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§1 Estimates of the size distributions of income for the United States
have been derived from s number of data sources and are based upon & variety of
different definitions of the various relevant varisbles. The characteristic
comnon to almost all of these estimates is the accounting period used. Partly
because of conceptual difficulties that arise when a longer period is used and
partly -- perhaps mostly -- because of inadequate data, the size distributions
nearly always relate to one year pericds. Even in the exceptional casges where
accounting periods of over a year were used, the periods covered were of relative-

ly short duration.** Provided the conceptual difficulties can be straightened
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of Governors of the Federal Reserve System. The Thomas J. Watson Comput-
ing Laboratory of Columbia University permitted me to use one of its
electronic calculators for the extensive computation that was performed.
The Office of Naval Research supplied funds for desk computation and other
expenses. I am grateful to each of these organizations; their material
assistance was essential for the completion of this project.
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_Analysis of Wisconsin Ingome, Vol. IX of Studies in Income and Wealth,
(New York: National Bureau of Economic Research, 1948), Part III.

George Katona and Janet A. Fisher, "Postwar Changes in the Income of
Identical Consumer Units,” Vol. XV of Studies in Income and Wealth,
(New York: National Bureau of Economic Research, 1951), Part I1.

An Analysis of income tax returns filed in the State of Delaware is
now in progress which will cover part of the interwar period.




out, great interest would attach to a satisfactory estimate of the size dis-
tributlon of average annual income for long periods. An estimate of the size
distribution for a period as long as the lifetime of the income-receiving unit
would be particularly desirable, for that size distribution is a prerequisite

for measuring satisfactorily the degree of income inequality.

§2 The data problem can be seen most clearly if the conceptual problems
are agsumed away. Let the baslc income receiving unit of the United States
be the household, a loose designation for a group of persons who live together
and together determine how they will use their joint income. Most households
fit the.usual description of a family and the composition of these households
follows the usual family time pattern. Single person households are not ruled
out, however. The relevant period of the existence of a household for the pur-
poses of this study is from the time one or more of its members first engages in
full-time income-seekiﬁg activity until all of jits members terminate such
activity. "Lifetime" here refers to the income-seeking period. It could be
assumed that this income-seeking period is of the same length for all American
households and that they meintain a continmuous existence with an unchanging
composition, except for the coming and golng of children, for the entire period.
This would make the lifetimes of households homogeneous. The variety of training
periods for different occupations and the prevalence of divorce courts and life
insurance companies testify to the frequency with which the time patterns of
real households deviate from the conditions of this assumption. For the present

discuszion this is not important.



It would appear that a large number of income histories spanning the
whole lifetimes of these households would be sufficient for estimating the size
distribution of lifetime average annual income. Suppose that in 1915 a fore-
sighted director of the United States Bureau of the Budget had selected a
sizable panel of households at the beginning of their income-seeking periods
and arranged for them to make available to the Census when they retired from
active income-seeking, say forty years later, a record of their intervening
incomes. Would the lifetime size distribution that could be made up from these
income histories be useful to us? The economic historian would say yes. This
is because the size distribution would be of some help in describing the past.
But would it tell us much about the way in which incomes are being distributed
in the United States economy today? The structure of the economy has under-
gone substantial changes which make the United States of today a different
world from its predecessor of forty, thirty, or even twenty years agoc. The
concept of a lifetime size distribution is of use only when it refers to a
homogeneous period of time. Three wars and a substantial chenge in the role

of government have certainly made the last forty years non-homogeneous.

A foresighted Census director of today could perhaps make available 40
years from now a set of income histories. One's patience would not be rewarded,
though, even if he were willing to wait for it. In a world where non-economic
factors like wars, technological revolutions, and underdeveloped country
awakenings are important in determining economic activity, surely that set of
income histories would be as obsclete when it was finally ready as the ones

begun in 1915 would be today. It is inevitable that structural changes --



institutional, technological, and behavioral -- will occur too frequently
for the income history method ever to provide satisfactory estimates of

lifetime size distributions.

Is the concept of a lifetime size distribution of any use then? During
any homogeneous period the economy has an income-distributing potential which,
if realized over a long enough period of time, would generate a size distri-
bution of lifetime average annual income. Knowing this latent lifetime size
distribution is equivalent to knowing the economy's income-distributing poten-
tial, and this 1s worthwhile for all the reasons that prompt the estimation
of a size distribution relating to any accounting period. The latent size
distribution refers neither to what has happened nor to what probably will.

It is a "maybe" size distribution which has a very, very small probability 6f
actually eventuating. It is the answer to the question: What is the size
distribution of lifetime average annual income in prospect for households on
the threshold of their income-seeking period, assuming that the households
remain intact throughout their lifetimes and that the economy's structure
remalns unchanged? This study is an attempt to answer this question after it
has been qualified to refer to only one sector of the household population.

