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*
On "An Identity in Arithmetic"

H. D. Block and J. Marschak have presented in the Bulletin of the

American Mathematical Society, ég, an identity which arose in a probability

context. This note proves it by a probability theoretical argument.

Consider an experiment having the set of possible cutcomes N = {lJ ey n}
with positive probabilities (ul, veny un) and an infinite sequence of inde-
pendent repetitions of that experiment. Iet M be a subset of N and 1
be an element of M , and denote by A(i,M) the event that i is the first
element of M which occurs in an infinite sequence of outcomes. If Bj(i,M)
denotes the event that the first (jwl)ﬁz outcomes are not in M and the

Jth outcome is 1 , one has

A(i,M) = Bj(i,M) .
J=1

[} -] u
a7 O R T S
Hence Pr[A(i,M)] = =z Pr[Bj(l,M)] = I (1 uM) u, = » writing uy
J:l J=1 M

for Z u, , and puiting o =1 for the degenerate case M = N .
JeM

Iet now r be a permutation of N and kr be the element of N ranked
kth by r . Iet also C(r) be the event that the first occurrences of the
n elemenis of N in an infinite sequence of outcomes appear in the order

I':(l, DR nr) - If D

. (r) denotes the event that k_ occurs for
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the first time at the th performance of the experiment (for every

Iy

k=1, ..., n), one has

cry = U D, (r) .

oy ol jn Jl: L Jn

1
Hence Prlc(r)] = b prip, (r) , 1=
g Sy d1r v*tr dp
Jo=d Jz=ds=1 Jy=dz=1
= ul2 1 u, (ul +u, } 52 ug (ul +tu, +u ) u.,? u .
Jl LR j I r r r I r Ir 51' nr
n

Putting jk+l - jk - 1= hk and ulr + ue + ukr = vk,r,one obtains

n h., h h n n-1

1 _2 n-1 -1

pric(z)] = TT u, X V.oV eV =TV u,) TT (1-v, )

j=l J hl, ey hn_lz 0 l)r 2)1‘ n‘l)r ,j=l J k.=l kJr

Let finally R(i,M} Dbe the set of permutations of N for which i is
ranked first among the elements of M . Since the event that some element

of N never occurs has probabllity zero, one has

Pria(i,M)] = = pric(r)] .
reR(i,M)

Hence the desired identity:

u n

= TT wu. & ]_r Z u .

3§M Us j=1 Y reR(i,M) kel \ J=k Or




