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l., Introduction

In a commodity market with forward trading, two features must be
taken into account by any theory: At any time there is not Jjust one
but a whole series of prices, whose mutual relationship must be ex-
plained. Prices ere not determined by the equilibrium of current supply
and demand, because stocks of the commodity, if storable {as is usually
the case}, may be carried forward into fuitur.c periods. But what & Lovmines
the amounts of commodity that will be carried Forward? The clusion
seems inevitable that in some way beliefs about the future must =nt.r into
the decision of those individuals that are responsible for the carrycver,
namely those who hold unhedged 8tock or have bought forward on net balance.
Theée beliefs or expectations, to be sure may be vague and may differ
widely between people. If nothing more could be said about them, prices
would be random, and all explanation had - stop here, To quote Hawtrey:
"When the future movement of prices becomes very uncertain there are wide
differences of opinion among dealers, and both bulls and bears hopg fur
big gains. The market seeks from hour to hour the price which will Just
divide the bulls and the bears at the point at which buyers and sellers
balance”. [Mr. Kaldor on the Forward Market, Rev. Ec. Studies VII (1539/40)
p. 204]. On the other hand any attempt to find a common element in expectations
is up against a "fatal objection t~ .he introduction of any aggregates or
averages of expectations into economic reasoning, not merely that owing
to differences in expectations of different individuals there is no oue
expected price, but there are gaps in the series where there is no expectation

at all,..."
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This statement is unexceptionable if one interprets expectations to
mean "single valued" expectations, as they were indeed considered in the
paper by Kalecki referred by Hawtrey. It might seem that to assume that
traders hold probabilistic expectations is to make matters worse. Certainly
not every trader in the real world has something approximating a
subjective prcbability distribution of prices and future dates in his mind
when engaging in a transaction. But perhaps the problem of expectations
is so perplexing only bhecause cne starts out with a complex real world,
with all its imperfections and irrational people. In other contexts it has
been recognized that to explain something a theory need not, and probably
cannot, be of photographic accuracy. The problem of expectations ceases
to be an obstacle to further analysis if we loock at it in the context of a
statlonary econcmy. The reason is simply, that in a stationary economy it
takes no brains to form an opinion gbout the probaebility distribution of prices
at future dates, it can be inferred from the empirical frequency distributions
of prices in the past. No rational person can afford to disregard these observations
from the past except two classes of people: Those who on no account would
be speculators in a commodity market, say because of their poverty. And those
wvho although under an occupational necessity to buy or sell that commodity
find it a more comfortable existeonce to hedge themselves completely. (That
means that at any time the amount of stuck owned plus forward purchases is
exactly balanced by the amount of stock sold forward. Then if it can be
supposed that forward and spot prices move always in the same direction and by
the same smounts (approximately)} it follows that they can neither gain nor
lose by movements in prices), Everybody else is esgentially a speculator. And

a speculator must have some opinion about prices in the future. 1In a staticnary
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economy every ri.tional speculator will hav: the same opinion. Yet because
of different attitudes toward the same "objecctive" risk there will be
trading among them. Hawtrey's assertion that if all held the same expectation,
there would be no speculation [ibid. p. 20k] does not apply, when expectations
refer to a probability distribution, as we shall see in detail later on,
Expectations of all concerned h: ve thus been reduced to a "constant” --
that.is, as long as conditional expectations about the future are impossible.
For a crop commodity this would be the case during the time after an annual
harvest when no forecasts of next year's crop size can yet be made. To be
rigrous we must also rule out either any connections with other commodities,
substitutes or complements, or we must assume that neither are conditional
forecasts of other crops available at that time. Apart from other constants
of the stationary economy, what do the commodity prices at such times depend
on? Obviously only the stocks of the commodity itself and those of related
comnodities, If for the sake of simplicity we rule out interdependence, the
commodity price is just a function of the total commodity stock.
What is this function? How do the constants of the economy enter into 1t?
These constants include for instance the demand functions of consumers for
this commodity, its storage cost, the acreage devoted to this crop, the yleld
(or if the acreage is constant the crop size) distribution. This is the problen

to be considered in this paper.