It should be emphasized that the objective of this study is the filling in

of numbers for a theoretical construct. Even though all households do not
really remaln intact throughout their full income-seeking period, the question
of what their lifetime size distribution would be like if they did so is still

of interest.



Since structural changes in the economy occur too often for the income
history method to be feasible, some other kind of data must be collected
which will adequately describe the income-distributing aspect of the structure
before it changes. Cross-section data on the incomes of many individusl
households within a short period of time would seem to be suited to this pur-
pose.

The method used in this study is analogous with a technique used by
actuaries in constructing an up-to-date mortality table. A table could be
based upon the death records of a large group of persons who were, say, twenty-
one years of age at the beginning of this century. The probability that a
person would die between any particular pair of birthdays could be estimated
from two numbers contained in the death records: the number of persons who
survived to the first birthday, and the number that survived to the second.
The difference between the two numbers, divided by the first one, is an un-
biased estimate of the probability. This estimate along with those for birth-
deys up to the seventy-sixth, after appropriate smoothing, could be put together
to form the mortality table.

If this method were used, however, today's medical and sanitation
standards would only be reflected in the probability estimates for the aged.
To avold this defect, an alternative method is used. Each of a large number
persons 1s observed over a one year period. An estimate of the probability
of death at any particular age is given by the relative frequency of

death of persons who were at that age in the group under cbservation. These



estimates, properly smoothed, could also be combined to form a mortality
table. This table would be based upon today's mortality experience. And
not less important is the fact that it was derived from the observation of

death incidence for one year only instead of fifty-five.

§3 It will be helpful to have a tag description for households headed
by persons in their full-time income seeking period. They will be referred
to as "active" houseﬁﬁlds and the income seeking period will be described
as the active period.

The term "size distribution” refers to a frequency table of numbers
cf economic units. Here it will be synonomous with the statistical terms
"relative frequency function" or "demsity fumction," depending upon whether
a discrete or continuocus function is under consideration. From the context

of its use, it will be clear which is meant.

§4 The data used in this investigation was collected by the Survey
Research Center of the University of Michigan &s part of the annual Surveys
of Consumer Finances which they have been conducting since 1946 for the
Board of Governors of the Federal Reserve System. In 1948 the occupants
of about 3000 dwelling units were interviewed about variocus aspects of their
current economic status and sbout their expectations of the future. The
occupants of about one-fifth of these dwelling units were reinterviewed a
year later. Another reinterview study of the same sort was conducted in
1952 and 1953. As in all of the annual Surveys, the dwelling units of the

reinterviev studies were selected on a stratified sampling basis from the



population of all dwelling units in the United States. Excluded from the

surveys were members of the Armed Forces and civilians living on military

reservations; residents of hospitals and religious, educational, and penal
institutions; and the floating population of persons living in hotels,

large boarding houses; and tourist cemps.* Field surveys are never entirely

* For a complete description of the methods used by the Survey Research
Center in the Survey of Consumer Finances see "Methodsof the Survey
of Consumer Finances," Federal Reserve Bulletin, July 1950, pp. 795-809;
and John B. Lansing, "Concepts Used in Surveys," Contributions of
Survey Methods to Economics, by George Katona, Lswrence R. Klein,
John B. Lansing, and James N. Morgan (New York: Columbia University
Press, 1954), Chapter I.

free of bias in the selection of households actuazlly interviewed. Quality
checks by the Survey Research Center of the representativeness of the house-
holds interviewed in their annual Surveys and also of those interviewed in
the reinterview surveys suggest that the biases are probably not serious. In
any case, for the purposes of regression estimation, a basic tool used in this
investigation, it is not necessary for sample observations on the independent
variable to be representative of the populaticon. The requirement is only that
the sample observations in the dependent and independent variables be linked
together in a way which is representative of the population. There is no
empirical evidence on this point but it seems likely that, at least approxi-
mately, this requirement is complied with in the reinterview surveys.

The Survey Research Center uses as its baslc income-receiving unit a

person or group of persons related by blood, marriage, or adoption who live



together and pool their incomes for major expenditures. Such a group is
called a spending unit. The spending unit has been adopted in this study
as the empirical counterpart of the econcomic wunit which heretofore has
been referred to as the household. The income of a spending unit is defined
to be the total of all cash income of the spending unit plus accrued pro-
fits (net of inventory valuetion adjustment) of any unincorporated enter-
prise owned by the spending unit, all before personal income taxes. The
coverage of the study has been restricted to spending units residing in
urban areas containing 2500 or more persons because one of the reinterview
studies contained no data on rural spending units.

It is assumed in this atudy that spending units start ocut thelir active
periods at the age of twenty-five and retire from income-seeking activity
at the age of sixty-five. As a consequence, only data relating to spending

units headed hy persons between twenty-five and sixty-four were used.

§5 The relationship describing the income-dynamics of an active

household can be assumed to be of the general form:
(1) Vg = g(yt-l’ Ygapr o0y Y19 8y ut)

where Yy is the household's income in the i'th year; a8, is the age of
the head of the household in the i'th year; and vy is the value assumed

in the i'th year by a stochastic variable which is Independent of Yiul
>

Yi-p» +<+s ¥y, &nd a;, and has a particular density function f£(u).



