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In this paper methods developed for the analysis of experimental dats are
applied to the analysis of income data derived from a cross-section survey.
Problems of analysis which are generally avoided by the use of efficient experimental
degigns are seen to arise in acute forms when the deta are obtained from crose-section
surveys.

In the second part of the paper, distributions of expected incomes based
on a simple model of income generation are presented and a short analysis of the
residual incomes is carried out. This discussion throws light on the role of
some Important demographic variebles in shaping the distribution of employment
incomes and on the valldity of certain hypotheses which have been advanced to

explain the distribution of income.



I. A Description of the Data

The analysis in this paper is based on a distribution of annual wages and
salaries for men in Great Britain. The distribution was obtained from the national
survey of incomes and savings carried out by the Oxford University Institute of
Statistics in Spring 1954 and relates to the financial year April 1953 through
March 1954. Although the basic sampling unit for the survey did not consist of
an individual person, information was collected about the income from employment
of all men interviewed which enabled the distributions and tabulations required
for the following analysis to be made. A description of the coverage, methods
and reliability of the Oxford Savings Surveys can be found in a series of articles

in the Institute's Bulletin from 1953 onwards.*

* See in particular {2].

Individuals who had not been working full-time, or who had not been in paid
employment for at least 46 weeks out of the year, were excluded from the analysis;
the number of men remaining in the sample was 1,414 but not all observations
carried equal welght because of the sampling methods used. By roughly standardising
the time periocd to which the wages and salaries refer, they can be regarded as
equivalent to annual rates of remuneration for the individuals concerned. The
distribution obtained presumably exhibits less variability than a corresponding
distribution referming to a single month or week, since most of the short-run
fluctuations in wages or salaries will tend to be averaged out when the longer time

interval is chosen. This is particularly important for manual workers whose wages
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may vary considerably from week to week as a result of overtime or pilecework, for
example. The actual distribution to be examined in this paper is shown in Table I.

(See Table I)
Although the distribution is based on a sample, it displays no obvious irregularities
which might be attributed to sampling fluctuations; the distribution is unimodal
with the usual marked positive skewness. The few very low incomes are largely to be
explained by the retention in the sample of individuals who were not in receipt of
full rates of pay becasuse they were still undergoing some form of training -- apprentices
or articled clerks, for example. While students undergoing full-time education
were not, of course, included in the sample, all full-time pasid male employees aged
18 years or over were retained even though they might still be in the course of
training. Compared with most income dist{ibutions, that in Taeble I displays a very
low degree of inequality; the convention7Lorenz coefficient is only 21%, while the
Pareto coefficient is as large as 3.3. The Pareto distribution seems to give a very
good fit to the upper tail of the distribution, although it i1s impossible to determine
from so small a sample whether it would continue to do so in the very highest reaches
of the distribution of wages and salaries. Since a deliberate attempt has been made
to regtrict the analysis to a single type of income and a relatively homogeneous
group of income recipients, it is not surprising, of course, that the degree of inequality

is much less than for more general distributions of income.
II. e Method o alysis

The objective of the method of analysis 1s to exhibit systematically the effects
of a variety of factors such as occupation, age, or industry on the level of an

individusl's remuneration. BSince the factors in terms of which the variation in income
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is to be explained are essentially attributes rather variables, conventional regression
techniques are not appropriate and resort has to be made to techniques of analysis
developed primarily in connection with the statistical analysis of experimental
dats where identifisble but non-measurable factors are liable to influence the
outcome of particular experiments. Since these techniques have seldom been applied
extensively to economic data, the appropriaste methods of analysis will be briefly
described first. Essentially, this involves specifying the underlying model or
structural relationships and the corresponding estimation procedures.

The first difficulties to be faced are problems raised by the classification
of the data according to various criteria. For example, there are numerous ways of
clagsifying individuals by their occupation and the number of separate occupations
distinguished is obviously arbitrary and subjective. The investigator has to be
giided by pragmatic considerations and to decide on a limited number of occupationsl
groups, in our case nine. However, the logic underlying the subsequent analysis
is really based on the assumption that an individual can be allocated to one out
of a set of mutually exclusive (occupational) categories on the basis of some specific and
unembigous characteristic. If is tacitly assumed that all members of a particular
occupation are literally homogeneous in respect of their possession of some specific
attribute, and that this attribute exerts & distinct influence on the 1evel of earm-
ings of all individuals with that attribute. This assumption cen evidently only be
Justified as an approximation to reality which acquires greater validity as the
number of categories separately distinguished is increased. Similar remarks apply
to the other classifications wused in this study. Although age 1s a continuous variate,
individuals have been classified into six age groups which are treated similarily

to groups within other types of classification. One reason for adopting this procedure
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is that it avolds specifying the particular form of the functional relationship
between income and age, which appears to be rather complex; it also enables age
to be handled in the same way as other factors.

The method of anelysis to be adopted can he illustrated by examining a
situation in which only two principal factors, such as occupation and age, are
assumed to influence an individual's earnings. A simple model is set up as

illustrated in equation (1).

=m+a, +b, +e

yijk i J iJk 1=212,.e.1r, §J=1,2...58. (1)

where denotes the income of the kth individual in age group i and

Y13k

occupational group J ;

m denotes a parsmeter common to all individualsy

a, denotes a parameter common to all indlviduals in age group 1 ;

i
bj denotes a paremeter common to all individuals in occupational group Jj ;
eiJk denotes & random variable with zero mean and finite variance.

Any set of observations can be arranged in the form of a two-way classificational
table with rs cells. When the observations are selected at random from a given
par:nt population the numbers of observations falling within particu;ar cells will
be proportional to the proportions in which the corresponding observations occur
in the population, apart from sampling fluctuations. Let us denote the probability
of obtaining an individual of age i and occupation J by the symbol pij’ where
L piJ =1 . The expected numbers of observations within particular cells of the

13
semple are therefore given by equation (2):

E(nij) = Np, | (2)
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where N 1s the total number of individuals in the sample. The expected level of
income for all individuals of age i1 will be denoted by the symbol E(yi‘), where
the use of the period in place of the subscript j indicates that the expectation
embraces individuals in all s occupational groups within age group 1 . On the
bagis of equations (1) and (2) we may write:

5
( ) Z (py5p,)
yy )=mre 4 g 0 (3)

It should be noticed that the absolute level of the set of parsmeters a, oOr bj
is indeterminate since either set of parameters can be increased or decreased by a
constant amount provided that the overall parameter m 1is adjusted by an equal
amount but in the opposite direction. The difference, however, between any pair
of age (or occupation) parameters is uniquely determined by the specification of

the model. The corresponding difference between the expected incomes for two age

groups, say 1 and 2, is given in equation (4).

<1 s
%plsba 2 PP |
R 3 (k)
P P
j 1j 1 23

It is clear, therefore, that the difference between the sverage incomes for any pair
of age groups 1s generally a biassed estimate of the difference between their age

parsmeters, and similarly for occupation groups. This bias is independent of the
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size of the sample and cannot be reduced by increasing the sample size. However,

if the relative occupational distributlion within each age group happens to be the
same for all age groups, the bias is eliminated. More specifically, if pij = pipJ
for all i and Jj, the expression in braces in equation (4) vanishes identically

for every pair of age groups, and also in the corresponding expression for oceccupation
groups .