2. The el
The following assumptions are believed to simplify the problem as suggested

in the introduction while retaining its most significant features:
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l. Discreteness. The market is assumed to convene only once every
year, after the annual harvest, at which time all contracts are
concluded.
2. GStationarity. More precisely
2.1 Independent and identical crop size distributions which are
not conditional on any facts known one year before

2.2 A stationary economy, in particular constant (time independent)
demand and cost functions

2.3 No anticipation or deferment of demand for consumption

3. Uniformity of the commodity traded forward, a single location
for delivery,

These assumptions will be spelled out in greater detail in the following

discussion of the types of demand.
1. Supply

Regarding the supply aide we assume supplies to be uninfluenced by the
forward price. This restriction can be removed at some sacrifice of simplicity,
Similarly the distribution of next years crop could be made conditional on this
years crop size or this yeart: stock by means of agppropriate changes in the
expression for the expected value of no+l year's price.
2. De for G tion. The demand for consumption is assumed to depend
on the (spot) price for the current period only.

u = u(p)
A linear approximation will be us~d sometimes.



-5-
While the total demand is assumed to be deterministic (another assumption
which can be removed) the demand facing a particular manufacturer is re-
girded to be a random variable.

3. Demand by Manufacturers. Manufacturers demand is therefore for a

certain inventory whose aggregate amount v may and typically will
be in excess offénhuélﬁéénéumption at the level determined by the spot
price. We shall not consider the possibility that the proportion
between inventory and consumption depends on the potential losses

on inventories taken into the next period. We assume that total demand
of manufacturers at a given spot price is a constant multiple k of

consumption at this price,

v=% u(p).

k. Demand by Warehouses

We assume that warehouses (elevators) buy physical commodity stocks
and hedge completely by se;ﬁ}pg it forward. Their demand is given by the
level at which marginalsgicarrying cost c¢(x) equals the spread q-p
between forward price g and spot price p.

A spread less than carrying cost implies that carryover (from which

menufacturers' stocks are excluded by definition) is zero.
x - ku[d (x)] =0 if g<p + c(x).

5. The Demand by Speculators We shall use the convention of denoting by

speculative demand a demand for contracts of purchase and forward sale
rather than for physical stock. Thus elevator operators who speculate

are regarded as having concluded fictitious forward sales contracts with



tiwmgelves by vhich they hedge all their stocks. By commitment we shall
denote the net of forward sales over forward purchases. Manufactursrs
stocks which are excluded from carryover are.also unhedged, as they are
meant for consumption in the current period, and therefore do not contribute
w0 ommitments in our mogel. Aggregate commitments must then equal the carry-
over
x - kulp).

How is the demani for commitment: {.2., for speculative stonk Jetermined?
This calls for another considerztion of :»nactation:,

In a statlionary economy uot onl, the size distribution of erops is
known, but also an induced distributicn of prices after the next crop,
conditional on the stocks after the present harvest. This hinges on the
fact that the stock'pfiQ:7”unction which we have to derive here is cmpirically
known. As an example consider the relationship between cotton prices and
stocks from 1923-1939. (figure). Expect for three years of heavy exports,
1924-1926, and the war year 1939 all observations lie very close to a straight

line. The fraction of the variance explained by a linear regression* is .8.4.

* The regression was carried out by F. Bobkoski

Now as we shall demonstrate below this empirical stock price relation p = ¢(x)
permits one to obtain the distribution of next years spot nrice conditional

on this years stocks, from the crop size distribution. This calculation

need not be carried out each time., It is sufficient to assume that the
conditional probability distribution nf a2xt yrzrs prices given this years

stock or carryover has been estimated cnos and for all and is a matter of
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expert knowledge. Among informed persons there can then be no disagreement
about the probability distribution of next years prices.

Agreement about the probability distribution of next years prices does
not imply identical behavior of all speculators. They may have different
risk preferences and different assets. This means that they attach different
utility to the same outcomes. While as rational persons they all attempt to
meximize expected utility this will result in different commitments. In
order to keep things simple we shall not discuss the most general case in
which everyone has peosslbly different utility functions. This would amount
to a situation in which aggregate holding of speculative astock is a general
functional of the probability distribution of next years prices. Among
alternative simple hypotheses we shall adopt the -7 e 4ble one of normal

backwardation propounded by Keynes* and Hicks** among others, slightly modified

* A treatisc on .Jdoney, vol. II, pp. 1l42-145
#%*  Vplue and Capitael, pp. 138-9

for our purposes. According to this hypothesis, speculators consider only the
expected value, (the mean) of next year's price. The amount for which an
individual i1s willing to commit himself depends on the difference between

this expected value of future spot price and the current forward price, known
as the backwardation

1
Ep -g where p  1is next year's spot price.

: N
To be specitic let us assume that a speculator comnits hinself to hin fdmiv

if the backwardation exceeds a certoin threshold and not at = 0L whon oo

backwardation is less than or equal to it. Thrze thresholds vary among
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Cotton: Total U.S. Supply and Prices, 1923-1938

(Source: Agricultural Statistics, 1942)
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individuals according to their risks preference. For instance if they
are normally distributed then the total speculative commitments, i.e.,

the demand for speculative stock, is & sigmoid function of the backwardation.

