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Sstization of Religtlonships for Idmitod Dopendent Voriahles

"hat do you mean, less than nothing?" replied Wilbur.
"I don't think there 1s eny such thing as less then nothing
Nothing is ebsclutely the 1imi% of ncthiagness. It's the
lowvest you can go, It's the end of the line. How can some-
thingz be less than nothing? If there were something that
was less than nothing then nothing vould not be nothing, it
would be something--even though it's just a very little bit
of something. But 1f nothing is nothing, then nothing has
nothing that is less than it 1s."

E. B. White, Charlotte's Web
{New York: Harper, 1952) p. 28.

In ecomomic surveys of households  many varigbles have the following
characteristics: The variszble has a lover, or upper. limit and Y2kes on
the limtting value for a substartisl mumber of respondents. For the
remaining responderis, the varieble talies on a wide range of values
above, or below, the limit.

The phenamenon is quite familiar to students of Engel curves. rela-
tionships showing how household expenditures on various categorles cf
goods vary with household income. For meny categories--"lwaries"--
zero expenditures are the rule at low income levels. A single straight
line cannot, therefore, represent the Engel curve for both low and high
incomes. If individual households were identlcal, except for income
level, the Engel curve would be a broken line like OAB im Figure 1.

But if the critical income level CA were not the same for all house-
holds, the average Engel curve for groups of houscholds would look
like the curve 0B. A similar kind of effect occurs under rationirg of
a consumers' good. The ration is an upper limit; many consumers chopse
to take their full ration, but some prefer %o buy less.*

* For theoretical exposition of the effects of aggregate demand
functions of lower or upper linmiis on individual expenditure in combina-
tion with @ifferences in tastes emong households, see [4] and {6] end
the literature there cited.

As a specific example, many-- indeed, most--households would report
zero expenditures on automobiles or mejor household durable goods during



Figure 1
P""
Household //
Expenditure
3 F=
. X
Fousehold -
Ircome

any given year. Among those houscholds who made any such expenditure,
there would be widzs variabllity in amount.®

* For figures on frequency of purchases and on the distribution of
smounts spent among purchasers, see [1], Part IT; Supplementary
Tables 1, 5, and 10.

In other cases, the lower limit is not necessarily zero, nor is
it the same for all kouscholds. Consider the net change in a house-
hold's holding of liguid assets during a yesr. Tais varieble cen be
either positive oxr negative. Tul it cannot be smeller than the nega-
tive of the household's holdings of liguid assets at the beginning
of the year; one cannot liquidate more assels than ke owns,

Account should te teken of tho concentration of observations at
the limiting valve in stetishlcal estimation of the relatioaship of
a limited variable to other verizbles cnd in testing hypotheses gbout
the relationship. An explenetory vorisble in such a relationship may
be expected to influence boih the prodasility of limit responses and the
gize of non-limlt responszs. Tf only the nrobability of limit and non-
1imit responses, without regard for the velue of non-lIi-Ilt r2jponses

were to be explalned, vrobit enalysls provides a sulteble statistical

model, (See [5].) B2ut it is inefficient to throv away information on



the value of the dependent varigble when it is available, If only the
value of the variable wers to be explained, 1f there were no ccncemiraw
tion of observations at a limit, rultiple resression would he an apfro~
priate statistical technigue. But when there is such concentrationL the
assumptions of the multiple regression modal ars not realized. Accbrin
ing to that model, ii should he tosoible to have valuss of the cxplhagm
tory variebles for which the expected velue of the dcpendent variabﬁ:
is its limiting value; and from thisz expected valus, as from other
expected velues, it should be poscsible to have negative as wall as
positive deviations.

A hybrid of probit analysis and multiple regression seems Lo Y

called for, and it is the purpose of this paper to present such a Aodui.

The Model
Let W be a limited dependent vericble, with a lower 1izmit of L.

The limit may not be the same for 211 kouseholds in lie populatien%
et Y be a linear corbination of the independent variables
(Xl’x2""xm)’ to which W is by hypothesisz related.