Without a; in the right-hand member of Equation (1), the assertion
would be that a household's income in the t'th year is some particular
function of the household's income in previous years and of a stochastic
variable, and that this function holds whether the household is young or
old. Conslderable evidence pointing toward age as a significant variable in
the income life cycle has been collected, however, 8o age is included in
the equation.

There are many other veriables which are relevant to the relationship
between a household's incomes in succesasive years besides age. A list of the
more important of these would include: (1) the size of the municipality
and (2) the region lived in by the household; (3) the occupation snd (L)
education of the head of the household; and (5) the net worth of the house-
hold. If enough dats were available it would be possible to apply methods
like those used in this study to groups of household which were homogeneous
with respect to the various variables listed above. Instead of disaggregat-
ing to this extent, it will be assumed that the influence of these variables
is contained in the stochastic variable u. The income-dynamic relationship
includes a stochastic variable Just because relevant variasbles, economic and
non-econcmic, have been excluded from it. Using u as a substitute for the
omitted variebles is justified if the proportions of households in the
various categories listed sbove remain the same through time. Since this in-
vestigation deals with one aspect of the implications of an economic structure

which remains unchanged, this conditicon is complied with.
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While a household's t'th year income is affected to some degree by its
income in all earlier years, it is to be expected that years prior to the
immediately preceding ones will have only very slight influence. The null
hypothesis that only the most recent year is important enough to be taken
into account was tested. It was not possible to reject the null hypothesis,
but unfortunately the data available for the test were scanty so the power
of the test was low. This result is somewhat at a variance with the findings
of other investigations of the dependence of a household's t'th year income

on its income in the two immediately preceding years* but it is felt that

*  Frank A. Hanna, op. cit., Table 16, p. 251.

M. Friedman and 5. Kuznets, Income from Independent Professional Practice
(New York: National Bureau of Economic Research, 1945), p. 308.

these other studies examined quite special income recipients. As a consequence,

it was assumed that Equation (1) could be rewritten:

(2) y'l; = g(yt-l’ at: ut)

§6 A basic assumption of Equations (1) and (2) is that, as far as
income dynamics 1s concerned, except for age and stochastic variation, all
households are exactly alike. This can be made more explicit if Equation (2)
is rewrltten:

- 131,2, casy n
(3) Yit g(:”1.(1;-1)’ 842 Uy) £=2,3, ..., T

where yij is the i'th household's income in the j'th year and aij is the
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age of the head of the i'th household in the j'th year. Equation (3) asserts
that (1) the income of every household will change from any year to its
successor according to a particular rule; and that (2) any household's income
will change from year to year according to that same rule. The rule requires
that due allowance be made for the age of the household's head.

Suppose the incomes of all the households in the United States have
followed the "rule" of Equation (3) for many generations. If there are now
n households and their active pericds all last T years, their incomes in

the years 1 to T can be arranged in the form of the square array designated (4).

i Y12 ot lel‘
| Yo1 Yoo v v+ Vop
(ll') T L) . -
ynl yne yhT
|

where yij stands for the i'th household's income in the j'th year. For the
i'th household, income year by year is given by the entries in the i'th row,
and the household's age increases year by year as one moves across the row. The
first column consists of the incomes of the n households during the first year
of their active period.

Any two consecutive items in a row of (4) are linked together by Equation

(3). If we knew the specific form of Equation (3), its parameters could be
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estimated by applying an appropriate statisticasl technique to such cbservations
from {4) as we might possess. Any complete income history would consist of all
of the entries in one row. From one such complete income history the parameters
of Equation (3) could be estimated; better estimates would be obteined, of course,
if a set of income histories were avallable. Suppose, though, that we had only
fragments of data from any one row but that there were many such fragments.
These could also be used for estimating the parameters. Since Equation (3) con-
tains the variable age, it would be necessary that different columns be repre-
sented among the fragments. Using this last kind of data would correspond to a
cross-section -- "slice of life" -- approach to the dynamics of household income
in contrast with the income history approach.

§7 Assume for the purposes of this section that the form of g(yi(t-l)’ eyps Up)
of Equation (3) has been specified and that the parameters in it have been
estimated by means of the cross-section approach.

Recall that u, wvas 2 stochastic variable with a density function f(ut).
Until now, because the discussion has been general, nothing has been said about
whether or not the u's of different time periods are statistically related.

