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I. PRIMITIVE AND DEFINED NOTIONS.
1, A set X of the states of the world, 1Its subsets are called events,
)
denoted by E,F,.. and forming a set i:/.

2. A set A of alterpatives. A includes sure outcomes as well as wagers.

If a and b are in A, and E is an event, then aEb denotes the following
wager: the subject will receive a 1if E occurs; he will receive b if E
does not oceur. In particular, aFa=a; and aXb=a,

3. The probability P(a,b) that the subjéct, forced to choose between a
and b, chooses a, Therefore 6 < P(a,b) = 1-P(b,a) < 1.

h. We define (assume) P(a,a) = l/é.

5. Definitions., If P(a,b) = 1 we say a is absolutely preferred to b. If
1/2 < P(a,b) < 1 we say a 1is stochastically preferred to b . If P(a,b) = 1/2
we say a and b ere siochastically indifferent.

Some cases of gbsoclute preference:

(1) if a and b are quantities of a good (e.g., money) and a >b then
P(a,b) = 1. (This may be, in fact, regarded as the definition of a good). More
generally:

(1i) d4irf (al,ag) and (bl’be) are each a pair of gquantities of two goods
and & > bl’ a, 2 b,, then (al,a2) is absolutely preferred to (bl’bz)' The

latter pair is called inadmissible.

(iii) if a,,a,,b;,b, are eny elements of A and P(al,bl) =1 = P(ag’bg)
then, for amy event E, alEa2 is ebsolutely preferred to blEb2 . The latter wager
is called jnadmissible.

(iv) if a,b are any elements of A such that a is absolutely preferred to

b, and If ® > F {(i.e., event E happens whenever F happens but not conversely),

then aEb is absolutely preferred to alFb.,
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6. Definition. If Pla,c} = P(c,b) we say that c is a stochastic midpoint

petween a and b.

7. DRefinition. If there exists a stochastic mid point between any a and b
in A, ve say A is_gtochastically continuous. (This definition suggested by G. Debreu
is tentative; it may have to be replaced by a stronger one to make the important conjecture
4 in Sec. II valid).

IT. GENERAL STOCHASTIC THEGRY OF CHOICE.

1. Definition. For a given subject, & real valued function u on A is called

his ptility function if, for any a,b,c,d in A,
>

ufa) - u(v) = u(c) - u{ad) according as

Pa,b) E P(c,d) provided P(a,b), P(c,d) are not O or 1.

(The proviso will be understood in all following propositions; and precautions must be
taken to avoid cases of absolute preference in experiments).

This definition of utility corresponds to one of the severasl (partly independent)
definitions of sensation used in psychophysics since Fechner: viz., the definition

ggualy ofien notiee
implied in the much used adage: “eaﬁaiqﬁifferences (in sensation) are noticed equally
Finterforn and

often unless they are noticed always or never' (ascribed by Guilford tq’Cattell).

2. Defipiticn., We say the the guadruple condition is satisfied if, for any

a,b,c,d in A,
P(a,b) 2 P(c,d) if and only if P(a,c) 2 P(b,d).

Note that this conditicn is, in principle, testable from observations. From the two
definitions 1 and 2 follows easiliy the

3. General quadruple theorem: The guadruple condition is necessary for the

existence of a utility function,
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4, It can be proved that the quadruple condition is equivalent to the following:
If & E’aﬁ’bl’bE’bj are in A and P(al,ae) zzP(bl,bE) and P(EE’EB) > P(bQ’bﬁ)
then P(al,aB) 3 P(be,b5) . In this form, the condition should help to prove the
following conjecture: |

5. Special guedruple theorem. If A is stochastically continuous then
the quadruple condition is not only necessary (as in 3.) but also sufficient
for the existence of & utility funection.

6. Definitions. We say that weak stochastic tremsitivity is satisfied if,

for any &a,b,c in A,

6.1 P(a,b) 21/2 and P(b,c) 2 1/2 imply P(a,c) 21/2 .

We say that strong stochastic trapsitivity is satisfied if, for any a,b,c in A,

6.2 P(a,b) 2 1/2 and P(b,c) > 1/2 imply P(a,c) > Max [P(a,b), P(b,e)].
(We shall sometimes omit the word stochastic). The terms are due to 8. Vail. Clearly
6.2 implies 6.1 .
7. It can be proved that 6.2 is equivalent to the condition

P(a, b) > 1/2 if and only if P(a, c) 2 P(b,c) .