(1) Y =B+ ByXy + B F, + el BX
Households differ from each other in their behavior regarding W for
reasons for which differences in the independent variables I anﬁéthe
lower limit L do not fully accournt. Those other differences are|
taken to be random and to bte reflected in ¥, o wanlon verigble wﬁth
mean zerc and stamdard ceviation ¢, distribubed normally cver th?
population of households. Household behavier is then assumed to b

as follows:

i

(2) W
W

L (y - <L)
Y -% (Y -£21)

i

Let P(x) represent the value of the curulative unit-normal diI
bution function at x; et @(x) =1 - P(x); iet Z{x) bec the val
the unit-normal probability dznsity fumction at x. The distribution of

W - L may be derived from the distribution of = as follows:

-2
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For glven values of the linear combination Y and the limit L,
(3) Pr(W = LY, L) = Pr(e> ¥ - 1) = o=,
(%) Pr(W > x > L}Y) = Pr(Y - €> x)
= Pr(e < Y - x) = B(X-5)

Consequently, the cumulative distribution function for W, for
given Y and L, 1is:

(5) F(x; Y, L) =0 (x <L)
F(L; ¥, L) = (*=)
Fix; ¥, L) = o(*=%) (x>1)

The corresponding probsbility density function is:

(6) £(x; ¥, 1) = & (") (x> L)

The expected value of W for given values of Y and L is:

B(W; ¥, L) = L (%) 4 g5 Et

- Y - L
te (b vy T sxaxso [0

-0 ~c

-xZ(x)ax

Since - x&(x) = 8'(x) = % » We have:

@ 20 1, 1 1 050 + w5 4 s



The Maximum ILikelihood Solution
A sample includes ¢q observations of households for whom W is
at the limit L. Each observation consists of & limit L;, to which

i

the dependent varigble U i is equal, and a set of values of the

independent variables (x]'_i, Xéi,...x!;ﬂL where 1 1s a subscript

to denote the observation and runs from 1 to q. A sample also
jneludes r observations for which W 1s above the limit L; each one
may be described as (wj, LJ, le, Xej"' me) where J runs from

1 tor

99_ p, B
o

B
et (a,o, al, a ,:.-am, a) be estimates of ( y s - o---%’ %}t

Q
Q

1 — ] rf/ﬂ ] [ ] [ ]
Let Ii = Yia ao + alxli + aex + ...e2_ X

21 m “mi

and let I,j = Yda = ao + alx1‘j+a2x2‘3+..hamxmj.

The likelihood of a sample 1s:

2 t ] ] I .
(8) ¢ (agrays «- B a) = 113; F(Ly; Y, 1y) ;\;\1 f(i'lj: Y#:L'j)
q Y!-L; r Y, - W
_ A& = kI |
= 11:1 <1 /e ) ,}I-!]. ad( 1/a )

q r
= ! --awl) - Tv aB(I, -eW)
A T 1" 4; d J

The natural logarithm of ¢,

(9) in¢ = ¢ (ao, 81y -or Bs a) =

a r l1 r ?
- .1 - - ¢ - - - o]
Y, #n Q(Ii aui) +rina=-3in 2n 5 ¥ (Ij a‘lIJ)

i=1 j=l
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Let xo and Xo' be identically 3 for all 1 and j. Then setting

the derivatives of ¢* equal to zero gives the following system of
m + 2 equations,

?ig % -B(Ii-awi)xl_':i i ):f'.
8 1=1 Q1) - aM)) 3=1

b = (IJ - awj)ka =0

(k = 0’1,2, . -m)

(10)
q s(xi - aWi) W)
1 " da (1! - awW!)
i=1 i 1

r
+
: a

T
+ L (I,-aW,)W, =0
Pt B I
These equations are non-linear. The gquantity %&%‘ is

tebulated as 4, in (2], pp. 185-88, where the argument for the

table 18 x + 5.
The metrix of second derivatives, obtained by differentisting
(10) 1s given by (11). Here wz;nin(x) is the deriva.tive‘ of -B n(x) s

and mey, like 4, , be found by entering the tebles of (2], pp. 185-88

with the argument x + 5.
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¢§,m+l - da, Oa ) ‘1;2 wixk I' R ) )
(1) ok
z
+ W
joy k'3
(k = 0,1,...m)
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Newton's method (See [3]) for iterative solution of (10) may Be