If the object of the investigation were principally to examine the effects of
age and occupation on income, it would be better to select the sample along quite
different lines. By analogy with efficient experimental designs, it would simplify
the analysis considerably if equal numbers of observations were selected (at random)
within each age-occupation sub-group. if the population could he suitebly stratified
prior to sampling, this would be a simple operation. However, the requisite sampling
frames are usually non-existent in practice, and in any case actusl cross-section
surveys are taken with many different objectives in view, which generally leads to
simple random sampling with certain modifications which are not important here. In
general, therefore, it can be concluded that whenever the data arise from cross-section
surveys there will infallibly be unequal numbers of observations, and sometimes very
unequal numbers, 1n the cells of a classification table of the kind considered here.
Given tﬁe validity of the underliying model, the appropriape method of estimating the
paremeters will now be reviewed briefly.

Best linear unbiassed estimates of the parameters in equation (1) are obtained
by the use of conventional least-squares estimation procedures; if it also happens
that the eijk 8 are normally distributed, least-squares estimates yield the maximum
likelihood estimates. The normal equations for estimating the parameters are given

as follows:



%?E Yige = o + ? ni.;i * ? n-Jgj
§Eyijk - ni‘; oA §J: nijﬁj =12, ... 1) (5}
% E Yigk = n..; + % nijgi + n‘JQJ (j = 1,2, s)

where nij denotes the number of individuals in age group i and occupation

group J &as previously,

and n, = § nij and n = ? n g

These equations are not independent, which reflects the indeterminacy in the levels
of the sets of parameters &, and bj commented on above., In particular, the

first equation in (5) is equal to & half the sum of the remaining (r + s) equations.
The neatest way of resolving the indeterminacy is to add the following specifications:
ij = 0 , which implies m = ; (6)

Lo 8 =Ln
i j

These seem desirable properties for the sets of parameters to possess; the differences
between parameters in any set are, however, uniquely determined by the normal equations
and are not affected by these additional specifications.

One special case needs to be noted. This arises when the proportionate distribution
of the observations within the rows (and columns) of the corresponding two-way
classification table is constant. Formally, this implies the following relationship

among the nij 8 3



A . =2 A0 = AD = ... = A D for every j (7

where the xis comprise a set of constants.
Given s distribution of observations in the sample which conforms to (7), the terms
involving g can be eliminated from the second set of equations (r in'total) in
(5), while the terms involving ; can be eliminated from the third set of equations
(s in total) in (5). 1In these circumstances, the estimates of the a's are independent
of the estimates of the b's, and vice versa, and the distribution of the observations
is said to be orthogonal. Care is usually taken to ensure orthogonality in the design
of experiments, but non-orthogonality will elmost invariably arise when the data
are taken from cross-section surveys. Of course, if piJ = piPJ in the parent
population, the distribution of observations in & random sample from that population
will be at least approximately orthogonal. Finally, if all the A8 in (7) happen
to be equal to unity, and .. there are equal numbers of observations in all possible
sub-cells, the analysis is especially easy. 1In general, whenever the distribution
of the observations 1s orthogonal, the differences between the marginal row and column
means provide (best linear) unbiassed estimates of the differences between the COryaan
ing parameters.

The formael similarity between this approach and ordinary regression techniques may
be illustrated by the following device. A dummy variable taking only the values zero
and unity is associsted with each of the parameters in equation (1) which may be re-

written as follows:



yijk =mv + aixi + bJZJ + eijk (8)

where v = 1 for all yijk,-

and x, =1 for all Yy 3k with 1 =1, and x, =0 when 1 A1
Xy = 1 for all Y35 with 4 =2, and x, =0 when i £2
x, =1 for'a;.l. ;ri:jk. *;'i;;h. 1 = ;-,. ;.nc-l .x; =0 .when 1¢r
and z) =1 forall y,, with j=1, and 2z =0 with J £1
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1 for all Y 3k with ) =8, and z_ when J £ 8

The moments matrix obtained from the dummy varlables v,x and 2z by the
application of least-squares estimation procedures is identical with the matrix
of coefficients in eguations (5). Obviously, sums of squares and cross-products
for these dummy varlaebles must be elther zero or positive integers, and when they
are anot zero they have to be equal to the numbers of observations in particular
cells, or combinations of cells, in the corresponding classification table. Thus,
although in the non-orthogonal case 1t is necessary to solve a large block of
simultanecus linear equations in order to obtain estimates of the parameters, the
appropriate moments matrix or matrix of coefficients can be derived verj much more
easlly and quickly than in a more conventional multivariate regression analysis.

The above method of analysls has obvious extensions to situations in which more
than two sets of factors are assumed to influence the level of the dependent variable.

For example, an extended model can be written as follows:

A
—
G
A

=m + ai + b‘j + ck + dl + Lijklm

Y1 k1m
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If there is orthogonality in all four dimensions, the anslysis will, of course, be
relatively simple, but otherwise the computional difficultiles are increased considerably
as the number of parameters 1s increased.

If the underlying causal structure is adequately represented by a simple model
of the types illustrated in equations (1) or (9), the analysis may be quite effective
in explaining much of the variation in the dependent varisble, since although there
will generally tend to be a large number of paramsters the number of possible different
combinations of ‘these parameters will be very large indeed. 1If, on the other hand,
the effects of the various factors under consideration fail to combine in a simple additive
fashion, this may lead to a a proliferation of interaction parameters which may mske
the analysis too clumsy both from a theortical and a computational viewpoint. Departures
from additivity can be incorporated in the model by introducing a set of interaction

parameters as in equation (10).

yijk =m+ & + bj + (ab)ij te (10)

Glven that there are r parameters ai and s parameters bj’ there are a possible

rs8 interaction parameters of the type (ab)ij’ 80 that the number of simultaneocus
equations to be solved can increase from (r + 8) to (r + s + rs) when the parameters
are estimated by least-squares. Moreover, if there are k separate sets of factors, in-
stead of just 2 as in equation (10), the number of possible sets of such first-order

L k(k-1)
2

interactions is It has been found necessary to introduce some interaction
terms into the income analysis in this paper, but for obviocus reasons the number has
been kept as small as possible. For example, it is clear that the effects of age

and occupation on income do not combine in a simple additive way; the earnings of
manual workers ténd to be highest for those workers who are in the middle of their work-

ing lives, whereas the earnings of professional workers tend to be highest just before

retirement. There are fairly cbvious reasons for this and any attempt to fit workers
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from all occupations into the strait-jacket of a single set of age parameters will
inevitably produce some sort of distorted compromise which 18 not representative
of any group. Fortunately, however, it is not necessary to introduce a complete set
of occupation-age interaction parameters since there is some justification for assum-
ing that the effects of age on income are the same for certain groups of occupations
even though they are not the same for all occupations. Accordingly, the following
assumptions were made; the age pattern for manual workers, who comprise three-guarters
of the adult-male labour force, was taken as the basic age pattern, and systematic
departures from this pattern in other groups were allowed for by specifying one set
of age interaction parameters for managerial and higher professional workers, another
set for lower professional workers, and a third set for other non-manual workers.
Since there are six age groups, this involves an additional 18 age-occupation parameters,
but a complete set of interaction terms would have required 54 parameters as there
are nine occupations altogether. Thus, in setting up the model it is assumed that
certain age-occupation interaction parameters are shared among particular occupation,
while others(for manual workers) are assumed to be zero, Apart from the extra com-
putations involved the fallure of the main effects to combine additively is a con-
siderable loss in conceptual or theoretical simplicity, since it implies, for example,
that oeccupational differentials are generally functions of age and vice versa. However,
this problem arises from the complexity of the real world and not from any inadequacy
of the method of analysis.