The estimation process appropriate for the cross-section approach does not depend
ﬁpon this statistical relationship if (as is the case in this study) data from
successive years are used. The derivation of the size distribution of lifetime

average annual income from Equation (3) does require a specification of the

joint density function of the u's, f(ul, Ugy eooy uT), though. It will be
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assumed that the u's are independent of each other. Then,
(5) £luy, Uy «ees un) = f(ul) . f(ug) e e f(uT)

For each of & set of households, Equation (3) reduces to (T-1) equations
of the form of Equation (2) in the (T-1) different y variables,
Ypr ¥z cves Yp and the (T-1) different u's, u,, Uz, «ocs Upe These are

represented by Equation (2').
(2') yt = g(yt‘l’ at) ut) t=2}3: R | T

The joint density function of Yor ¥ cevs Yy given that ¥ is equal to

3,
* ¥*
some particular value ¥, f(ye, Ygr te0s Vg | ¥,=Y;), 1is obtained from the

joint density function of the u's by the use of the Jacobian

3 (ug, Uz, «eey Up
a (y2’ yj! AR yT)

- Specifically,

*
(6) f(YE’ y5’ LA | yT | leyl)

- tlg ) - fle ) - o tle ] - 2 By By v M)
3 U yj, ciey yT)

where g_l(uj) is the value of uy expressed in terms of yj, yj-l’ and aJ .

T
let y be lifetime average annuel income. Then y = L3 ¥y - In princi-
t=1

H

ple, the density function of §, given that ¥y is equal to y; s

£y | ylzy;)’ can be found by using the following relationships:
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- ¥*
(1) 20, ¥5 ¥y oo Yp | 3y=97)
f(T- *_. - - * a(y 1Yz °--:.Y)
= Yy - yl yB e yT: yj’ yh_: L ] yT I y]..:yl) . _2 5 T
Yy y55 »ees ¥p)
- * - #*
(8) £y | yp=vy) = Jf o [ 2(0,y55%y <05 Yo | vy=9y) a5 ayy, o dyg

where R 1is the appropriate region of variation of Ya» Yys +vvs Ip -

Equation (8) gives the size distribution of lifetime average annual income for
households which started their active lives with incomes equal to yz . Suppose,
though, that the first year incomes of the households were not all the same. ITf
the relative frequency distribution of these incomes is d(yl=yi), i'l, «.., m,

then f[y | d(yl=yi)] will be a composite density function formed by "blending"

together m different density functions. In the synthesis, these components,

- i : 1 2 m
£(y | y;=y"), i=l, ..., m, would be weighted d(y;=y"), a(y;=y ), ..., d(y;=y ),
respectively. Equation (9) is a symbolic statement of the composite density

function.
- i o - i
(%) fly | aly,=¥)] = ;21 d(y;=y;) « £y | 7))

§8 1In each reinterview semple, just over 500 urban spending units gave
their ages in decade intervals and their incomes in each of two successive years.
These data were used to find a particular functional form to replace the general

function g(yt-l’ a., u. ) of Equation (2}. It must be recognized that any
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functional form accepted is necessarily only an empirical formula which best Fits
the data. BSince there were sufficient data for the purpose, instead of using
age as an explicit variable in the regression, different regressions between

Y and Yg-p Were fitted for different age groups. Doing this mede it possible
to drop the restrictive assumption that the u's were independent of age. Since
age data came in four coarse decade-wide intervals, estimating four sets of
regression parameters did not necessitate wasting age detail. The following

equations were selected as possible functional forms for Equation (2):

Al
(10) vy = ot +oh )+ up 1=1,2,3,
(11) y
£ Al Al
y. = agi T Vel vy 1=1,2,3,4
-1
(12) fny, =l 4 oAl my, |+t 1=1,2,3,h

where agi and a?i are the regression coefficients of the income-dynamics
relationship for the i'th age group and in yj is the natural logarithm of yj.
The four age groups were: 25-34, 35-44, U45-54, and 55-64.

least squares estimates of the parameters of each of 12 regressions
(four age groups per functional form and three functional forms) were computed
for each of the reinterview samples. ZEquation (12) was judged to be the best

version of Equation (2) because in Equation {12) the residuals from it in both
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reinterview samples were closest to being independent of the independent variable.
This criterion was adopted because the justification for using the Method of

Least Squares, the Markoff Theorem on Least Squares, requires such independence.
This criterion amounts to a specification that the residuals are homoscedastic

and that the regression relationship is really linear in the dependent and inde-
pendent variables. Tests of homoscedasticity and linearity of the three function-
al forms were performed on the eight different sets of data (four age groups and
two reinterview samples). In the case of Equation (12), six of the eight homo-
geneity tests and seven of the eight linearity tests were passed acceptably.

Since this was a better record than that of either of the other two functional
forms, Equation (12) was deemed the best description of the income-dynamics
relationship. The regression parameters sppear in Table 1. Note that the high
correlation coefficients indicate a good fit. The residuals from this regression
curve were found to be negatively skewed and quite peaked, so care should be taken

in interpreting the standard errors and confidence intervals.