L m

solution, where, for notationsl convenience, %l

has previously been written as simply a. (The choice of an initigl
trial solution will be discussed below.) New estimates

applied as follows: Let (aéo) a.(o),...a.(o),alggl)_ } be a trial

represents wha&

aé ) + Aa a.( ) + Aa.l,...a(o) + Aam,alggi + Aam+l) can be found

®y solving the set of m + 1 1linear equations (12) for the Aa,
where all the (Pi are assumed to be linear between the trial soluT

tion and the real solution.



b (55 + ayeesn®) + 2,000 ¢ a0 )

e (o0, 50),___ (0) ,(0),

$Bme1

+m§.lAa ¢* (a(o), (0)...3(0),3.(0) y=0.
t=0
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m4l
G2 E o, by (o al, a7l )
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The process may be repeated with the new estimates as provisional
estimates until the As are negligible.

If the final estimates e are used to evaluate the matrix of
second derivatives (11) at the point of maximum likellhood, the negative
inverse of that matrix gives large-sample estimates of the varlances
and covariances of the estimates ay around the corresponding popula-
tion parameters.

Tests of Hypotheses

Hypotheses about the relationship of W to one or more of the
independent variables X may be tested by the likelihood~ratio
method. Consider for example, the hypothesis that (31 = 52 = ,,, = f}ﬂ = [

This is the hypothesis that neither the probability nor the size.of
non-zero responses depends on the X's. Acccrdlng to the hypothesis,

there remain only two paremeters, By end o, to be estimated

so as to maximize (9), which now becomes:

(33) ¢*(a 20,0,... O,a) = Z In Q(s, - aWy)
1=1
2

. r 1
sin2r+rina-g E. (ao

aWj



The meximizine vaivee ol o and oo may Lo round by ooiving
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equations {i0) similorly simplificd by mubting 21l other &

equal to zero. If (13) i3 ova'voted with these solutions, {han

the leogaritim of the Mikelibood ralio A 1c the difference Lptween

(13) and the valve 27 {2} whon it is moxinized wilthous tho |
[
constraint of tho bypothesis. Tho shabisiic -2 dog » iz fov

large samples apsroxiznosely distribuited by chi-scuare with m
degre=s of fresdom. I similar fashion other hypotheses a‘x'c-u{b

subsets of the 0£°r may be tostad,

Initial trial estimates
The speed of convergeace of fteration by Hewton's nethod E
depends of cowrse, on the choice cf the inltisl trial estim Les,

The following proeclure for finding initial estimcihes ralics {:;n

e f..t i
P

hat” i ) .
linsser apsroximation of the funciion r;'-"{:{“ or in other
“V

words on a quadratic approvimation cf la Q (). h

proximation converts the flrst m + 1 eguation of E
linezr eguatlons in th2 a_ Ior given a. Tiaese equations may t
be solved to gzive the S Mrzar fuetlons of a. YWamn
these solutlons ore subaiituted fa the mo$ 27 egueblun.

it becores s quedratic equotion In e,

let X he the unit nowmnal daviate such that A f{x } =

J".

Pt the proportlon of cases in tho sunple

fj
‘-L
[y
©
in
faa]
i

W takes on its llzlt-velue. A lincor appresiuciion 4o &, (k) =
b

=z x) is A {x) = n .

AL IR I {x
Q (x) min Vigr TR T AL Blae b
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Remembering that A', (x) = -Wéin {x) ., we have:

“min
- ’ - '
(1) Snin (x) = Spin (xo) * %o Vnin (xo) X Vinin (xo)
= A + Bx

Substituting (1%) in the first m + 1 equations of (10) gives

q
L (Axg, + Ta XX\ + Bay X, X, 4. B8, X0) Xy -
ey

WY
Ba wi xﬁi )
I
- ; 1 - .
521 CagXoy Xy * 20 ¥p5 Ny * 2p¥py Kiy ™ 2 ¥y Xgy)
=0
r q r
(15) a ., X, X, - B L x'. x] +a |L x -
(3 _§=l o “kj Py ol k: 1’;31 1] ka
q i r ’ -
B Y x! ' +... .+ | x.x .8 2 x. x]=
go1 11 'k molyey W kj jo1 Wi Xt
- . g
all w, x. - B YT W' X'{+ A '