If the effects of the various factors combine in a multiplicative fashion, that
is to say if the effect of any single factor is proportional to the existing level of
the dependent variable, a simple transformation to the logarithm of the dependent
variable is sufficient to restore additivity in the model. The multiplicative version

of equation (10) is illustrated in equation (11) where the parameters require some
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= m a.ibj(a.b) (11)

i 15%13K

The parameter m can be specified to be equal to the geometric mean of the y s,

while the other parameters (and aelso the stochastic term) will generally take values
around unity. If 1t assumed that the geometric mean of éach set of parameters is

unity the model is completely determinate. The stochastic terms are assumed tobe always
greater then zero with a geometric mean of unity. On taking logarithms, equation {11)

can be rewritten as in equation (12)

log ¥y = log m+ log ai + log b (12)

3k + log (ab?ij + log e

J 1jk

Thus, if the stochastic term e is log-normally distributed, the application of

ijk
least=-squares estimation procedures to equation (12) will also furnish maximum likelihood
estimates of the parameters. When the dependent vafiable is income the assumption of
log-normality for the residuals seems more plausible than that of normality, while the
assumption of multiplicatively rather than additivity among the main effects also
seems preferable.

It should alsc be noticed that in the multiplicative model the variance of the
residuals 1s propertional to the expected value of income and is not homosceddstic except

in logarithms. The association of dummy variables with the parameters of equation (11)

can be accomplished by introducing then as exponents of the parameters. For example,

A T 14
yiJk =m a, ¥ (ab)iJ eijk (13)
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The dummy variables v ,w.x and 2z are defined in a sinilar way to those in equation
(8) above.

The moments matrix or matrix of coefficients of the independent variables
which is obtalned for the normal equations for equation (12) is exactly the same as for
equation (10). If the equetions are solved by matrix 1nveréion, therefore, the
additional computations involved in an investigation of the multiplicative model
if a solution has already been obtained for the additive model are almost regligible
(and vice versa). The two models can profitably be explored simultaneously in this
case, Unfortunately, the writer did not have access to a high-speed computer when
solving the equations for the income study in this paper, and solutions wars obtaili:
by an j-erative method and not by matrix inversion. This also means that is iapossiblo
to provide confidence intervals for the various parameters or combinations of parameters
in this study. The solution of such a large block of simultaneous equations by an
iterative method without uesing high-speed computers is made feasible by the fsct that
the estimates of the parameters which are obtained by ignoring the non-orthogonality

are generally quite good approximetions to the proper estimates.®

* The method actually used was a systematic application of the method described by
W.L. Stevens in [6].

I1I. me erical Results
The specific model used to analyse the income data in this study is given in

equation (13).

= +
Yygklan =B *+ 0, + AJ +R +T) + I+ (OA)iJ + (OR) (OT)11.+ i klm (1h
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where 0, denotes cccupation i (9 parameters)

i

AJ " age j (6 parameters)

R, " region k (4 parameters)

Ty " town size 1 (3 parameters)

In " industry m (10 parameters)
(OA)ij " occupation-age interaction ij (18 parameters)
(OR)ik " occupation-region interaction i1k (4 parameters)
OT)il " occupation-town size interaction il (3 parameters)

The following specifications are also added:

L0, = z nJAJ = o0 = L ngy (01,1) = 0

where the n 8 denote the numbers of individuals affected by particular paremeters.

The corresponding equation for the multiplicative model is obtained simply by replacing
the addition by multiplication signs (with appropriate reinterpretation of the paramcters,
stochastic term and side conditions). The numerical estimates obtained from the additiv
and multiplicative models are presented in Tables IT and ITI below; the descriptions of
the various sub-groups within each classificatlion are listed in these tables together
with their code numbers used for ease of reference here. Some comments are needed
sbout the precise specification of the model, particularly in respect of the inter-
action terms. As already mentioned above, there are three sets of occupation-age
jntersction terms; the first set applies to occupations 1 and 2 only; the second

set to occupation 3 only; end the third set to occupations 4,5 and 6 only. There

are no interaction terms for occupations 7,8 and 9 (manual workers). The single
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set of occupation-region interaction terms (OR)ik applies to occupations 1,2, and 3
only; these interaction terms sllow for the possibility of the effects of location
on income being different for managerial and profession workers from the effects

for all other occupations. Similarly, there is a single set of cccupation-town-size
interaction parameters referring to occupations 1,2 and 3 only. Since there are likely
to be interactions between industry and other factors, particularly occupation, it
was decided to restrict the industry parameters to occupations 7 and 8 only (skilled
and semi-skilled manual workers). The industry parameters are assumed to be zero
for individuals in all other occupations. This is somewhat unsatisfactory but it
avoids introducing numerous additional interaction parameters without ignoring the
problem of interactions altogether. It was felt that the effects of industry on

earnings are relatively most important for these two categories.
(See Tables II and III)

In Tables II and III the estimated parameters sppear in the first column under
the heading 'fitted constant to borrow the more expressive analysis of variance
terminology. Instead of listing the interaction terms separately they have been
added to the corresponding terms for the main effects since it is the sum of main
effecta plus interaction which yields the expected income pattern. For example, the
expected age pattern within occupations 1 and 2 is derived by adding the interaction
constants for these two occupations to the age constants common to all occupations.
Four distinct age patterns are obtained in this way, three of which refer to the three
occupational groupe for which separate occupation-age interactions are postulated and
one to the remaining group (manual workers) for which the interaction terms are assumed

to be zero. In effect, the model specifies four age patterns and it is easier to present
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the vesults in this form without listing the interaction terms separately although
the latter can be derived by implication from the figures in the tables. The inter-
actions between occupation and region and town size have been treated similarly.

The results for the multiplicative model shown in Table III are given as
logarithms although strictly it is their anti-logarithms which denote the fitted
constants; for example, the fitted constant for higher professional workers 1is 1.87,
which is the anti-logarithm of 0.271, and this expresses the fact that eernings in
this occupation (ignoring, for simplicity, the effects of all other factors) may
be expected to be 87% sbove the (geometric) mean income ( US56) for the whole sample.

The actual deviations of the mean incomes for the various categories from the
appropriate overall mean correspond to crude blassed estimates of the various
paremeters taking no account of the non-orthogonality of the distribution of the
observations. These actual deviations are shown in the second column of Tables II
and III for comparison with the fitted constants. The figﬁres in the third column are
the differences between these actual deviationa and the fitted constants; these dtfferenres
are labelled 'concentration components' since essentially they reflect how much of the
actual deviation can be attributed to the effects of other factors through the
concentration of particular types of observations in particular cells -- i.e.,
to the non-orthogonality of the data. The variability or dispersion of these concentration
components relative to the dispersion of the corresponding fitted constants is a good
indicator of the usefulnesgs of the analysis. Whenever a specific category has a large
individual concentration component it should be possible to adduce a specific explanation
for it in terms of the actual distribution of observations. For example, the large
positive concentration component for managers relative to higher professional workers
is apparently due to the fact a much larger proportion of managers are found in the

age groups 45-64 years where incomes are highest for these categories. The difference
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between the average earnings of managers and higher professional workers therefore
gives an exaggerated impression of the expected difference in earnings for individuals
who are comparable in age and other respects. Again, it is clear that the difference
in average €arnings between workers in wurban and in rural areas is at least partly
due to differences in the occupational structure of the respective lebour forces as
well as possibly to other differences.