8. In a more symmetrical notation, writing P(a,b) = Py » P(b,e) = p, P(c,a) = Ps

(note the reversal in Ps T

8.1: Weak tremsitivity: p,,P,;D not all > 1/2 or < 1/2 .

3
8.2: Strong transitivitys

P >1/2 if and only if P, + P35 S 1,
P, 2 1/2 if and only if Py + Py <1,
p, > 1/2 if and only if p; +p, 1
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9. Theorem on stochastic transitivity: Strong (end therefore also weak )

stochastic transitivity is a necessary condition for the existence of a utility

‘ function. This follows from 3, putting c=d and remembering that P(c,c) = 1/2,

10. If the quadruple condition is satisfied then (whether A be continuous or not}
the sizes of intervals between utilities can be completely ordered if the probabilities
of choices are estimated from observations. If strong transitivity is satisficd.

spaein e s kadp to comwpane. Salanhared OF tulohrercter
ggeq1the sizes cam—be-compared-Ffor any two intervals with a common endpoing§ it
weak trensitivity is satisfied then the utilities can be completely ordered. For, in
fact

11. u(a) > u(b) if and only if P(a,b) 3 1/2 .

The following two theorems are‘also useful:

12, 1F u(a) 2 w(b) and P(a,c) = 1/2 then ufe) > ulvp},
a substitution thcorem; |

13. If ¢ is s stochastic midvocint botween 2 end b then

ulc) = Yavula) + Vaeale).

14k. Testing the theory. I, to avcid the occurence of absolute preferences, all

alternatives offered are money-wagers (rather than money-amounts), the testing of the
quadruple condition, or of transitivity conditions, may lead to the pejection of the
existence of a utility function on the set of money-wagers, since those conditions are
necessary. Moreover, if one assumes that the set of money-wagers is stochastically
continuous, the test of the quadruple condition may also lead to the acceptance of the
existence of a utility function on money-wagers, since, under continuity, that condition
(-oﬂ'bzf_-\-uu-ﬂ- e e
is alsqmsufficiﬁnt.

On Tablie 1, the upper triple of cards contains three pairs of identical columns.
Each column represents a wager; each wager is used as an alternative {(a or b or c).

The nonsense-syllables wmsrking the rows are the events (B,F,...) determining the

outcome of the wager: these syllables are marked on the faces of a die.
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FORY CF CHCICH B

111, - SUBJECTIVELY VT -CHANCE WAGERS

The following postulate is taken from ¥,%, Ramsay’s worg,

weing nis
notion of indifference {usual in economic theory) by the notion of stochastic

3

indifference.

1. Postulate. If, for a pair e,b in A with P(a b) % 1/2, the event

E has the property p(afb, bEa) = 1/2 then it has the property - plend, dfe!

ERL

- I L]

i.:‘ poid _l_!.v ‘:
for every pair c¢,d in A. Ue say thal such an event has a {Subjéctively} souni

chance end call E an "even-chance event”. The class of all even-chance av

ents

- x *
is a subset of & and will be denoted by €& . If B is in & any wager

8Fb is called an evén-chance wager {we shall omit the word subjective except
when & rominder is called for}.

. A an e a * .
uinte., If B and ¥ sare both in E; then,; for any 2,b in 4,

l\)
r‘\O:
fer
g
i

4.1

the two postulatos says, in offect, that an event

T™e first of ; iz or is not
off i particulsr wagers used to idantify it
. | Y Moy, T A i =R W 2 o
as such ethical neutrulity” of beliefs). The second postulate says oo

Lol outeomes are stochestieslly indifferent,

Combining the postulates with the doefianition of, ond theorems on, uiility in

%, Theorem. Ef 0 oxisls and the above postulates ro Lyge then, it

¥, P in »  and any a,b,c in A,

u(afb) = u{via) = viaft) = ulhFa};
SY1a R 3

seouse of these substitution relstions we can wrlte more briefiy

abb z'ab z ba, whenever £ 1is sn even-chanhoe event,
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4. Definition. We say that the subject is unbiased if, for every wager

ab that has (subgectively) even chance, and for every ¢ with, P(ab,c) = 1/2,

DNEED)

Plereb)=TRlebya)y

indifferent to ewe~
i.e , if &b is/x stochastic midpoint between a and b . From this definition,

and that of the utility funetion in Sec. II, we obtain

5. Theorem. If a subject is unbiased and has a utility function over the

set A, then
5.1 For eany a,b in A, u(sb) = ye-u(a) + Y2 (o)
(Compare 13 in Sec. II).
5.2 For any al’aE’aj’ah’bl’bg’bﬁ’bu in A