(k=0.1,2,. m)

Solving (15) gives numbers g, @nd hy such that:
(16) a =g +h a (k =0, 1, 2, . m)

The final equation of {10) is, after using the approximation
of (1k4):

r q
I'. z oo T (AN ]
X + a X . W-B % X wrl +
( 17 ) a o j=1 OJ i1=1 ol i
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r q ' q
-alZv® - B Y we| -aY w =0
lg=1 7 i= 1 i=1

When (16) is substituted in (17), it becomes a gquadratic eqpatidn
E
in a. The solution of (17) may then be used in (13) to obtain initial

trial estimates of all the coefficients.

An Fxsmple

For purposes of 1llustration, an example has been worked out using
data from the reinterview portion of the 1932 and 1953 Surveys of
Consumer Finances conducted by the Survey Research Center of the UTi?
versity of Michigan for the Board of Governors of the Federal REse;ve

System.*

* A brief general description of the congepts and methods of the
annual Surveys of Consumer Finances is given in Board of Governors of
the Federal Reserve System, "Methods of the Survey of Consumer Finiéces,"
Federal Reserve Bulletin, July, 1950. For a more complete treatment,
see also Klein, L. R., editor, Contributions of Survey Methods to il

the

Economies, New York: Columbia University Press, 1954. Reports of

1952 and 1953 Surveys are given in Board of Governors of the Feder
Reserve System, 1952 Survey of Consumer Finances, reprinted with |
supplementary tables from Federal Reserve Bulletin, April, July, August,
and Septenber 1952, and Board of Governors of the Federal Reserve System,
1953 Survey of Consumer Finances, reprinted with supplementary tables
from Federal Reserve Bulletin, March, June, July,August, and September
1952. I am grateful to the Survey Research Center and to the Board of
Governors of the Federal Rieserve System for the unpublished data uged
below. The paper, as well as the illustrationm, owes its inspiration

to a semester T was enabled to spend at the Survey Research Center in
1953-1954 by the bhospitality of the Center and its program of post
doctoral fellowships financed by the Carnegle Foundation.

[
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The data refer to 735 primary non-farm spending units* who were
intervieved twice, once in early 1952 end once in early 1953. The

e er——— S ———

* Of the 1036 spending units in the reinterview sample, these 735

have been the subject for calculations for other purposes and are
therefore a convenient group to use in this anslysis. Excluded are

all spending units who had one or more of the following characteristics
(a) farm; (b) secondary. i.e. not the owner or principal tenant of
the dwelling; (e¢) total income for the two years 1951-52 zeroc or
negative; (d4) not ascertained as to age of head of spending unit,
amount of expenditure on durable goods during 1951-52, or amount of
liquid asset holdings in early 19%1. 1In addition. one extreme .
cbservation was excluded, vhere the spending unit had such a low positive
two year income that the ratio of durable goods expenditure and, espe-
cailly, liquid asset holdings to income were very high.

frequencies, averages and other statistics for the reinterview

sample should not be taken as representetive of the population of

the Unites States. The Surveys of Consumer Finances do collect data
on distributions of income, liquid assets, znd durable goods purchases
thet are representative of that population; tables on these distri-
buticns may be found in {1]. But the reinterview sample, on which the
. calcuations of this paper are based, fails to be representative
Insofar as 1t omits sperding units who moved between the two surveys.

2o, : rNA

Moreover, Tabdbesdnie based on simple counts of sampled spending units,
without allowance for the fact that the sampling design gave some
spending units greater probablilities of being included in the sample
than others. The purpose of this example is not to estimate popula-
tion frequency distributions, but oniy to examine the relationship of
durable goonds expenditure to age and liquid asset holdings within
this sample. It 1s not necessary to consider here how the relatlon-
ship exhibited in this semple differs from the one that would be ex-

hibited in a complete enumeration But it may well be that the sample
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gives unbiased estimates of the parameters of the relationship.
even though 1£ gives biased estiﬁates of the sepatrate frequenty
distributions of the variables

The variables ére as follows!