When there are serious interactions present in the data the interpretation of the
so-called concentration components becomes much more difficult than when there are no
interactions. The question of the effects of differences in age distribution among
various occupations on the levels of income in those occupations is not altogether
meaningful if the effects of age on income are not the seme for all occupations. Thus,
although the point of departure for this study was the problem of the non~orthogonality
of the date, in practice the most serious difficulty is the presence of interasctions.
Indeed, the complexity of the present analysis and consequent proliferation of parameters
and diffieculties of interpretation suggest that this method would be most profitably
applied to more restricted and homogeneous sets of data. Women, part-time workers
and juveniles were deliberately excluded from the present study in an attempt to
gecure greater homogeneity, but even sc the population exasmined zeems to be too complex.
The method of analysis might be much more powerful in a study of wage differentials
where only manual vworkers are considered. For example, & study of relative levels of
wages by industry must face the problem of differences in occupational structure
among various industries, and the method of analysis described here might be ideally
suited to tske account of such differences. In this situation it would be much more
plausible to assume additivity between the effects of occupation and industry on earnings,
8o that the problem resolves itself simply into disentangling the effects of the two

factors when the distribution of the labour forece is non-orthogonal. Age and location
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could also easily be incorporated in such a study provided that the agsumption of
additivity is still considered satisfactory (and the appropriate data are available).
Finally, 1t should be noticed that the problem of intermctions is not peculiar to this
method of analysis and is just as important in any conventional regression analysis.
Indeed, the present analysis, as shown above, is egsentially only a special case of
regression analysis. The initial approach to the problem was more suggestive of
variance analysis, but the latter can always be reduced to a form of regression analysis.
The interactions show up clearly in the present study and it is essential to make
explicit allowance for them, but the analogous difficulties in ordinary multivariate
regression analysis are perhaps glossed over all too frequently.

Despite the clumsiness of the model presented above and the ensuing problems
of computation and interpretatlion, a knowledge of the estimates of the various parameters
enables much deeper insight to be gained into the way in which the factors considered
influence the form of the distribution of incomes. Since specific allowance has been
made for non-orthogonality in estimating the paremeters, the effects of the various
factors on income can be handled simultenecusly and the following section will illustrate

the uses to which the fitted constants mey be put.

Iv. me lications of the erical Results

The fitted constants estimated above can be combined in accordance with the spectfi-
cations of the model to yleld an expected level of income for each individual in the
sample given his occupation, age, location, etec. A synthetic distribution of income
based on these expected incomes can then be generated together with a corresponding
distribution of residusl ( i.e., actusl minus expected) incomes. These distributions
may throw some light on the validity of certain hypotheses about the distribution of

income.
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The relative merits of the additive and the multiplicative versions of the
mode) will be considered first. On the basls of Tsbles II and III there is little
to choose between the two versions and both sets of estimated parameters exhibit the
same basic pattern. Moreover, on the basis of the proportion of the variance of
actual income (or the logarithm of income) which can be attributed to the variance
of the expected level of income there is also little to choose betwoeen the two
models. The relevant sums of squares are given in Table IV where a rough analysis
of variance 1s presented. Strictly, the total of the sums of squares for the expected

(See Tsble 1V)

and residual velues of income should be identically equal to the sum of squares
for actual income, but this relationship is only approximately satisfied by the
data in Table IV. The main reason for the small discrepancies is that each sum of
squares was calculated independently from the appropriate frequency distribution and
there are grouping errors to be taken into account. It is clear from Teble IV that
both models succeed in explaining about a half of the variance of the dependent varisble;
this is analogous to obtaining a squared multiple correlation coefficient of about 0.5
in a multivarlate regression analysis. In view of the large sample slze, this suggests
that we may reject the hypothesis that all the parameters are equal to each other,
which, glven the additional specifications of our model, is equivalent to the hypothesis
that all the parameters are zero. A rough test of significance is carried out in Table
IV; apart thm the minor discrepancies in the sums of squares, there is the more serious
problem that the observations are taken from a survey which departs in several respects
from a simple random sample. There are grounds for believing that the sample obtained
is less efficient from the present point of view than a simple random seample with the
same number of observetions. It can be argued, therefore, that a crude method of com-
pensating for this would be to choose a smaller number of degrees of freedom for the

whole sample than the actual number of observations. Fortunately, however, the F
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ratios chbtained in Teble IV are so large that even if it were assumsd that the
appropriate number of degrees of freedom for the residual mean square wae very

much smaller than that shown in the table which ie obteined on the assumption that

the total number of degreess of freedan s one less than the itotal number of individuals
(1,418 ), the null hypothesis would still have to be rejected. 1In any case, 1t is
obvious from inspection of the fitted constants in Tablegs II and III that at least
some of them, particularly some of the occupation and age constants, are gignificantly
different from zero. It does not follow, of course, from this rough test that zll

the parameters are significantly different from zero, nor even that a particular set
of parameters, such as those for region, are significently different from zero and
each other. 1In order to test the significance of & partigular set of parsmeters it

ig necesgary to recalculate all the fitied constants for a new model which omits these
parsmeters, and then to derive a sum of squares for this particular set of parameters
on the basis of the two models, i.e., the cne including and the one excluding the
parameters., This will generally be on exceedingly laborious operation since "the
caomputations for these tests have little in common, so that one has almost to start

from scratch with each hypothesis to be tested."* No attempt has therefore been

* See Oskar Kempthorne[h], p. 95.

made to test specific hypotheses of thies type for the data analysed here. Of course,
if standard errors were avellable for the individual perameters, or combinations of
parameters, the situation would be much improved.

In Taeble V the synthetic distributions of expected incomes obtained from the
additive and multiplicative versions of the model &r'¢ compared with the distribution
of actusl income. First impressions of the synthetic distributions suggest a good

(See Table V)
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superficlel similarity to the typical positively skewed type of distribution
commonly obtained from income date. Moreover, i1t is clear that it is by no

meang necessary to postulate that the effects of the various factors combine in

& multiplicative rather than an additive fashlon in order to generate a positively
skewed distribution. Indeed, the additive model furnishes appreciably more
individusals with expected incomes of over a £l,000 ber year than the multiplicative
model, the proportion for the additive model coinciding almost exactly with that
actually observed for this range. The principal failure of both models is that

they yield for too many individuals with expected incomes within the range £ 1400

to £ 500 ; that is, the synthetic distributions are too peaked or leptokurtic
compared with the actual distribution. Conversely, both models produce relatively
too few individuals with expected incomes in the range £ 600 - £ 1000, and fall

t0o produce any individuals with expected incomes below £ 200. However, the principal
contrast between the two versions of the model is that whereas the additive model
also has far too few individuals in the income group £ 300 - flmx)and correspondingly
too many in the group f 500 - f 600, the multiplicative modelssucceeds in producing
approximately the correct proportions in these groups.