§9 Equetion (12), particularized by the parsmeter estimates in Table 1,
was selected to describe the income-dynamice of spending units in 1947-1948 and
1951-1932. Should one infer that there was a change in the income-distributing
structure of the United States economy between 1948 and 1952 from the fact that
the 1947-1948 and 1951-1952 parameter estimates were not identical? Small
differences could easily arise because the estimates were subject to sampling
variation. But more than that, it is to be expected that the income-dynamics

relationship would depend upon sggregate varlables for the economy as a whole
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and the values of these variables probably changed. The change in a spending
unit's income from one period to the next surely depends upon the level and rate
of change in aggregate personal income. Perhaps the level and rate of change of
prices and the rate of growth of population are also important. Only eight ob-
servations (four age groups and two pairs of years) were available for investi-
gating the role of these variables, so only a guess could be made about the way
in which they appeared in Equation (12). The assumption made was that the true

income-dynamics relationship in the economy was of the form given in Equation (13).

(13) n .ﬁ.& =phl 4 B‘l‘i in

Here ig = gggregate personal income in the }'th year per spending unit, and pj

ig the price level of consumers' goods in the j'th year.

Clearly, Equation (13) is merely a different way of writing Equation (12).

The parameters of Equation (12) are related to those of Equation (13) as follows:

Al

(1k) Bﬁi = 0 i=1,2,3,4
Al Al bl
(15) Bo =a, - (lﬂdﬁi) . In Yt-l = ko yg 1=1,2,3,4
(16) Uﬂi = Uﬁi . i=l,2)5:h'
Y
where 7y, = - k .
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It is maintained that Equation (13) is a sensible way of incorporating the
level and rate of change of aggregate personal income, the level and rate of
change of prices, and the rate of change of population into the income-dynamics
relationship because of its reasonable implications:

(1) a % per cent rise in Personal Income per spending
unit between two years will result in each spending
unit's enjoylng a k per cent rise in income over
what it would have received if there had been no rise
in Personal Income per spending unit;

(2) the expected value of a spending unit's income in any
year will vary with the level of Personal Income per
spending unit of the previous year (though the rela-
tionship will not be a proportionate one).

Allowance was made for the differences in the values of the various aggregate
variables between 1947-1948 and 1951-1952, and then statistical tests were per-
formed to see if the remsining differences between the parameter estimates could
be accounted for by sampling variation. The null hypothesis was not rejected
that the standard deviations of the v's for 1947-1948 were within 10 per cent
of those of the ;'s for 1951-1952. Furthermore, for three of the age groups, it
was not possible to reject the hypothesis that the population regression coeffi-
cients for the two pairs of years were the same. The probability was only .00k,
however, that the differences in the regression coefficient estimates in the

25-34 age group arose by chance. All in all, this suggests some structural change
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between 1947 and 1952 but not much. How large can the change be and yet still be
economically insignificant? A guiding rule here might be "A difference that makes
no difference is no difference.” In §13 the significance of the observed degree

of structural change will be considered.

§10 It was indicated in §7 that, in principle, if one started with an
income-dynamics relationship, a density function, f(u), and an initial income
distribution, d(y), the size distribution of lifetime average annual income
could be obtained as an analytic function. In practice, however, the ease with
which this can be done depends upon the actual form of the income-dynesmics relation-
ship and the density function. Unfortunately, the linear-in-the-logarithms form
of Equation (12) gives rise to a multiple integral which cannot be evalusted
directly so a numerical method must be used. The method most suitable to the
overall economic model seemed to be the Monte Carlo technique as applied to distri-
bution sampling. As an alternative to trying to make the intractable integral
managesble, a miniature income distribution system exactly like the one described
by the economic model was set up. Groups of speﬁding units of age 25 were then
"put to work" in the system. An electronic "paymaster" kept track of the
incomes of each of the spending units "year by year", and recorded their lifetime
average annual incomes after they "retired” on their 65th birthdays. The rela-
tive frequency distribution of these lifetime averages was used as an estimate
of the size distribution of lifetime average annual income in urban United
States. This computational procedure, in which physical phenomena are mimicked

with a calculating machine, is perhaps unprecedented in an empirical, as
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contrasted with methodological, investigation in economics, but it is quite

common in the physical sciences.

A particular spending unit's lifetime average annual income was computed
as follows:

l. in Yo and y, were obtained from ¥y by means of
Equation (12), outfitted with the regression coeffi-
clents for 1 = 1. The value of u was obtained by
drawing a number at random from a normsal distribution
with zero mean and standard deviation equal to the
estimated value of cﬂi . {The normal distribution
was used for computational simplicity even though the
residuals from Equation (12) were observed to be non-

normal.) This process was repeated eight times, giving
in all yl, ye, LN ylo-

2. Starting with y,,, the calculations of (1) were re-
peated, using the regression coefficients of Equation

(12), 1 = 2. This ylelded Y112 Y1p0 tter Yoo

3. The calculations of (1) were repeated, using the re-
gression coefficients of Equation (12), i = 3 and
i= u, to get yalJ yee) sy yuo'