W PRatio of 1951-52 totsl durable goods e diture to 1951-52 tot
disposableg dncome. Dursble goods expenditure is the two-year
sum of outiaﬁa, net of trede-ins or sales, for cars and mejor houser

hold eppliandes and furniture. Two-year dlspossble income is the
sum of the two annual incomes reported by the spending unit less
estimated federal income tax lidbilitiéé. Both expenditure and
income were reported for 1951 in the interview in early 1952, and
for 1952 in the second interview, in eafiy 1953, Since expenditure
is necessaridy zero or positive, and since zero and negative 1ncomeb

have been excluded, the ratio is necessarily zero or positive.

X Aee_of the head of the spending unit, as reported in
1953, on the following scale:

18-2k4 yrs.:
25-34 yrs.:
35-bk yre.:
45-54 yrs.:
5564 yrs.:
65 or more years:

Ovat o 0 =

X2 Ratjo of liguid asset hotldings at becinning of 1951
1-52 total disposable income. Liquid asset holdings include
bank deposits, savings and loan association shares. postal savings

and government saving bonds.



In this example, the lover limit L 1s zero for all cases,

Tehle 1 shows the basic data.

Teble 1
Sums of Squares and Cross Prcducte

183 limit observations

X;g 1 Xi Xé ue
X ; =1 183
X]'_ 824 k056
xé 102.15 552.03  402,3333
w! 0 0 0 0
552 non-limit observations
Xoe_ 1l Xl X2 W
Xos 1l 552
Xl 1976 8060
Xy 168.06 751.54 255,6T40
W 61.449 207.598 20.559 13.113087

Tgble 2 presents. the estimates of the parameters obtained by the
initial spproximation and reports the successive iterations leading
to the maximum likelihcod estimates, Estimates are shown also 1n

Teble 3, on the assumption that there is no relation between W and
liquid asset holdings Xy
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In the approximation used to cbtain initial trial values,

the function
- Z2x)
Q (x

was approximated linearly sbout the point X, = .67, so that

Q (x,) = .25, the proportion of non-zero ceses in the sample.

Thus the constatits A and B in (15) and (17) were equal to

-, 76003 and ~-.75771 repectively,

Table 2

Iterative Estimation of Paremeters

a a

o 1
Initial trial values 1.326 -, 2200
First derivatives -4.398 -21.759

Second derivatives 8, -680.55T7
al-aske.t_us -10,805.486

a, -238.k1  -1128.653

a 61449 207.598
Indicated changes 0152 -.00507
Second trisl velues 1.3407 —.2251
First derivatives -.0h7 .292

Second derivatives 8, -680,260
a, -2540.666 -10,795.522

8, -238.26  -1,127.900

a 61. MG 2017.598
Indicated changes -.0015 00037
Final estimates 1.3392 —. 2247
Stendard errors (.118) {.0295)

0330
-1.812

~535.223
20.559
.00199

-0350
064

~535.895
20.559
+00001
.0350
(.0k95)

7.984
.898

-21.772
0376
8.022

-21.688
- . 00064
8.022
(.252)



Table 3
Iterative Estimation of Parameters

Assuming that B, = O

_ % % a

Initial trial values 1.3%37 -.219 8.040
First derivatives -2.841 -16.124 -.001
Second derivatives: a 0-6&) 119

aigﬁhl.h28 10,799.12

a 61.h49 207.598 -21.652
Indicated Changes .010 -.00k - -.010
Second trial values 1,347 -, 223 8.0%0
First derimatives -5 2,017 +.116
Second deriviatives:al-680.179

a72539.988  <10,790.472

a 61,449 207.598 -21.674
Indicated changes 001 L003% -.005
Final estimates 1.3547 w223 8.030
Standard errors (.117) (,028) (.252)

Estimates of the variances and covariances of the parameter esti-
mates can be obtained from the negative of the inverse of the final
matrix of second derivatives. These are shown in Teble h. The
corresponding standard errors of the coefficients are given in the

final rows of Tables 2 end 3.
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Table 4