An objective test to decide which synthetic distribution resembles the actuasl
distribution the more closely can be made by calculating a form of the statistic 7(?
for each of the synthetic distributions. The difference between the frequency in
the synthetic distribution and the actual distribution in each of the class intervals
in Table V is squared and divided by the actual frequency in the interval, and the
results summed over all intervals. The statistics obtained are 15.4 and 12.1 for the
additive and multiplicative cases respectively. This suggests that the latter dis-
tribution is a somewhat better approximation to the actuel distribution than the

former.
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A second reason for preferring the multiplicative model emerges from a study
of the residual incomes. The distribution of the residuals of actual income and
logarithms of income are shown in Table VI. Both distribution are evidently unimodal

(See Table VI)
and fairly symmetrical, but tests for skewness suggest that there is still a 1little
positive skewness 1n the residuals of actual income, although it is almost negligible
in comparison with the skewness of the original distribution. The relevant statistics
are given in Table VII where the skewness emerges clearly from measures based on the
(See Table VII)

relative positions of the mean and median, and first and ninth deciles, but not so
clearly from the conventional measure using the quartiles. The residual logarithms
display a barely perceptible negative skewness. However, despite the absence of any
appreciable skewness in both distributions, neither distribution approximates very
closely to a normal distribution since they both exhiblt some leptokurtosis relatively
to the normal distribution. This can also be seen from the astatistics in Table VII
where it 1as shown that, compared to a normal distribution of equal mean and varlance,
there are proportionately too meny observations within the ranges the mean plus
or minus one or two standard deviations and, conversely, far too many cutside the
ranges the mean plus or minus three or four standerd deviations. Thus, in both
distributions there are proportionately far too many extreme observations to conform
to normslity. This can alsc be shown by plotting the cumulative distributions on
normal probabllity paper when § shaped curves are obtained.

Further examination reveals very marked heterosceédasticity in the residuvals from
the additive model; the variances of the residusls at different levels of expected
income are given in Taeble VIII. While there is also some heteroscedasticity in the

(See Table VIII)
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residuals of the logarithms of income, it is very much less than that for the residuals
of actual income. It is interesting to see that the variance of the logarithmic
residuale is actually smallest in the middle income ranges and not in the lowest income
groups. The assumption that the varisnce of the residuals is proportional to the
level of expected income is, of course, built into the multiplicative model, and
this assumption is seen to be far more realistic than the assumption of the additive
model that the residual variance is independent of expected income which is patently
not true. On these grounds, therefore, the multiplicative model seems to be distimctly
preferable to the additive model, and further analysis of the residuals will be con-
fined to the logarithmic residusls.

It has frequently been argued that there are basic tendencies at work in the
generation of the distribution of income which might cause it to be at least approximately

log-normal.* The principal departure from normality for the distributions of both the

* See in particular {1], chapters 3 and 11.

logarithms of income and the residual logarithms of income considered here has already
been shown to be leptokurtosis. However, it can be argued that better approximations
to log-normality might still be found within particular sub-groups. There are two
main lines of argument in favour of a log-normal distribution which will be briefly
recapitulated here. The first is simply that the level of each individual's incom=

is determined by the simultaneous operation of a large number of independent factors
the effects of which combine together in a multiplicative fashion as illustrated in
equation (15).

n

v = 1132 vhere e
i

i>0, iﬂl’e, ..-,n- (15)
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The supercript J 1dentifies the Jjth individual. On taking logarithms, equation
(16) can be written as follows:

n
log ¥ = Z(log eg) (16)
i

According to the central limit theorem, if the terms e, are mutually indepemdent
variables the distribution of log y will tend to normality for large n under
fairly general conditions. Such a hypothesis might be advanced to explain the be-
haviour of the residuals in our multiplicative model even though it is clear from
the above analysis that there are one or two important factors influencing income
the effects of which are not mutually independent. The second line of argument
reminds us of the fact that income 1s essentially a continuous flow through time
and assumes that the proportionate changes in income from one periocd of time to

the next may be represented by a stochastic variable. The basic assumption is

expressed in equation (17).

J g g
Yg-1
where ng is a random variable. Equation (17) may be reformulated as in eguation
(18):
J_ .
Ve = Vg (L4 =vpep e >0 (18)
where ei is similarly & random varisble, which for simplicity may be assumed to have

a geometric mean of unity (and a finite variance)., The probability distribution of eg

is assumed to be the same for all individuals and invarient through time. Systematic
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changes in income resulting from & trend or fluctuations in the general level of all
incomes can easily be incorporated by introducing e coefficient . into equstion

(18) where c¢_ is assumed to be constant for all individuals in any one period

t

but may vary from period tc period. More generally, therefore, we may write:

yf; = % Yee1 % (19)

Each individual's income in period n may be expressed in terms of his initial income

in some bese period t =0 :

.
=95 [T (e TT () (20)

n

By assumption, TT-ct is a constant for all individuals and may b replaced by the
t=1 '

symbol C_ . On taking logarithms of equation (20) we have

n
log yJ = log y9 + log C_+ L (log ei) (21)

n © t=l

If all individuals start from the same initial income Yo the distribution of log Y,
will be asymptotically normally distributed as n increases; the expected valus of

log yg will be equal to the sum (log Yo+ log Cn), while the variance of log yﬂ
will be equal to the variance of log e multiplied by =n, i.e., will increase
linearly through time, Even if all individuals do not start from the same initial
income the distribution of log yﬂ will still tend to normelity provided n 1is

large enough; in this case, it will evidently approach normality more quickly the
larger the variance of log et relatively to the variaﬁce of log Yy, or, of course,

if the initial distribution of Y, is itself not very different from log-normal. 1In

any case, it can be deduced that the variance of log Yy will always increase by an
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amount equal to the variance of log e between successive time rericds.

There are certain implications of this line of argument to be noted. The first
is that we expect to observe a log-normal distribution only for a group of individuals
of roughly the same age who are also 'old' enough for the stochastic procegs outlined
above to have generated a log-normal distribution. For, if we consider individuals
of different ages, then we are in effect merging log-normel distributions with
different variances (and possibly different means) so that the joint distribution
will generally not be log=normal. One interesting possibility which ariseg in this
sort of situation is that it can be shown that the result of pooling two or more normal
distributions with a common mean but different variances is to produce & distribution

which must exhibit leptokurtosis compared with a corresponding normal distribution.*

* See Appendix below for a proof of this relationship.

However, 1f the merged distributions also have different means, which may arise be-
cause the groups of individuals considered started from different average initial
incomes or because they have different life cycles in income, then hardly any generalisatio:
mey be made about the form of the resulting joint distribution. Finally, it may be
remarked that it does not follow from the fact that the variance of the logarithm

of income will tend to increase through time for a particular group of individuals
that the variasnce will increase for the population as whole when some sort of birth
and death process for the members of the population is allowed for. It is quite
feasible for the overall variance to be stable depending upon what assumptions are
made about the proportion of new entrants each periocd and their initial income dis-
tribution, and also about the probabilities of extinction for existing members of the

population of various ages.#*

*%  See, for example, R.S.G. Rutherford [5], p. 280-283.
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It should also be noticed that the varlance (or indeed any conventional messure
of dispersion) for a distribution of the logarithms of income is essentially a
measure of the relative inequality of the distribution of income and not of the
absolute variabllity of incomes. Clearly, the asbsolute dispersion of incomes will
depend not simply on the variance of the logarithms but alsc on the general level of
incomes. 1In the case of a log-normal distribution, for exemple, the variance of actual
income is related to mean income and variance of the logarithms of income by the

following equation: -

where y 1s the arithmetic mean income and 02 is the variance of the logarithms
of income.