£ =8 (En

- q)

We shall make use of s plecewise .inear approximeation to this demand function.
Under the assumptions made, our problem becomes that of determining

two prices: the spot price and the forward price for delivery at the con-
vention of the market next year, both quoted as of this year. Since the
connection between spot and forward price is a much less difficult one

the following analysis will be focusscd on the relation between stock and spot

price,

3. The Stock Balance Egquatjion

The equilibrium condition through which the unknown price function
igs determined 1s the stock balance equation. Its states that stock not
absorbed by manufacturers at the prevailing stock price is held by specu-~
lators, who are motivated by the existing backwardation. Through the stock
- spot price function, our unknown, a relationship is established between
the stock and the expeci.d value of the future price. Since the forward
price also depends in a known manner on stock and spot price, a relation-
ship follows between stock and backwardation. When inserted into the balance
equation this determines the unknown stock price function as we shall now
demonstrate,

Two cases must be distinguished. When stocks are sufficiently small
X £ x¥

all stock is absorbed in this period.
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(3.1) ku [p(x}] =x
To be sure an amount (k-l)u will still be left at the end of the period,
but tied up in manufacturers' inventories. -- Of course it is part of tus

problem to determine the critical stock level x*,

For stock levels above x¥ the excess of stock over manufacturers'

requirements
x - ku [@(x)]

markes the supply of speculative stocks. It is e function of the spot price
only, i.e., of the stock level x via o(x).
We consider next the demand for speculative stock and first, the back-
wardation. Let y be the size of next years crop and let F(y) be its

probability distribution. The conditional expected value of next years

stock price is now given by

Jolx - u [o(x)] + y) aF (y)

where @( ) is the same function as that which related stock and price in

the present period.

Since a positive amount of stock is carried over, the forward price

must equal the spot price plus (marginal) carrying cost.
q = o(x) + c(x)

The backwardation is therefore
a [ olx - u {o(x)] +y) aF(y) -~ p(x) -¢ x).

The demand for speculative stocks is a function s( ) of this expression.
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Equating demand and supply we have the stock balance equation

(3.2)  slafo(x -u [@(x)] +y) &) - o(x) - < (x)] =
X - ku [p(x)] x> x* .

At x = x* the solutions ¢l(x), me(x) of the two equations (3.1)

and (3.2) respectively, must agree. This determines x*.
» *
(3.3) o (x) =0 (x).

¥
When carryover is zero, in other words x < x , the forward price

q 1s determined by the dissappearance of speculative stocks

(3.8)  via[o (5 x+y) ar(y) - ql =0

When risk aversion is universal, then v(0) = 0 and then our solution

18 always

k-1
a=afo (. x+y)dr(y).
It is interesting to note that we have succeeded in reducing the
equilibrium problem to a two period condition, although physical stocks

may be carried through more than two periods.

4. Mathematical Analysis

In this section we sketch the solution of the system (3.1) and (3.2)
in the mathematically simplest case. These comments are meant to be
illustrative only. The first branch of the stock price function Ql(x)

is simply determined in terms of the inverse function u"l of u

@y (x) =u (F) xgx
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In particular if w is linear

wixY =u_ - u, x

0 1
then kuo = kuy olx) = x
x Yo
(4.1) o(x) = - EEI + 5,

For x 2 x* we have the functional equation (3.2) which in spite
of its simple structure does not admit of an explicit solution, even
when all the given functions are assumed to be linear. However the
following device leads to an approximate solution,

Supponse that speculators employ a linesr approximation, vix), 1n
caleulating the expected value of next years price conditionsi on this
yeers stock. Than the equation system assumes the form

{L.oy s{a ¥(x ~u{s{x)] + 7] -~ ¢(x) - o(x)]

*

=% = ku [p(x)] X2 x

nw

where y i3 tne expected value of the crop. let the data functions have
y

the following singio form

.7 SCI
g% -
S
_ ol
Ulx) = - v,

(.4 °

It

(4.5) x - kuo 4 ;;i @(x) oo



then (+.2} reduces to

s*::x-kuo+kulq>(x)