Estimated Varisnces and Covariances of Parameter Estimates

8, &, 8, a
%o +.0139
ay ~.00318 +.000867 a7
8y +.000880 - 00045 +.00245
a +.00987 -.00115 +.0004T70 +.0635
On assumption that 62 = 0:
a.o E.l a
8 +.0136
8y -.00302 +.000784
a +.00970 -.00106 +.0635

The size of the standard error of &, Indicates that the
hypothesls that Be = 0, tpat there is no net relationship between
expenditure and liquid asset holding, cannot be rejJected. This
hypothesls can also be tested, with the same conclusion, by the
likelihood-ratio method. At the point of maximum likelihood, un-
restricted by thls hypothesis, ¢* in {9) has the value 7T22.5 _52.2 in 2x.
The final estimates in Table 3 correspond to the point of maximum
1liklihood restricted by the hypothesis that 52 = 0. At this
point ¢* hes the value 721.8 - 222 1n 2n. The statistic - 2 1n )
is thus equal to l.li, which is not a significant value of ehi-square

with one degree of freedom.
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4 teot of the hyputhesis that neither age nor liquid asset
Al ot
kolding?effect on expenditure on dursble goods may also be made
by the likelihood-ratio method. Assuming, in accordafice with the
hypothesis that 61 = ﬁe w 0, the values of 8, and a that maximize

(13) are found to be .4B39 and 7.720. For these values, {* + igg 1n 2«

is equal to 692.7. Hence -2 1ln A is equal to 59,6, a significant
chi-square for two degrees of freedom. The hypothesis must be
rejected. Thus this test, as well as the size of the estimated
standard error of 8y indicates a significent relationship of
durable goods expenditure to age.

The relationship of W to Xl and X2,
Table 2, is shown in Figure 2, as the broken line ABC. The

as estimated in

expected value of W implied by this relationship may be computed
from (7) in the manner 1llustrated in Teble 5. These points are
also shown in Figure 2. For comparison, the least squares multiple
regression of W on X, and X, has also been plotted. The
estimated effect of liquid asset holding X, bas been illustrated
by drawing two graphs relating W to 'xl, the first, Figure 2-a,

. on the assumption that x2 = 0 and the second, Figure 2-b, on the
assumption that x2 = 2.

The expected value locus, estimated by the method of this peper
is nonlinear. It is always above the broken line AERC, asymptotic
to AB at the left vhere the probability of not buylag (W = 0)
approaches zero, and asymptotic to BC at the right where the pro-
bability of buying (W > O) approsches F— 34 Multiple regression
approximates this non-lineer locus with a linear relationship.

As Figure 2 shows, the approximation is fairly close for the central



Teble 5

Calculation of Expected Values

,. i
1 =1,3%592 Calculated Calculated = 1.4092 Calculated Caleulated
4 -.2247Xy | probability of | Z(IX) Expected Value - 227X, Probability of | 2(I) Expected Value
Buying EW) =IP + 2 Buying EW) =IP + %
P(1) 8.022 P(1) g.022
01 1.3392 .910 163 172 1.4092 .921 .148 .180
1 1.1145 867 21k e 1,1845 .882 197 .155
2 .8898 .813 267 123 .9598 832 252 .131
3 6651 LN .319 .102 L7351 768 304 .108
b Lok .670 362 .082 5104 695 .350 .088
5 .2157 .585 .390 .06k .2857 .612 383 .070
6 -.C090 kg7 .399 .09 .0610 .52k .398 .O54
7 ~. 2337 408 .388 LC3T -.1637 435 393 .0ko
8 323 359 .026 -.3884 .350 370 029

- 458k

- T
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Figure 2-a

Maximum Likelihood
Regression

Maximum Likelihood
- ===+ - ~- Regression

05 L




=20,

range of values of the sample. But outside the-'éentral range
there can be large discrepancies. There are indeed concelveble
values of the independent variebles for which multiple regres-
sfon would give negative estimates of the expected value of W.
It is true that the absence of negative observations in the
sample tends to keep the regression sbove the akis until extreme
values of the mdependenﬁ variables are reached. But this pro-
tection is purchased at the cost of making the regression line
8o flat that expenditure is under-estimated at the opposite end,
These discrepancies could be importent in predicting expenditure
for extreme cases or for aggregsates which include extreme cases.
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