4. The arithmetic mean, ¥, of Yys Vo1 =00s ¥y WES

calculated.
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§13 The Monte Carlo computation was carried out for a large number of
spending units. These spending units were to start out their economic lives
with incomes distributed like those of actual spending units in the economy on
the thresholds of their income-seeking periods. Unfortunately, because of the
unavailability of data of this sort, it was necessary to make crude guesses
about the parameters of this initial distribution. Four different guesses are
described in Table 2. It was found that though the guesses covered a wide
range of distributions, the final lifetime size distributions based upon the
various guesses were all very much the same. Table 3 gives these final life-
time size distributions. Figure 1 contains graphs of the four cumulative fre-
quency distributions of the lifetime size distributions for the four guesses.
Logarithmic probability paper has been used for the graphs so that the distri-
butions can be compared visually with the log-normal distribution. The guess
considered best, incidentally, is distribution <:>> 80 a8 99 per cent confidence
band around the cumulative frequency distribution for <<:> was drawn in. The
lifetime size distribution clearly is quite insensitive to differences in the

initial distribution.

Notice that the headings of Table % and Figure 1 both contain references
to "Pool" parameters. As reported in $12, some structural change was found
between 1948 and 1952. The sensitivity of the lifetime size distribution to
this change was investigated by running through the Monte Carlo computation
using both the structural parameters observed for 1947-1948 and those for

1951-1952. The Pool parameters are, in a crude sense, averages of the 1947-1948
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and 1951-1952 ones. After an adjustment occasloned by the differences in

the level and rate of changes in Personal Income per spending unlt between
the two pairs of years, the data were properly welghted and then pooled into
four large samples, one for each age group, and regression parameters were
estimated for the pocled data. These Pool parameter estimates provide the
best estimates of the true regression parameters. The Monte Carlc camputa-
tion was run through a third time using the Pool parameters. Tables 3, L, and
5 glve the lifetime size distributions based upon the three sets of parameters
for all four different initial distribution guesses. Figure 2 contains the
log-prebability paper graphs of the cumulative frequency distributions for

the three sets of parameters and the 99 per cent confidence band for the

Pool parameters. These are all based upon initial distribution <<:> . The
fact that the three different lifetime size distributions are very close to
each other indicates that the lifetime size distribution is insensitive to

small structural changes.

§14 The impact of the economy's structure on the size distribution of
lifetime average annual income is contained in Equation (13). Thus,specifying
that the structure does not change means that throughout the lifetime period,
the parameters of Equation (13) do not change. But what should be the dynamic
character of the economy as & whole during the lifetime of the individuals
under exsmination? Should the number of households in the economy be expand-
ing? Should Income per household be expanding?

The decision was made that the lifetime size distribution should be
derived for a stationary economy -- one with a constant income per household

and fixed consumers' price level. The argument for besing the lifetime size
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distribution on an expanding economy model is that this specification is more
descriptive of the real world. This kind of realism is not what is wanted,

though. The relevant consideration is that the income-distributing potential of the
economy at a particular time is best described by the lifetime size distribu-

tion derived from a stationary economy model. Aggregate'income, population,

and the price level in the model should be pOised at the corresponding levels

of the economy being described.

The gquestion this study is designed to answer then is; What is the size
distribution of lifetime annual average income in prospect for urban households
on the threshold of their income-seeking periods, assuming that the households
remain intact, that the economy's resl Personal Income per spending unit

remains constant, and that the economy's structure does not change?

SUMMARY AND CONCLUSION

§15 It has been assumed that the income-distributing potential of the
American economy is determined by & particular aspect of the structure of the
economy. This is the income-dynamics relationship which describes how spend-
ing unit incomes change from year to year. A set of four first-order
difference equations which are linear in the logarithms of ilncomes was found
to be & satisfactory framework for the income-dynamics relaticnship. By in-
corporating in the equations exogeneous varisbles relating to demographic
and aggregate economic conditions, it was possible to assert that this aspect

of the economy's structure changed only unimportantly during four years
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of the post-world War II period. BEach of the four equations describes the
income-dynamics relationship for ten years of the 4O year period that the
typical spending unit spends in active, income-seeking activity. Equations
(17), (18}, (19),and (20) describe this relationship for urban spending units
in the United States in 1951 on the very special assumption that the economy
is "slowed down" sufficiently for Personal Income per spending unit to
remain constent. The parameter estimates are considered the best of the
three sets that were found. The parentheses under the estimates of the co-
efficients in the equations contain the standard errors of the coefficients
and the parentheses under the estimates of the standard deviations contain

the 95 per cent confidence intervals of the standard deviations.

