

. t . . IEEE teon
is low compared to |Gll| , and if at the same time [GllGEE - (Gl2) J

11
22'

has a high value, employment in the I=goods industry does not respond much to a

la

downward shift in r .
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high; 1.e., when there i1s "no excess capacity" in the J-goods producing

According to (L4.15) del/dr| will be very low when | is extremely

industry. Further we find that the higher |¥ | 4s , the more N, may
increase when r 1is lowered.* Ile/drl may thus be very high in a case

h @I‘ l t A rt i Tt 2 Tt
where | 13 1s very low, |G22| high, [G Gy, - (Gle) ] low, and |y |

* This will be the case at least when G12 >0 .

very high. 1In this case a downward shift in r will raise p considerably,
thus stimulating the demand for the goods of the capital producing sector,

which was working far below capacity.

D. A Change in the Jevel of the Money Wage Rate

In both models the money wage w is supposed to be exogenously given.
What are the effects of a shift in w ? We consider first "Mod. K." We
operate with the alternative (2.8b), i.e., we assume that the rate of interest
is (autonomously) fixed. In this case a change in w has no effects on N
and Y . The fixed value of r determines I/p s, which again through the
multiplier determines N and Y (independently of the value of w ).
Therefore, by the way, w does not enter into the formulae (4.1), (4.2),
(4.11), (4.12) and (4.1h). |

From the equation (2.6) we then see that p will change in the same
direction and proportion as w .

Also our extended model possesses the specific result that a shift in w
does not--ewhen r 1is fixed---affect real magnitudes (as, e.g., employment),
but changes the price level in the same proportion. That a shift in w does

not change real megnitudes appears from the fact that w does not enter into
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the set of equations a), b) and c¢) on page 22, which determines N, and N, -
It then follows from (3.3) and (3.6) that q and p must change in the
same proportion as w .

Let us look at the case where we, instead of assuming that r is fixed,

operate with:

1 i
M/p = L(Y,r), L, >0, L, <0 ;

where M ---the nominal money supply-e=is autoncmously given. Differentiating

"Mod. K.", i.e., the equations (2.1)-(2.8a), with respect to w , gives:

d )
(4.18) g ; :
p¢ fM~-pdw [L;f +1L, (1-F )]

We see that in this case a shift in w does affect Y (and consequently N).
The denominator of (4.18) is positive, according to our assumptions; while the |
numerator is negative. Thus, a lowering of w will increase Y . (Intuitively:
p decreases, whereby M/p increases and r tends to fall.) There will,
however, not be any noticeable result when [f'lau 0, or if |L;] approaches
infinity (the case of "liquidity trap").

The expression for dp/dw has the same denominator as (L4.18), the
numerator being: - tD'pE[L;_fl + L!2 (l—FI)] . Accordingly, p changes in the
same direction as w , but now proportionally less.

Also, in our extended model, when we apply the alternative (3.8a) instead
of (3.8b) (ef.pp. 17-18), total employment and other real magnitudes Qill depend

on w . We shall, however, not go more closely into this matter.

E. A Change in the Nominal Money Supply

To discuss the effects of a change in M , we cannot any longer assume
that the rate of interest is (directly) fixed. We apply the Keynesian liqui-

dity function together with the assumption that the nominal money supply is



autonomously given.#¥

* We then must expect somewhat more complicated formulae than (4.3)w(k. 17
above, vwhere we used the more simplifying assumption of a fixed r .

Differentiating(2.1), (2.2) and (2.4) with respest to M, we get:

ay f dr

dM 1. aM

Thus, if an increase in M lowers r appreciably, it also will raise
[
Y appreciably, except in the case where [f [~ 0 .

Differentiating the equations (2.1}«(2.8a) with respect to M , we get:

(14"19) _@f_ = T =L (l-F )

dM [] 9 [ 1 ]
PO® fM=-pdw (LT + L, (l-F )]

(4.19) is, according to our assum@tions, negative, An increase in M
may lower r appreciably, except when IL;|-? o , (the case of the liquidity
trap), or when ]¢r'|471n » {in which case only the price level will increase).

