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In forestry an index of the productive capacity of a site is con-
structed as follows: A relationship between the height of trees (H),
age (A), end various soil factors is estimated. This is often of the
form
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(1) logH = a +8 A7 +a8 + ...+ 8, 15, * €

The index for a particular site is obtained by assigning an arbitrary
value (usually 50) to A and inserting the values of the soil factors
measured on the site. Thus

where SI is site index and

a' = ao + 028

o 1

Equation {1) sometimes includes a measure of stand density because
tree height, for many species, is related to stand density.
1

(3) logH = b, +b AT +bS +...b .S +b D+ €5

Density is not used to obtain the index for e particular site because

it is not possible to predict exactly what density on thé site will bve,

for instance, at the end of fifty years. The advantage of including
density in estimating the relationship from which the index is obtained

is thet it reduces the unexplained variance and increases the sensitivity
of the tests of soil factor coefficients. Unfortunately, the usual
nmeasures of stand density are often not independent of soil factors and age

so that the inclusion of density in (3) and its exclusion from the pre-



d4cting equation may result in biased estimates of site index. It is
possible, however, to obtain both a sensitive test of the coefficients
and unbiased site indices.

Assume that the relationship between density, age, and soil factors is
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Substituting (4) in (3) we obtain

“1
(5) log H = dy+ AT + 48 + ... +d oS
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Estimates of the coefficients in the system consisting of (4) and (5)

can be obtained by maximizing the function
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vhere N 1s the number of observations.
Taking the partial derivatives with respect to the parameter

egtimates we obtain g system of 2n + 5 equations.
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Observing the zero restrictioms in (7), (8) reduces to the system
of equations from which the ¢’s aslone can be estimated. Similarly, (7)
reduces to a system from which the d's alone can be estimated and the
estimates which are cbtained by solving (7) are exactly those which
would be obtained from estimating (1). The estimate of o§ is identical
with that which would have been obtained from estimating (3).

If one were to estimate (1) the coefficients might seem insignificant.
If, however, it 1s possible to account for part of the unexplained
variance by inecluding in the relationship some variable uncorrelated with
variables in the predicting equa*ion (2), the estimated coefficients
might actually be significantly different from zero. To the extent
that D 1is correlated with age and soll factors, it is unsatisfactory
for this purpose. But the variations in D due to other factors re-
presented by eh can be used profitably to obtain a better estimate
of the worth of the predicting equation.

For the purpose of estimeti- - the site index for a particular
site, it would be useful to know what the value of eu will »= vwhen
the stand is fifty years old. Since this is not now observable, one
would not use Eh in estimating the index. Since eu is uncorrelated
with soil factors and age, it can be dropped without introducing bilas
into the estimate of the index. It should be noted however that ery
variahle uncorrelated with age end soil factors could be used in the
seme way. Suppose, for example, that some soil factor is known for an
existing sample of sites, but is too expensive to be measured for the

purpose of estimating the index for a particular site. Such a factor



could be used just as D was used in the example. In predicting, this
factor could be used or not, depending on whether the expense of measuring

it was justified.

A _Numericagl Example

The example that follows is drawn from data collected by members
of the Delta Research Center Southern Forest Experiment Station in the
course of an investigation of soill factors iInfluencing the site index
of sweet gum (Liquidambar styraciflua). More than L0 soil variables
were measured in the study, but for the purposes of the example oniy
two will be considered here: the clay content and the level of
potassium, both taken 36-48 inches below the surface.

An equation of the form specified by (1) was fitted to the data
and the results were as follows:

t « 00202711 C + .00014790 K

(1) log H = 2.14%09231-6.2587 4
where H and A have been specified and C and K are percent clay
and potassium in parts per million respectively. The analysis of

variance appropriate for the equation is given below:

Source Degrees of Sums of Mean Square F Ratio
freedom squares

At 1 18055

c ;A-l fixed 1 44829 25,27

K;C and AT fixed 1 7206 5.67

Residuals 58 T3714 1271
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Upon adding basal area (a measure of stand density) to the model

as in (3), the following equation was obtained:

(12) 1log H = 1.893325 - 5.8350 a7t

where log H, A-l, C and K have been defined and B is the cross-sectlonal

-.002059L7 € + 00015315 K + .10964 B

area of the tree stems 4.5 feet above ground expressed in square feet

per acre. The analysis for the expanded model is as follows:

Degrees of Sums of

Source freedom squares Mean square ¥ Ratio
al 1 18055

c; AL fixed 1 14829 40.39
K; AL and ¢ fixed 1 7206 6.49
B; K, A and C fixed 1 10454

Residuals 57 63760 1110

Following the procedure outlined in this paper, relationship (11) would
be used to estimate site index but the analysis sppropriate for testing

the significance of the soil variables 1s that following equation (12).