(17) Iny, = T67 fn y,_, + 1.954 + v 25-34
(.035) (.289)
Ev=0 5,=-291

(.274 to .309)

.(18) Iny, = 84T Iny, ., +1.29% + v
(.034) (.278) 35-kk
Bv=0 S, =- 367

(.348 to .385)



_25_

(19) fny, =878 fny, | +1.032 +v 45-54
(.030) (.245)
Ev=0 S,=.358

(.340 to .377)

(20) Bp Yy = 814 4n Yeop ¥ 1.533 + v 55-6L4
{.0%6) (.286)
Ev=0 sz.ll-Bll»

(.%¥19 to .h493)

The most noteworthy feature of this system of equations is the size of
the coefficients of in y, ;. Because each of these 1s less than unity, the
influence of a spending unit's initial income on 1ts income in later years

becomes wesker and weaker with time.*

* The size of the coefficlents also has implications for the proposition
"The rich get richer and the poor get poorer,” but these will not be
explored here.

§16 The income-dynamics relationship for urban spending units was used
to estimate the size distribution of lifetime aversge annual income for urban
spending units starting their active income-seeking periods in 1951. 1In
arriving at the lifetime size distribution, it was assumed that all spending
units remained in existence for forty years and that the structure of the
American economy remained unchanged throughout the whole period. Furthermore,

it was assumed that, unlike the true state of affairs, average spending unit
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income remained constant during the period.

Table 6 gives a relative frequency table of the best estimate of the
size distribution of lifefime annual average income obtained and Figure 3
contains a histogram of it. Figure 4 contains a log-normal probebility
graph of the cumulative frequency distribution of lifetime average annual
income, and a band about it that corresponds, approximately to a 99 per cent

confidence band.

§17 One would expect that some of the inequality in the size distribu-
tion of income in the whole economy could be explained by the correlation
between age and income. Even if no inequality was displayed in the size
distributions for each age group, the single amalgemated size distribution
for the economy as a whole would display inequality if the medians of the
separate distributions for each age group were unequal. Clearly, such in-
equality would be of little significance, though. Conceivably, the variability
of household income over time might be a cause for concern, but there would
be no inequality problem in the usual sense. To the extent, however, that the
percentile standings of household change in the age size distributions from
year to year, the age size distributions also exaggerate lifetime income

inequality.

The degree of inequality for the lifetime size distibution of Table 6
was compared with that of the economy as a whole and with those of the various
age size distributions for the year 1951. The lifetime size distribution dis-

played significantly less inequality than any of the other distributions.



Table 1:

Equation (12):

N C!l Go
Age 1947-48 1951-52 19L7-48 1951-52 1947-48 1951-52
25-34 119 133 .83%0 .718 1.389 2.hhk
(.058) (.ou5) (.¥70)  (.367)
B5-ll 160 148 .838 847 1.358 1.352
(.056) (.o83) (.461) (.356)
45-5k 151 142 .854 .9h6 1.271 hTh
(.o41) (.046) (.328) (.382)
55-64 9% 95 .T20 .880 2.292 1.024
(.062) (.o41) (.489) (.329)

ny, =@+ Iny , +u

1947-48
.301
(.27 to .3h)

.398
(.35 to .46)

.06
(.36 to .46)

«537
(.47 to .63)

1951-52
275
(.24 to .31)

341
(.30 to .39)
.312

(.28 to .36)

371
(.32 to .43)

The least squares estimates of the regression parameters of

1947-48
.798
(.73 to .85)
.T6h
(.69 to .82)

864
(.81 to .90)

-907
(.87 to .94)

1951 -52
.815
(.74 to .86)

853
(.80 to .89)

.870
(.82 to .90)

-913
(.87 to .94)

- lg -



1.

‘28..
Notes to Table 1

A Least Squaresestimate is indicated by a bar over the
Greek letter standing for the parameter estimated.

The number Iin parentheses under esach regression coefficient
estimate is the standard error of that estimate.

The palr of numbers folloving each Eﬁ 1s the 95 per cent
confidence interval of the Eu, computed on the assumption
that f(u) 1is normally distributed.

The pair of numbers following each r, the correlation
coefficlents, is the 95 per cent confidence interval of the
p, computed on the assumption that the Jjoint distribution
of the dependent and independent variables is bivariate
normal.
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Table 2: Size distributions of income of 25 year olds
Income Relative Frequency

& O O O
$750 .0077 .0066 - -
1250 -0397 L0642 - .0129
1750 L0817 .1558 .0094 .0983
2250 .10% .1980 .1057 .1973
2750 L1169 L1780 .2670 L2154
3250 L1124 .1396 .2807 1746
3750 .0994 L0943 .1880 17k
4250 .0842 .0632 .0930 0766
4750 L0673 .0385 .0360 -Olth5
5250 L0574 L0243 L0134 .0263
5750 047k .0148 0046 .0155
6250 .0361 .0088 .0015 .0090
6750 .0270 .0052 .0005 .0051
7250 .0230 .0035 .0001 .0030
7750 .0180 .0019 .0001 .0015
8250 .0151 .0013% - .0011
8750 .0105% .0007 - .0006
9250 .0090 .0005 - .0003
9750 .0075 .0003 - .0003
12,500 .0259 .0005 - .0001
17,500 .0034 - - .0002
22,500 .0005 - - -
27,500 .0002 - - -
Total 1.0000 1.0000 1.0000 1.0000
No. of Spending Units 965 885 665 805
Median 3656 2697 2697 24k0
Mean of Natural Logs 8.20h4 7.900 7.900 7.800