Differentiating in our extended model, i.e., the equations (3.1)-(3.8a) 7
with respect to M ylelds somewhat complicated formulae, which we shall not
display here. We find, however, e.g., that le/dM and dr/dM have opposite
signs, and that assumptions which make the value of le/dr small, also ftend

to make dN,/dM small.

F. Summary

Comparing the results of the two models concerning our above questions,
we observe firstly that formally seen the answers of "Mod. K." are much more
simple. The answers of "Mod. K." are especially simple when r 1is supposed
to be fixed. However, the answers of the extended model are not so much more
complicated that we are unable to draw many conclusions without involving

numerical examples.
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We find that the comparatively simple answers of "Mod. K." are in
essence implicit in the more compound answers of the extended model. The
former ones can be deduced from the latter ones when we make some particular
assumptions about the forms of the functions. These particular assumptions
seem realistic in g depressed economy, where there is plenty of excess
capacity both in the production of C.goods and of I-goods. We can thus say
that the extended model Jjustifies tlie use of "Mod. K.," where the investment
side of the economy is described so very summarily, under certain circum-
stences. However, when we expect, for example, that an increase in the level
of public investment will directly affect private investment, or that there is
decreasing returns (to a considerable extent) with respect to labor in the

producing of I-gocds or (=goods, "Mod. K." may prove to be too simple.



5. Changes in the "State of Confidence"

The reader fin&siperhaps that the extended model to a certain extent
"unlocks" Keynes' compact investment function because it separates the demand
and supply side for I-goods. He may also consider this as a first and neces-
sary step towards a more comprehensive and satisfactory treatment of the invest-
ment side. However, he probably objects that the extended medel is very primitive
with respect o the treatment of the risk/factor, price expectations, ete.

Our assumption concerning price expectations was that the levels of prices and
of wages are expected to remailn constant forever (on their current levels this
"week"). (Cf. p. 12 above.) Even though this assumption is very specific, a few
remarké may be offered to support it.

That the single producérs consider future prices as constant parameters
independently of how much thef'plan to produce is related to our assumption about
a "free competitive market" ("automistic" market).-What matters is the expectedly
constant relationship between p and w , and between d and w .

We use our extended model to discuss shift in certain parameters. If a
shift in a paremeter increases, e.g., the price level of C-goods p , and thereby
p/w , we may say that our assumption about price expectations implies that the
producers of (-goods expectrthis increase to be lasting. It could be more
realistic to reckon with still more optimistic expectations, (or still more
pessimistic expectation when p decreases), but this would usually not change
our results as to the direction of the changes in our endogenous variables.

We can further mention that Keynes in "G, T." in the chapter about ILong-Term

)
Expectations, p. lh8,claims: «ss"the facts of the existing situation eﬂter, in a
gense disproportionally, into the formation of our long-term expectations; our

usual practice being to take the existing situation and to project it into the
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futare, modified onlty to the extent that we have more or less definite reasons

for expecting a change."*

¥ Keynes investment function is, however, very generally formulated. It does
not necessarily involve this particular assumption about "horizontal" price
expectation.

Applying a construction of Siackle¥** we may, however, be able to include in

*%* Cf. G. gnackle, "Interest-rates and the Pace of Investment," The Economic
Journal, March 1946, p. 2 and p. 11.

our extended model an expression which roughly describes "the state of confidence.’
Referring to the expression V on p. 12, we shall now not assume that the pro-
ducers of C-goods calculate with a constant net income of (pG(Q, n) - wn) .
They calculate, we suppose, with & net income cf¥ (pe(Q, n) - wn)é*?; , where

v > to + ©® , and vwhere, ordinarily, h > 0 . One reason for such a more cautious
caleculation is, we agsume, anxiety that the capital goods may hecome cbsolete at
some unpredictable date because of new inventions. Thus h tends to be positive.
The value of h may further also depend upon price expectations. If we, e.g.,
are in a boom which is expected to last but a short time, h will tend to have a
high value. If, conversely, the producers of C(-goods believe in an inflationary
movement (in p and w) h will tend to have a low value, and it might even be
negative. Thus, & negative shift in h we will interpret as expressing a better
"state of confidence."