The fact that the overall distributions of the logarithms of income and of the
logarithmic residuals respectively are not normal does not preclude the possibility
that normal distribution might occur within particular sub-groups. Indeed, the existence
of differing normal distributions for particular sub-groups will be incompatible with
a normal distribution for the entire population (and vice versa) except under special

circumstances.* One subdivision of the population examined here which is immediately

¥  See [1] pp. 110, 111.

suggested is a distinction between salary and wage earners (roughly occupaticns 1 to 5
and 6 to 9 respectively in Tables II and III). The sepérate distributions for these
two categories conform much more c¢losely to log-normality than the overall distribution;
this is true both of actusl and of residual income, but especially the former. The
measure of the improvement in approximation to normelity 1s illustrated in Diagram I

(See Diagram I}
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where the various cumulative logarithmic distributions are plotted on normal
probsbility paper. It can be deduced ffom the statistics given in Table IX that

(See Teble IX)
if the separate distributions for salary and wage earners were exsctly log-normal,
the Jjoint distribution would not be log-normal given the differences in the variances
of the logarithms of the two distributions. Even in the cage of actuel income where
there is also same difference in the mean logarithms, the disparity 1n the wvariances
is likely to be more important since it will greatly affect the tails of the merged
distribution and manifest itself in form of leptokurtosis, which of course 1s actually
what occurs. One interesting by-product of Table IX is that it shows that the model
analysed above is relatively more successful in explaining the varilance of the log-incomes
of salary earners than that of wage earners, as indicated by the ratio of the residual
to the actual variance. The reagon for this is that age 1s a much more significant
factor in explaining the variation of salary incomes than wage incomes. The heteroscedasticity
of the residuals is also reflected by the data in Table IX, since the expected income
for salary earners is, of course, higher than that for wage earners. Indeed, the gist
of the present argument is that the principal reason why the distribution of the
logarithmic residuals may not be normsl is that the heteroscedasticity of the residuals
is almost bound to result in leptokurtosis. If the distribution of the residuals were
exactly normal at each level of expected income —- a hypothesis which cannot be
satisfactorilytested in a sample of this size -~ then hetercsceigsticity would de-
finitely imply leptokurtosis in the overall residual distribution compared with a
corresponding normal distribution. The conjunction of heterosce@iasticity and
leptokurtosis of residuals is frequently observed in regression analyses based on cross-

section data.



There is some positive correlatlon between age and the variance of the logarithms
of actual income (see Table X). At first sight this seems to support the hypothesis
(See Table X)
outlined above which postulates a stochastic proportionate relationship between the
level of income in successive time periods. However, it is also clear from the
date in Table X that the reason for the increasing logarithmic variance is the
fanning out of the life cycles in income for different occupational groups in the
higher age groups. This is shown by the fact that the variance of the expected
logarithmic incomes also increases with age, and indeed accounts for the whole of
the increase in the variance of actual log incomes between age groups 2 and 6. The
variance of the log residuals does not exhibit any relationship with age. The lowest
age group is preobably best ignored since it includes so many individuals in the course
of training. It should also be noticed that when the semple is stratified into age
groups or other categories, the sum of the residusl and expected variances within each
group does not have to be ldentical with the actual variance, although this relationship
will tend to be approximately satisfied. The ratio of the residual variance to the
actual variance declines uniformly with age, which malnly indicates that occupational
differences are relatively more important In explaining variation in income in the
higher than in the lower age groups.

The fact that it is systematic factors rather than the cumulative effect of some
sort of stochastic process which accounts for the increasing variance of the logarithms
of income is further illustrated by the second part of Table X. As soon as the sample
is dlvided into salary and wage earners, 1t emerges that for wage earners, who account
for four fifths of the sample, there is no obvious relationship between age and the
variance of the logarithms of income. There is some tendency for this varlance to

increase with age for salary earners, at least over the age groups 3,4 and 5, but the
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variance of residuals for salary earners turns out to be remarkably stable over age
groups 2 to 6. Fina'ly, it may be observed that in contrast to the subdivision of

the sample into principal occupational groups, a subdivision by age does not appear

to yield distributions which are closer approximations to the log normal distribution
than the overall distribution. In particular, there seems to be no tendency for the
distributions of the logarithms or their residuals to become more normal in the higher
age groups, a tendency which is implied by the simple stochastic process hypothesis.

A simultaneous clessification into wage and salary earners and into two main age groups,
nemely 25 to 44 and 45 -64 years (the two small extreme age groups being excluded),
produces four distributions each of which is approximately log-normal for the residuals
and to a lesser extent for actual income. But neither for the residuals nor actual in-
come does the additional breakdown by age reveal any improvement in approximetion to
log-normality, and indeed suggests some deterioration in the case of the actual income
of saslary earners. So far as the reslduals are concerned, the distributions in the
two age groups are virtually indistinguishable from each other for the whole sample,
for wage earners sepsretely and for salary earners separately, which might be inferred
from the fact the variances of the residuals in Table X do not differ greatly between

age groups (2) and (3) combined and (4) and (5) combined.

V. Conclugicns

The principal problem in analysing the effects of factors such as occupation
and age or income is not whether or not these effects combine in an additive or
multiplicative fashion but rather that these factors combine or interact in a much
more complicated way which cannot be approximated by either of these simple models.
Allowance for these interacticns greatly complicates the analysis but makes it possible
to synthesize distributions of expected values of income which bear some resemblance

to the actual empirical distribution. It is clear that it is not necessary to introduce
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some form of "law of proportionate effect" in order to generate an income distribution
which 1s markedly skew, and ssymmetry is very largely eliminated in the distribution
of residuals from the additive version of the model. However, the fact that the
residual variation is an increasing function of the expected level of income is
a strong argument in favour of postulating a law of proportionate effect, at least
with respect to factors not specifically included in the model. Indeed, it appears
thet the residual variation may increase at a much faster rate than expected income
as income rises. This in itself will tend to produce positive skewness in the dis-
tribution of actual income even if the distribution of expected incomes were perfectly
symmetrical.

The particular model used was less successful in explaining the variation in
manuel workersearnings than the variestion in salaries, despite the fact that a set
of industry parameters was included specifically for skilled and semi-skilled workers.
Since manual workers account for about 80 per cent of the sample, this relative failure
accounts for the excessive bunching around the mode in the distribution of expected
incomes. There seems to be more irrationality about the distribution of wages than salaries
and it is probable that whereas & finer occupetion classification might reduce the
residual variation for malaried workers quite appreciably, it would not make much im-
pression upon the distribution of wages. On these gounds it seems easier to explain
the upper tail of the distribution where occupation and age are very powerful explamatory
variables, than the central mass of the distribution. In general, it may he inferred
that occupation 1s a much more significant explanatory variable in the higher age groups,
while age 18 s much more significant explanatory variable among salaried workers.