Standard Deviation
of Natural Logs 535 .400 .250 .400
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Teble 3: GSize distributions of lifetime average annual income
in urban United States in 1951 derived from Pool
regression coefficients

Income Class Relative Frequency

> CHEONIRE

$ 0-999 - - - -
1000-1999 - - - -
2000-2999 047 .055 .057 .057
3000-3999 176 192 199 97
L000-4999 277 .298 293 305
5000-5999 -203 .195 .200 .189
6000-6999 .102 .078 070 070
T000-7999 .069 .062 061 .062
8000-8999 .05% .055 .062 .056
9000-9999 .025 .022 .019 .020
10,000-10,999 020 .020 017 .022
11,000-11,999 .009 .005 .00k .00k
12,000-12,999 .003 .002 .001 .001
1%,000-13,999 .006 .006 .008 .005
14,000-14,999 .002 .001 001 .001
15,000~15,999 .007 .009 .008 .011
16,000-16,999 .001 - - -

17,000-17,999 - - - -

Total 1.000 1..000 1.000 1.000
No. of Spending Units 965 885 665 805

Size Distribution of
Income of 25 year old
spending unite:

Median 3656 2697 2697 2440
Mean of Natural Logs 8.204 7.900 7.900 7.800

Standard Deviation
of Natural Logs 535 - 400 .250 400
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Table 4: Size distributions of lifetime average annual income
in urban United States in 1951 derived from 1947-
19L8 regression coefficients

Income Class Relative Frequency

© 1O & %

$ 0-999 - - - -
1000-1999 006 .008 .005 011
2000-2999 067 Neyii .084 079
3000~3999 217 .240 .254 .243
L000-4999 27k .292 .283 .299
5000-5999 170 157 157 .151
6000-6999 .100 080 .080 LOT1
TO00-T7959 075 070 069 071
8000-8999 037 .029 .028 .027
90009999 .022 .023 .019 .024
10,000-10,999 .010 003 .001 .003
11,000-11,999 005 004 .00k .002
12,000-12,999 .005 .002 .001 .001
13,000-13,999 .005 .006 .008 .006
14,000-14,999 .007 .009 .007 .012

15,000-15,999 - - - Ca

Total 1.000 1.000 1.000 1.000
No. of Spending Units %5 885 665 805

8ize Distribution of
Income of 25 year old
gpending units:

Median 3656 2697 2697 2440
Mean of Natural Logs 8.204 7.900 7.900 7.800

Standard Deviation
of Natural Logs .535 400 250 400
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Table 5: Size distribution of lifetime average annual income
in urban United States in 1951 derived from 1951-
1952 regression coefficients

Income Clags Relative Frequency

& & & &

$ 0-999 - - - -
1000-1999 .00k .008 005 L011
2000-2999 .058 061 057 .061
3000-3999 .186 192 .203 .190
4000-4999 .272 297 .303 .303
5000~5999 .179 .184 .185 .186
6000-6999 .092 066 .055 .059
7000-7999 .068 .059 .065 054
8000-8999 .0h9 0L5 .038 .048
9000-9999 .032 .029 .035 .027
10,000-10, 999 017 019 .018 .020
11,000-11,999 .018 .017 .013 .020
12,000-12,999 .005 .002 .001 002
1%,000-13,999 .003 .003 .00k .002

14,000-14,999 .002 .001 .001 -
15,000-15,999 .006 .008 .008 .010
16,000-16,999 .003 .002 .001 .001

17,000-17,999 001 .001 .001 -

18,000-18,999 .002 001 - -
19,000-19,999 .003 .005 .007 .006

20,000-20,999 - - - -
Total 1.000 1.000 1.000 1.000
No. of Spending Units 965 885 665 805

Size Distribution of
Income of 25 year old
spending units:

Median 3656 2697 2697 2440
Mean of Natural Logs 8.20k4 7.900 7.900 7.800

Standard Deviation
of Natural Logs .535 400 .250 400
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Teble 6: Relative frequency table of the best estimate of
the size distribution of lifetime average annual
income of urban spending units in the United States

in 1951.
Income Relative Frequency
$ 0-999 -
1000~1999 -
2000-2999 055
3000-3999 .192
4000-4999 .298
50005999 195
60006999 .078
7000-7999 .062
8000-8999 .055
9000-9999 .022
10,000-10,999 .020
11,000-11,999 .005
12,000-12,999 .002
13,000-13,999 .006
14,000-14,999 .001
15,000~15,99% .009
Total 1.000
Mean $ 5,420
Median $ 4,880
Standard Deviation $ 2,190

N = 885



CUMULATIVE FREQENCY DISTRIBUTIONS

Figure 1

BASED UPON POOL PARAMETER ESTIMATES
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