¥ir,a, ’bl?E) 2 P(b5bh s aaau) if and only if

Nt
-

N L
Zufa,) 22 ulb,
1 1 1 i

6. Definition, We say that the octuple gondition is satisfied if for every

al’az’ai’ah’bl’bE’bB’b in A, and for all integers 1i,J,k,£4 running from 1

through &,
either P(aiaj , bibj) > P(bibj , akag)
b b, e
or P(aiaj , bi j) < P(bi 7 akaﬂ)

Altogether, 9 pairs of distinct probabilities are thus related by concordant
inequalities, provided the subscripts are all kept distinet. Note that, like %the
quadruple condition {and its transitivity implications), the octurle condition

is, in principle, testable from ocbservations,



7. General octuple thzorem. The sublject has g utility functicn and is

unbiased only if the octuple condition is satisfied., Proof: use 5, It is

— —

open to conjecturs whether (analogous to the speciel gquadruple theorem of
gection I1) the cctuple condition is not only necessary but also sufficient
for the subject to have a utility function end to be unbiased, provided the
set of alternatives is stochastically eontinuous.

8, From the octuple condition cor from 5.2 one derives a weaker condition

which involves 6 instead of 8 outcomes: For any a,b,c,d,e,f,g in A,
P(bf.de) 2 1/2 4if and only if P(ab,cd) 2 P(ae,cf).

We call this condition the strong trapsitivity condition for utility intervals

bacause of the following anslegy with Section II: if u exists and the subjsct

is unbizsed, the left side of the condition implies

I zulw) - u(d) 2ule) ~u(f) =27,
using I,J to denote utility-differences (interval-sizes), Write

K = ulc) - u(z); then the whole condition becomes the identical statement ihat

fir

I>J difandonly if I -K>J - ¥ .
This is analogous to the strong transitivity condition of Section II which, if

u exists, is steted identically as:

u(z) = u(b} if 2nd only if wu(a) - ule) 2 u(b) - u(c) .

9. Similarly, the weak Lransitivity condition for intervels is defined as

folliows:

if P(bf,de) > 1/2 and P(ae,cf) > 1/2 then P(ab,cd) 2 1/2 ;

3

if v oexizis nnd the subjnet i3 unblased, tiis conditicn ber- o5 o=

B

]

oyt
ollowing

identity (with the infervsi-sizes 1,J,%X deflinzd as in the preceding paragraph):



it oufa) 2 us) and alnl = ufe) then wuln) >u ).

etod in Table 1 by the

cards in the second Pows or of colunng in wach oord

dozs not matiteon) ¢ 2.1 then, whensver h- chooses

s wager, i.e., & column of thc ¢ard he compercs tha sizes of two intervu.s

represented by ine rows of the card, On the threo cards considerad, therz are

three pairs of identical rovs: they correspond to the three intervals I,J,K Just

discussed.

1G. Henceforth we shall refer To the Transitivity condaitic af oot

as transitivity conditions for alternatives. uWith pl,pﬁ,‘j agrropriataly
defined, the syrmetrical formulsti-ne in 8., Section II can be carried over

rrom "alternetives" to "intervals"., These definitions are, as suggeshed in the

preceding paragraphs: (and note the reversal ia p, )

2y Y
ol 20 7.
i

i
o
P
oy
,_b
jo7]

{
L
|
o
e
Iy
et
I
ey
h
i
N
1]
'y
P
(2]
[=1]
‘I.\H

il. oney wegers. If the ouicomas are monsy gains or losses the cond
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(1),(ii1) of 5., Section I, wiil spply: the subject will have absolute ;relerc..

for wager ab over wager a'b' i1 a > al

the six money amounts that ocour in the six wsg

folloving ineguall

e
ct
Lude
]
W

the hypcihesis (irrelevant

for the theory of the preced?l sortant for the prosent cne) Lo
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all chance events underlying the designed money-wagers have subjectively even
chance, for each subject. Only subjects passing thie test can be further used.
Having satisfied ourselves on this eccount, we can test whether the octuple
condition and the transitivity conditiongare satisfied. If they are not, the
subject is not unbiased or has no utility function on the set of money-wagers;
and none, therefore, on the set of money-mmounts, If they are satisfied, the
subject may or may not have a utility function on money-amounts. Should the
mathematical conjecture prove true that, under a continuity assumption, the
octuple condition is sufficient (and not only neceseary) for the unbissedness

and the existence of a utility function, its testing might lead to the acceptance

of the utility function on money-amounts,

IV. OUTLINE OF EXPERIMENT,
1. Subjects: 17 students of Stanford Univefaity.
2. Alternatives offered: money-wagers., Each specimen card on Teble 1
shows two wagers, one in each of the two columns of the card. The ghance event

was: that a cube will come up with one of the three faces marked by & certain

nonsense-syllable,

3. The subject's response consisted in stating which of the two wagers
he accepted; and in some of the trials, selected at random, he ﬁad actually to
play and win or lose money.