Qur expression V on p. 12 now becomes:

-{r+h)

vt = [ (pG(Q, n) - wn)e ‘4o - qQe”
8
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Instead of (3.1) we now get the following condition for meximum of V!

(5.1) p3(Q, n) = (r + h)q .

‘As a second condition we get, as before, (3.2).

The introduction of Shackle's parameter h thus alter only one equation
in our model. The alteration in this one equation is solely that (r + h)
substitutes for r . Furthermore, we notice that the variable r enters only
in this equation.

Consequently, to discuss the effects of a shift in h will be quite
gimilar to our discussion ©P. 31 above, where we discussed the effects of
a ghift in r . A negative shift in h , i.e., a better "state of confidence,"
has the same effects as & lowering of the rate of interest. Both Nl and Nc

2
. + t iy _ rr
will incresse, and increase more the lower is Iéll! and (Gj;62% - (6129)) ,

and the higher is | v''] and icéé] .



- ho o«

6. The "Extended Model" in the Case Both the
Producers of C-Goods aid of Iifqoqs Demand I-Goods

We shall suggest very briefly how the extended model appears in this case.

The equation (3.4), which expresses that the supply of I-goods equals the

demand, we now write:

(6.1) ¢ (Nl; N,

O=q +Q

where Ql denotes the number of capital units demanded by the producer; of
capital goods themselves, and Qc the number demanded by the producers of
C-goods.

The equations (3.1) and (3.2) remain the same, with the exception that the
notation Q is changed to Q, - (3.1) and (3.2) give us Q, @&s & function of
r,pP,q and w . Ina quite similar way we may express Ql as a function of
r,q and w.

We assume that the producers of I-goods, when they decide how much new

capital they will demand this "week," act as if the maximize:

0
o e -r
Vl "@I (q.H(QlJ nl) = Wnl)e dr - que

Vl expresses the present value of expected increase in their calculated
income. (Cf, the expression V on p. 12. Our assumptions here as to price
expectations, etec., are similar. Cf. also p. 37 above.)

Necessary conditions for meximum of ‘Vl (at some Q > 0) 1is that its

partial derivative with respect to Ql , and with respect to ny be zero.
Which pive:

t —_
(6.2) Hl(Q,l, nl) =r .

v/q .

s

(6.3) 85(Q,, n,)
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We assume that Hii and Héé are negative {liminishing returns to a single
factor). Further we assume that, in the point of adjustment, (HiiHéé - (Hié)g)

is positive.

The equations (3.3) and (3.5)-(%.8) of section 3 we will use as before.*

¥ There is a certain relationship between @l(N ; Nb) and H(Ql’ nl) . The

=Ny (1If con-

sidering shifts in NO we actually should write: H(Ql, n,; No).)

former we can derive from the latter by putting Ql =0 and n

Our extended model now consists of the equations (6.1)-(6.3) of this section,
and the equations (3.1)-(3.3), (3.5)-(3.8) of section 3.

If we assume that Gié and Hié = 0 we can disregard the equations (3.2)
and (6.3). (Cf. the footnote on p. 22.) 1In this case our model is comparatively

simple. Q the demand for I-goods of the producers of I-goods themselves, de-

l >
pends solely on r . Thus, Ql is constant whenever r is assumed to be con-
stant. This means that some of our results above remain the same. The effects

on Nl ’ Nc etc. of ghifts in the level of public investment,*¥ and in the popmsity

*% If Hi is supposed to be independent of No .

to consume, and in w , will be the same as above (when we supposed Gié to be
zero) .
According to (6.2) and (6.3), Q, will increase when, cet. par., q rises,

if Hié >0 . (Intultively, planned input of labour o, will inerease when gq/w

increases. This will raise Hi when I{ié >0, i.e., when we have complementary
may tend to rise strongly, but not indefinitely, as a result of a

factors.) Q

shift in a parameter which raises g , when EHE!! 1is high compared to

12
(HH - (7 )9).