5% 4 kuO - X
(14-.6) CP(X) = kul

When (4.5) does not hold we have instead an ecuation

(1) s (e mawy Ix-ug+u ofx) + 71 - 0x) - ¢ - ox)

X - ku0 + kuy p{x)
Wwhoge solution is

P(x) = -, x +¢

x .
EINS 8
(4.8) Doy v e, Vs,
' kuO 5, O WQ + Sl o eruo v Sy o vy y - 8, 4
sl + kul + sl ul o wl

It can be shown that the slope of this line segment is less in absolute
value than that of either one of the adjacent lines, provided ¢y
is of small order, and k-1 is small, as one may expect.

To suwmarize, the solution has the shape of a broken line with
an upward kink at x¥* and a downward kink at 8%, the slope of the
last segment being the same as that of the first segment. (Fig. 2).

The points x* and s* may be determined by solving two linear
equations equating tha roocelive expressions for ¢(x). The formulae are

somewhat cuml.rgome wnd have been suppressed here.
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The parameters wo and wl entering into this solution are in turn

determined by fitting a straight line to the broken line that represents

For instance we may put

ud
Y, =B o, + (1-B). ——

© 1

1
¥, =B 9 + (1-8). ku,

where 0 < 8 <1 1s a weight whose precise value still depends on . x%.
and s* , but may be regarded o5 given here, For the slope of the middle

gection we have then an equation

{4.9) ® = 1+ e, 8y +as, . (B P, + (1-g) Eﬁz]

1
8; +ku +au s (B Py + (1-8) "EEI]

which is of the second degree in ¢l . It is Interesting to note that

with certain simplifying assunptions

= 0
‘1
a =1
>>
uy 8
i.e., inelastic demand for consumption we obtain again ml = —%;— .

1



Y. Conciusions

fhe purpose of this paper nss been to give a theoratical accounu
0 the prinniples by which the stock level after harvest determines
spot and Porward prices in & forward market, Although the stocks

inherited from the sast were itaclf determined by prices, after the

random event of 2 Carvest 10 I cloarly stocks that are the determining

aet o prices that are the detercined vari-oles.  The ossentinl ascumptions
wore thal winore are favorobic conditions for rational behavior {the
stable enviromment of a ststionary oconomy) and that the particirunts
do in fact act raticnally. .hot hypolhesic follow 1f this model is

prancnd?

Lo dorward prices predict the future spot prices? They undzrstate

Lne future spol price on the averags Ly the amount of the backwsrdation.
“nis heorardsiion, and hence tao tics in average prediction, wil) bo
inioper, The greater the stock Zovel.

D _aoes a forvard nriod Cxoréss s Jing tha

the ditTerones hotuwsen e oo prices

o
%
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‘4
:','—.

pl

Sodong as speculative slocks wre postbive, the forwsrd ooioo

o aifi'er vy less Lhan thy worginal oarrying cost, Lo Dovomapd arasd novos

an an indlealor o the -0 Wil S30CULAIVD auucks Are onrplod ooy or onon,
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5.3, 18 gpeculation economicelly harmful?

N¢ . under the conditions assumed here, because the expectations of all the
speculators are right. Therefore interannual price fluctuations are reduced
by speculation. ~~ It is also economically desirable that farmer~s shrmld plant

érops in anticipation of the probability distribution of th~ next periodis prices.

5.4. _In forward markets as described by this medel, is_the an ..ni of commodity
stored less than is economically desirsble?

Yes, because storage is reduced to a level where speculators receive &

risk premium which is higher, because of capital rationing, than the premium
that is necessary to reimburse an agency operating without a capital limit,
but possibly at an increasing schedule of interest expressing the social
cost of tying down these funﬁs. To put it differently, the risk preference
of individuals is more conservative than the risk perference of a storage
peol would be that can afford to maximize long run profit rather than having
to forego opportunities at lower margins of profitability in order to avoid
brankruptcy. But with all storing being done by one agency, competition

and hence all the advantages of a forward market would cease to be, Thrus
the higher risk premium, and lower insurance against severe shortage 1s the
price of competition.

The purpose of this model has been primarily to point out which aspecis
of forward trading are easy to explain in principle and which require a more
complex theory -- one that would take into account the fact that grade and
location -re not specified by a futures contract, and that would not steer

clear of the interdependence of several futures markets.