If the labour force is divided into wage and salary earners, each employment in-

come distribution conforms fairly well to a log-normal distribution. However, mainly
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because of the difference in the variance of the logarithms of the two distributions
the overall merged distribution does not, and indeed cannot, conform closely to a
log-normal distribution. The same result is true of the residuals of the logarithms
of income. Although no direct evidence in the form of positive correlstion between
the residual logaritlmic variance and age was found to support a simple stochastic
process model, the latter could perhaps be modified in such a way as not to imply

an increasing variance through time. If some negative serial correlation were
assumed between porportionate changes in income between successive time periods,

the variance might be stabilised. A solution essentially along these lines has been

suggested by Kalecki.* A restriction of this kind on the inherently explosive simple

* See {3].

stochastic proportionate relationship is intuitively plausible and not without indirect
empirical support, since there is evidence to show that distributions of income on the
basig or two or more years' lncome exhibit a smaller degree of inequality than distributions
based on a single year's income. Finally, it has already been remarked that the merging
of two or more approximately log-normal distributions, such as those for wage and salary
earners, with differing variances will produce a distribution with proportionately

too many extreme observations to conform to log-normality. If ome distribution carries
& much smaller weight than the other, as in this case, the effect of a greater variance
in the less numercus distribution will only make itself felt in the tails of the merged
distribution. That is, a reasonably good fit to a log-normal distribution will be
observed over the range embracing the great majority of the observations in the pooled

distribution, but the fit will be poor for the tails of the distribution. This is
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generally the situation which is found when the upper tail of an income distribution
conforms to a Pareto distribution, and it wae pointed out at the outset of this

paper that in our case the overall distribution suggests a good fit to a Pareto
distribution for incomes above the mean. It seems quite feasible, therefore, that

8 reconciliation between the rival claims of a Pareto distribution and a log-normal
distribution may be sachieved by arguing that the latter is appropriate for more
homogeneous sub-groups within the population and that the merging e series of log-normal
distributione, which typically have variances inversely related to their sizes, tends

in practice to yield overall distributions which conform approximately tc a Pareto

distribution.
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Appendix

urtosis in merged no 4 bution

Kurtosgis 1s conventionally measured by the ratio of the fourth moment about the
mean to the variance squared. 1In this proof it will be shown that the fourth
moment of & distribution which is cobtained by merging a series of normal dis-
tributions with identical means but differing variances must be greater than
the fourth moment of a normal distribution with the same variance as the distribution
obtained by the merging process.
Let A denote the variance of the ith normal distribution to be
pooled to form a single merged distribution
Let LA denote the weight or proportion of the merged distribution accounted
for by the 1th component normal distribution. |
By definition 0<w, <1 and Z w, €1 . Also, by assumption the mean of eech
component distribution is some consta;t. Let A refer to the merged distribution
and B to a normal distribution of equal variance. Their common variance is given

by: Var A var B - Z(wivi (1)

The fourth moments about the mean, pﬁ and uﬁ, may be written as follows by using

the relationship';‘uh = “g for normal distributions.
"HA=Z(wv2)- "’uBz {Z(WV)}Q (2)
Wy PR A S 2 Py i

BETREARRED D CARAN e (3)
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,'.::.’(uﬁ'“ﬁ):% {wivi(l-wi)} (wwvv) (h)

=§', wivie(z wi - wi) } -2 E‘,)‘? (wiwjvivj)

2}_ |
=§§, w.W (v +vj) 2§§(wiwjvivj) (i # 3)

i
=22{ww(v -v)e} >0 (5)
1 i§ 4 J .
J
given w, >0 and v, £V 5 This completes the proof.
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TABLE I
Distribution of Wages or Selarjes fo ale loyees
rki ~time thr out the Year -
e Percentage of
%ifﬁgéiﬁiﬁiﬁ) individuals
lLess than 100 0.2
100 - 199 2.5
200 - 299 5.1
300 - 399 26.5
40O - 499 30.3
500 - 599 16.5
600 - 699 8.2
700 ~ 799 3.9
800 - 899 2.1
900 - 999 1.5
1,000 - 1,499 2.2
1,500 - 1,999 0.8
2,000 and over 0.3
Total | 100
Mean * h96

Source: Oxford University Institute of Statistics, Survey of Incomes
and Savings, 195k4.
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TABLE IT

Comparison between Estimated Parameters or Fitted Constants

and Actual Deviat about the Me
er. anoum)

F W

\Jl

Qccupational Fitted Actual Difference or
Group congtant  deviation concentration component

Managerial 852 889 37

Higher professional L52 452 0

Lower professional 107 107 0

Shopkeepers 102 109 7
Clerical 1k -21 35
Service =53 =30 23
Skilled manual -28 =30 -2
Semi-skilled manual -89 -86 3
Unskilled manual -114 -122 -8

ec an Qccupation %

Age tte Actual . Concentration | Fitted Actual Concentration

Group copstant deviation component constant deviastion component
18-2Y4 -688 -631 o7 -271 -297 -26
25=34 -146 =241 =95 - 87 =103 =16
35~k 46 - 10 =56 36 38 2
45-54 199 258 59 49 o7 8
55-6k W3k 489 55 157 178 21
65 & over -208 12 220 342 325 -17

Occupations 4,5, and 6 Qcecupations 7,8 and 9

18-2L =203 =17% 30 - 98 - 97 1
25-34 - 6 - 20 =14 5 13 8
35~k 130 130 o 43 55 .8
45=-54 58 81 23 20 17 -3
55-64 - 66 - 80 -14 - 43 - U5 -2
65 & over =129 -8 48 - 20 - 76 -56
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Sector

TABLE II

etween BEstimate

Manufacturing: metal

Manufacturing: other

Agriculture

Bullding & contracting

Mining & quarrnying

t

Transport & communications

Public utilities
Distribution

Commerce & finance

-59_

{continued)

arameters o

tte

eviations about the Mean

(é&per annum )

Public administration & defence

(Occupations 7 and 8 only)

Constants

Fitted Actual
constant deviation
19 28
3 12
=57 - 125
=45 36
109 63
~17 -11
N 5k
-68 -65
3l 42
-11 9

Qccupations 1,2 ang 3

Region

Scotland
Northern England
Midlands & Wales

Southerm England

down Size

Conurbations
Other urban

Rursl

Fitted Actual Concentration
constant deviation compenent
~62 -218 ~-156
=30 0 30
93 fg - 22
2 2k 22
6 16 10
12 18 6
-26 - 78 - 52

Concentration
component

-8

20

Occupations 4 to 9

Fitted
constant devistion

Actual
-11
-6
=5

12

Concentration
component

-9

N



n between Est

Qccupational
Group .