4. For the purposes of Section IIJ it was important to ascértain whether
the chance-event in question was actually given an even chance by the subject.
However, the hypothesis that P(eEb,bEa) = 1/2 was not tested. Instead, a
subgidiary postulate was made:
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If m,m',m",n are money smounts and m-m' = m"-m=h, and P(nEm,mEn) = 1/2,

then and only then, for any postive h, however small,

P(nEm,m'En) > 1/2 and P(nEm,m"En) < 1/2 .
In previous experiments ole. Davidson, S, Slegel and P. Suppes, h was equal
one cent; and the same cubes were used. A large majority of the fhen tested
Stanford stu@ents accepted the wager nEm over m'En; and rejected the vager
nEm in fevor of m"En, for various values of the money-amounts. This strengthened
our a priori bellef that the condition of the subsidiary postulate was likely
to be satisfled; therefore, we tested every cube only a few times, with each
subject, to satisfy ourselves that the subjective chances were even. All 17
subjects passed this test and were therefore admitted to further experiments.

5. To study the possible effects of learning, three sessions were held
with each subject; the first session was in part occupied by the pre-test just
described,

6. The numbers of triples of cards (each containing a pair of wagers) offered
in each session is shown in Tﬁble 2 . It was possible to devise the cards in such
a way that the same card was sometimes used in a triple designed to test the
"Transitivity of Alternative§ (Sec.I) and in another triple, serving to test
the "Transitivity of Intervals" (Sec.III). Because of this overlap, the total
number of cards presenteqd toheach subject was not 2x3x76 but much smallier.

7. Absolute preferences were, we hope, avoided by:

using wagers (and never inadmissible ones);
never using a choice between a wager and a sure thing, because of the
suspicion raised by workers in the field, that certainty as such

may be loved (or hated).
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always chosing the money amounts so that the actuarial values
of the two wagers on one card never differed by more than
b 1/2¢.
8. To avoid the effect of memory, the wager ab was given scmetimes

as aFEb and sometiﬁes as bEa; and was entered sometimes in the left, and
sometimes in the right column. But the game "palr of wagers' was never re-
peated. This distinguished the eiﬁjfégeas £ oqesﬁgﬁfﬁgirggﬁggéﬁggéfgffndreou
et al. on commodity bundles (not wagers)}yxMore experience is needed before

one decides just how dangerous is the repetition of the same pair of alternatives,
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V. STATISTICAL DECISION RULES
1. No statistical design has been developed to test the quadruple and octuple
wmonditions. A test of the quadruple condition would involve four feser probabilitiss

i3f choices, and hence sixtuples of wager-pairs (cards), instead of the triples ac-

“%ually used so far.
2. Trensitivity regions. Denote by pi = (pll, piz, pi3) the ith triple of

“the probabilities defined in Section II, 8; or, alternatively, in Section III, 10
pi js a point of the unit cube U, since each component of p is between O and
1.
We now define two sub-regions of the unit cube Ut
Region W: pi obeys the conditions in 8.1, Sec, II (weak transitivity)
Region S: pi obeys the conditions in 8.2, Sec, II (strong transitivity)
Hypotheses-pairs to be tested: |
Hypothesis H;: For all i, pi isin W
{- i H°.

B There exists an i such that pi is in U-W;

Hypothesis H: For all i, p* isin §
o HJ: There exists an 1 such that p* is in U-S.