11712 12
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Cur above model, where we assumed that only the producers of C-goods demand
I-goods, gave in many casesg conclusions which differed from those of the "Mod. K."
Thus we found, p. y that in case @é =0 , @'ig =0, Gié > 0 , and the numerical

value of §'' 1is very high, our extended model described a strengthened multi-

plier effect. The reason was that an increase in p induce the private investors

to increase their demand for I-goods.* If Hié >0 , we can, intuitively, con-

* TIn order to take this into account we would, in "Mod. K.," have to imagine an
upward shift in the marginal efficiency of capital schedule., In the extended
model such shifts are "built in” and explained by the model.

clude that the inclusion of the demand for I-goods of the I-goods producer them-
selves will probably mean that the multiplier effect is strengthened still more.
The reason being that ¢ tends to increase, (cf. (6.2) and (6.3)).
Conversely, we found, p. 26, that if o =0, ®n = o)
Gy =0, G5=0, le/dmb is approximately = -1 . In that case an increase
in public investment would not increase total employment. Intuitively, the in-

clusion of the demand for I-goods of the I-goods producer themselves, would

not change this conslusion. {Tr this case g would tend to remain constant.)



- 0% .

f. The Time of Delivery as a Variable

In Section 3 we considered © , the time of delivery, including installe
ment, of all kinds of I-goods, to be a constant. We will now very briefly
suggest how we could operate with ® as a variable. We now will assume that
q , the price per unit of capital, is a decreasing function of the time of
delivery @ , i.e., that investors will have to pay a premium for short
deliveries.

In Section 3 both the investors and the producers of I-goods are
supposed to consider q as a given parameter. OQur model determines the value
of g which secures equality between the demand for and the supply of
I-goods. When we are going to explain both g and © we may first notice
one problem concerning the construction of ocur model. We cannot possibly
now assume that both the investors and the producers of I-goods consider
g and @ as given parameters. Such a way of proceeding will tend to leave
us with one degree of freedom left.

A possible way of proceeding, which yields a determined model is: 'The
investors have to reckon with a certain price schedule ¢(®) , when they
order capital goods. They can choose the time of delivery they want, but as
q' <0, it is expensive to choose a low value of ® . The form of the schedule
q(®) is supposed to depend upon the production function of the I-goods sector.

Referring to the expression V on page 12, we now shall assume that g
is a given function of @ , and that the dinvestors act as if the maximize V
with respect to Q , n, and ® . Necessary conditions for maximum of V
gives us the two equations (3.1) and (3.2) as before. In addition we now get

a third equation:

(7.1) G(Q,n) = -aa (8) + Qa(B)r .
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(7.1) expresses that the expected income the investors lose by getting
their capital goods a time unit later [the left hand side of (7.l)], shall
equal the sum of their simultaneous gzin by getting it somewhat cheaper, and
their interest-gain by later payment.

We assumed (cf. p. 15) that the calculated average net income of the

rroducers of I-gocds is:
= q(®) ®(N1,NO) - Wy -

n depends, when w and q{®) are given, on N, and © . We now ask
the question: What form of the function ¢(@) will make the producers of
I-goods indifferent as to which valus of & they contract, i.e., will make
7 only a functicn of Nl? This, under scome assumptions, depends upon the
form ¢f the production function. We find, in general that q' < {0 . TFurter-
more, we may, on the basis of a competition among the producers to get orders,
argue that it is realilstic to assume such a function q(®) confronting the

buyers of capital goods.*

* This point I have tried to develop more in detail in the Review of
Economic Studies, February, 1960, p. 103,

The equations (3.1)=(3.8) together with (7.1) form a model which include

the time of delivery as a variable.