Managerial

Higher professional
Lower professional
Shopkeepers
Clerical

Service

Skillied manual
Semi-skilled manual

Unskilled manual

QOccupations 1 and 2
Age. Fitted Actual Concentration

Group constant deviation gomponent
18-2k - 353 - .34 .012
25-34 - 045 - .07L - 026
35-kk .007 - .005 - .012
L5=-54 .096 .106 .010
5564 .157 176 .019
65 & over - .0l2 .020 .032

ccupations nd
18-24 - .216 - .179 J037
25=34 011 - 002 - .013
35-hh .113 .119 .006
h5-5h 054 070 .016
55=64 - 069 - 078 - .00%9
65 & over = .110 - LOT4 .036

TABLE III

ted Paramete

and Actusl Deviations_about the Mean

(LOGARITHMS of Income)

Fitted  Actual
constant deviations
. 385 . 406
271 271
077 .081
049 057
031 = 007
- 045 - 020
- .008 - .009
- 065 - .063
- .087 - 091

tants
Difference 9Qr
concentration component
021
.000
.00k
.008
- .038
.025
- .001
002
- 004
Occypation 3
Fitted Actual Concentration
constant deviation component
- .257 - .282 - .025
- .073 - .082 - .009
046 .O4T .001
051 .058 .007
.118 126 .008
.227 .218 - .009
ccupations nd
- .122 - .123 - .00l
»009 015 006
045 OT .002
022 020 - .002
- 0kl - Ooh2 - .001
- .018 - .072 - .05k
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TABLE III (continued)

n between Est te rameters or Fitte stants

and Actual Deviations asbout the Mean
(LOGARITHMS of Income )

(Occupations 7 end 8 only)
Sector Fitted Actusl Concentration
gonstant deviation component,
Manufacturing: metal .012 .019 007
Manufacturing: other .009 017 .008
Agriculture - 062 - .135 - .07%
Building & contracting - .034 - .026 . 008
Mining & quarrying .105 .058 - JOk4T
Transport & communications - .01l - .00% .008
Public utilities .021 053 032
Distribution - 062 - .058 .00k
Commerce & finance - 043 - 050 - .007
Public administration & defence - .005% 016 021
Occupations 1,2 and 3 Occupations 4 to 9
Region Fitted Actual Concentration Fitted Actual Congentration
constant devisijon component gonstant deviation component
Scotland - .027 - 136 - .109 - .008 - .020 - .012
Northern England =~ .027 -~ .015 012 - .008 - .005 .003
Midlands & Wales L0L5 039 - .006 - .00k -~ .007 - .003
Sourthern England 012 .031 .019 011 014 .003
oWl e
Conurbations .001 .008 007 o27 032 005
Other urban .021 025 .004 - .015 - .00 .005
Rural - .024 - J06T - .0b3 - .029 - .08 - .019
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TABLE IV

Approaximate Analysis of Varisnce

tual Income .8.)
Factor Sum of squares Degreesg of Mean sguare F_ratic
(millions) freedom {thousands)
Fitted constants 50.3 iy 1070.2 30.1
Residuels LB.5 1366 35.5
Total 101.6 1413 71.9
ar e
Factor gum of gquares Degreeg of Mean sguare ratic
freedom
Fitted constents 19.8 L7 0.4213 28.1
Residuals 20.5 1364 0.0150
Total 41.0 1413 0.0290

Note: The failure of the sums of squares to add exactly to the totals is
explained in the text.
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TABLE V
%gf)%“;;_;nﬁi A;—Z%i% Additive oﬁg‘aﬁ edl_\guiioip]e.icatjzg model
Less than 200 2.6 - -
200 - 5.1 4.0 4.5
300 - 26.5 18.4 24,3
400 - 30.3 k2.9 k3.2
500 - 16.5 22.2 17.0
600 - 8.2 5.8 5.0
T00 - 3.9 1.8 1.5
800 - 2.1 0.9 1.2
900 - 1.5 0.8 1.2
1,000 - 2.2 2.3 1.7
1,500 and over 1.1 0.9 0.4
e
Total 100 100 100
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TABLE VI
st tion ncome_Re gls

Income Residual Income Incoge Group . | Besidual Income

roL (additive model) (logarithm of income) | (multiplicative model)
-4L00 and lesgs 1.1 -0.40 and less 0.9
-300 - 0.8 -0.%0 - 0.3
-200 - 3.1 -0.20 - 2.7
-150 - 4.0 -0.15 - 4.3
=100 - 8.8 -0.10 - 6.3
- 50 - 16.9 -0.05 - 13.4
- 0 - 20.8 -0.00 - 2L.5
+ O - 17.2 +0.00 - 19.9
+ 50 - 10.3 +0.05 - 1k.5
+100 - 7.3 +0.10 - 8.3
+150 - 3.6 +0.15 - z.9
+200 - 3.4 +0.20 - 3.1
+300 - 1.0 +0.30 - 0.7
+400 - and over 1.7 +0.40 and over 0.2
Total 100.0 Total 100.0
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TABLE VII
e i the egsid

Additive Model Multiplicative Model
Mean 0 (£) 0.0000 (logarithms)
Median -13 (%) 0.0012 (logarithms)
Standard deviation (o) 185 (&) 0.1205 (logarithms)
Inter-quartile range 132 (£) 0.1369 (logarithms)

1)

Skewness™’ (1) 0.053 -0.023
Skewnessg) (2) 0.101 -0.039
SKewness3) (3) 0.206 =0.03)

Percentage of observations lying ocutside the following ranges:

{(§ormal

curve)
Mean +0 29.0k  (31.73) 22.83
Mean +20 3.05 (4.55) 3.96
Mean +30 1.32 (0.27) 1.49
Mean +ho 0.58 (0.006} 0.46

(Q3 - Med) - (Med - Ql)
Notes: 1) First skewness measure = (Q3 Ql) = where Q3 and Q
refer to upper and lower quartiles.
(D, - Med) - (Med - Dl)
(D9 " Dl) where D9 and Dl

refer to ninth and first deciles.

2) Second skewness measure =

3(Mean - Med)
%) Third skewness measure (Pearson's) using formule eanc



TABLE VIII
Expected Income Residual Income Expected Residual Log. Income
(%) Variance g.d. Log. Income | Variance 8.d.
200 - 399 3,700 61 2.3 ~ 2.5999 | 0.01k9 0.122
400 ~ 499 13,300 115 2.6 - 2.6999 0.0125 ~ 0.112
500 - 699 21,300 - 146 2.7 - 2.7999 0.012% 0.111
700 - 999 68,500 262 2.8 - 2.9999 0.0260 0.161
1,000 and over 557 , 100 Th6 3,0 and over 0.0403 0.201
TABLE IX

Logarjthms of Income

Category Actual Residual Actual Residysl]l Ratio of residual
mean mean variance variance to actual variance
Salary earners 2.7811 -0.0018 0.0562 0.0239 0.425

Wage earners 2.6284 0.0002 0.0180 0.0122 0.575




TABLE X

arithme of Income

a ations
Age Actual Expggzgi Residual Ratig of residual
Group verisnce variance variance to_sctusl variance

1. 1824 0.0304 0.0046 0.0272 0.89

2. 25-34 0.0207 0.0046 0.0157 0.76

3, 35-bk 0.0216 0.0082 0.0127 0.59

. L45-54 0.0243 0.0111 0.0112 0.4

5. 5564 0.0354 0.0236 0.0126 0.36

6. 65 and over 0.0406 0.0285 0.0129 0.32

B. ala Farners ) ner
age Actyal Residual | Ratio of yesiduel [Actusl Residual({Ratio of cesidunl
Groun variance variance| to actual variance |variance variance|to actusl _ynarianeo

1. 18-2h 0.0265  0.01l9% 0.7k 0.3001 0.300L |  1.00

2. 25-34 0.040k  0.0234 0.58 0.0142  0.01k0 0.9

3. 35-hiy 0.0328  0.0260 0.80 0.0134 0.0088 0.66

4, 45-54 0.04k6 0.0245 0.55 0.0133  0.0088 C.066

5. 55-64 0.0623  0.0240 0.39 0.0132 0.0100 0.76

6. 65 and over | 0.0438 0.0233 0.5% 0.0102  0.0087 0.8%




(1]

(2]

(3]

(4]

(5]

(6]
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