3. Only one observation was made for each ftriple of wager-pairs, to avoid the
effect of memory. Statistically, the problem is analozous to the following: "Test
the hypothesis that each coin being made by the Denver mint has a bias (not neces-
sarily an equally strong one for all coins) in favor of falling heads; you are per-

mitted to take a finite sample of coins and to toss each coin just once.".
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i, Statistical reformulation of hypotheses:

[

H.s pi is distributed uwniformly over W, and Prob(pi in W)

is distributed uniformly over U, and Prob{p: in U)

0
: pi is distributed uniformly over S, and Prob(p® in S)
>
HO:

It

P~ is distributed uniformly over U, and Prob(p® in U)

5. Nature of observations. Subject chooses

a* over b': yes, no
i i

bt over c¢': yes, no
i i

¢ over a’': yes, no

A cyclical observation: ‘yes, yes, yes" or "no, no, no" for a given

triple.
Probability of cyelical observatiop
If H,6 is true - 2 25.00
° , 80
If H,6 is true %% = 18,75%
. 11
If B, is true 55 = 13.75%

cye Vea )

6. Decision rule: Accept Hw if number of indwvansitive responses

= r < ¢; where ¢ is such that Prob(r < ciHo) = Prob(r 2 clH,)

(= sipnificance level), thus making the largest of the two error prob-

gbilities a minimum, Similarly for H,.
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Number of observations n =

76 26
All S i 3
JEGISTON R { essions) (Session ITI)
Accept H if r is less than: 17 6
Significance level: o % 35 %
Accept Hy if r is less than: 15 5
Significance level: 104 23 %

-?. Moreover: If the proportion of cyclical observations falls
very much below the probability indicated in 5,for weak or strong
transitivity, we shall presume that the assumption of uniform dis-
t:i.bution over the (ﬁeak or strong) transitivity region is to be corm
recteds we shall have to assign lower weights to those points of the
region that lie near its boundaries other than the facets of the unit
cube, |

VI, RESULTS OF EXPERIMENT

l. Table II shows, from session to session, considerable lea;.r‘;-
ing towards smaller frequency of cyclical responses, In the oversll
result, but more particularly in the last session, the number of
cyclical responses falls, for a large majority of subjects, far below
the expected frequency under strong transitivity.

2. Table III applies the Decision rules of 6, Section V, to the
total of all sessions, For all subjects, weak transitivity had to be
accepted (though at the very modest, i.e., high, significance level},

and this with respect to alternatives as well as to intervals. For
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all but twe subjects, strong trensitivity had to be accepted (at a
significance level of 10%); but the two subjects were not the same
with respect to alternatives and %o intervals. However, the correla-
tion of .hU9 between the subjects! behavior with respect to alterna-
tives and with respect to intervals is just significant (for 17
observation—paifs) at the 5, level (Tibles of Fisher and Yates).

3. The low frequency of cyclical responses, especially after a
learning period, lets us believe that for most subjects the points p
lie well within the transitivity regions (see 7.) and that therefore
the transitivity conditions necessary for the existence of a utility
function over the set of money-wagers as well as over the set of money-

amounts are satisfied,



Table 1

Specimen Cards

To test Transitivity (strong, weak, none) of Alternatives:

1 2 1 2 1 2
7207 +6¢ -5¢ @e 464 -Shg| | ZUH ~Shf  -5¢
ZHG  -38¢ -21¢ QRS - -38¢  +22¢ ZRG 422 =214

To test Transitivity (strong, weak, none) of Utility=-Intervals:

1 2 12 1 2
70J +2lg +13¢ QUG +38¢ +31¢ ZUH  +31¢ +38¢
ZEe -6 45 QEJ #13¢ +2lf ZEG  45¢  «&f
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Table 2 - Results, Single Subjects

Testing Transitivity Testing Transitivity
of Alternatives of Intervals
I IT III Total | I I1 IIT
26

22 28 26 76 22 28

NUMBER OF CYCLICAL RESPONSES

5.50 7.00 6.50 19.00 ) 5.50 7.00
4,13 5.25 4.88 1h.25 ¢ L.,13 5,25
3.03 3.85 3.58 10.45{ 3.03 3.85
b 0 0 b 0 0
3 5 2 10 1 6
5 3 3 11 6 5
I 7 0 n L 3
1 0 0 1 0 3
3 6 0 9 5 10
2 1 2 5 3 0
2 1 1 H L 2
1 2 1 4 3 3
2 9 5 16 3 3
Iy 2 2 8 3 5
1 1 0 2 1 1
2 2 1 g T 5
6 3 7 16 2 0
N 2 1 7 3 2
1 3 3 7 2 1
7 5 2 1, 1 L
3.06 3.06 1.77 7.88§ 2.20 2,80

6.50
L.88
3.98

RN WO w O W o OO N WAL

&

Total
76

19.00
.25
10.45

8.12



TABLE 3
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cyclical
responses on
alternatives
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