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D Proofs of auxiliary Lemmas and additional details

D.1 Proof of Lemma A.2

We will show that the constraint f*(z;,1) < f*(xj,1) + ||z; — ;||x holds for all ¢,j € {1,...,n}.
The argument that f*(z;,0) < f*(x;,0) + ||z; — ;]| x holds for all 4,5 € {1,...,n} is similar and

omitted. We assume, without loss of generality, that the observations are ordered so that d; = 0

forj=1,...,ngand d; =1 for i =ng+1,...,n. Observe that the bias can be written as
n o
> (ki 1) —w(1) flas, 1) = > w(0) f(w,1)
i=ng+1 j=1
no n
+ > (k(x5,0) + w(0)) f(2,0) + Y w(1)f(w:,0).
j=1 i=ng+1

If k(z;,1) = w(l) fori € {no+1,...,n}, we can set f*(x;,1) = minjery o1 {f* (25, 1) +l|zi—z;] 1}
without affecting the bias, so that we can without loss of generality assume that (24) holds for all
i€{no+1,...,n}and all j € {1,...,n0}.

If w(0) = 0, then the assumptions on k imply k(z;,1) = w(1) for i > ng, and the value of f(-,1)
doesn’t affect the bias. If w(0) > 0, then for each j € {1,...,ng}, at least one of the constraints
(i, 1) < f*(zj,1) + ||z — zjl|lx, ¢ € {no+1,...,n}, must bind, otherwise we could decrease
f*(z;,1) and increase the value of the objective function. Let i(j) denote the index of one of the

binding constraints (picked arbitrarily), so that f*(z;(;), 1) = f*(z;, 1) +[|2;;) — 2l x. We need to
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show that the constraints

(2, 1) < [y, 1) + ||l@ — 2|2 i,i’ € {no+1,...,n}, (S1)
f*(xgyl)Sf*(xz71)+sz—%HX j€{17-~-7n0}7 ie{n0+17'-'7n}' (83)

are all satisfied. If (S1) doesn’t hold for some (i,4'), then by triangle inequality, for all j €
{1,...,n0},

fr@a 1)+l —wallae < Sl 1) < f(25, 1) + |l — 2l < (25, 0) + [z — 2ol + [loe — 2] 2,

so that f*(x;y,1) < f*(z;,1)+ ||z — x| x. But then it is possible to increase the bias by increasing
f*(xyr,1), which cannot be the case at the optimum. If (S2) doesn’t hold for some (j,j’), then by

triangle inequality, for all 4,
[, 1) + s — gl > [y, 1) + (o — @lle + llo; — 2l a
> [y, 1) + o — zjllae = 7 (2, 1).

But this contradicts the assertion that for each j, at least one of the constraints f(x;,1) < f(x;,1)+
||z;—2;|| » binds. Finally, suppose that (S3) doesn’t hold for some (7, j). Then by triangle inequality,

f @i, 1) + lzi — @il < (@0, 1) + o — 25llx + llzig) — 24llx
<@g, 1) + llzig) — zlle = (@5, 1),

which violates (S1).

D.2 Proof of Lemma A.4

We will show that Equations (28), (29) and (30) hold at the optimum for d;,dy = 1 and d;,d; = 0.
The argument that they hold for d;,dy = 0 and d;,d; = 1 is similar and omitted. The first-order

conditions associated with the Lagrangian (31) are

ni ni

ms/0(0) = pw(0) + 3 AY, pw(0) =3 AL J=1.me (S4)
i=1 =1
no o

Mitna /02 (1) = po(1) + 3 AL, p(1) =3 A7, i=1...m.  (95)
7j=1 7=1

If w(0) = 0, the first-order conditions together with the dual feasibility condition A}j > 0 implies

that m;in, = pw(1)o?(1), and the assertion of the lemma holds trivially, since r; = pw(1)o?(1)
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n

for j = 1,...,n achieves the optimum. Suppose, therefore, that w(0) > 0. Then ) ', Azlj >
0, so that at least one of the constraints associated with A}j must bind for each j. Let i(j)
denote the index of one of the binding constraints (picked arbitrarily if it is not unique), so that
i = Mi(j)4ne + [ Ti(j)+no — Tjllx- Suppose (28) didn’t hold, so that for some j,j" € {1,...,no},
r; > 1 + ||zj — x| x. Then by triangle inequality

i > i Al — 2l x = Mg 1 ZiG)4ne — Tl 1125 — 2|2 > Myt +11%igr)4n0 — 25l 2

which violates the constraint associated with A}(j,)j. Next, if (29) didn’t hold, so that for some

i7" € {1,...,n1}, Mitng > Mirtng + [|Titng — Tirgn, |, then for all j € {1,...,ng},
Tj < Mg + | Tirng =il 2 < Mirgong +1Tir 0o — Tignollx + | Tikno — Tl 2 < Mitng +|Tiskno — 24 %,

The complementary slackness condition Agj(rj — Mitng — ||Tigne — Zj]|x) = O then implies that
> Ailj = 0, and it follows from the first-order condition that m; n,/0%(1) = pw(1) < My, /o%(1),
which contradicts the assertion that miin, > Miryng + [|Titng — Tirtng |- Finally, if (30) didn’t
hold, so that miin, > 7j + ||Titn, — xj||x for some i € {1,...,n1} and j € {1,...,n0}, then by

triangle inequality
Ming > 75+ Titng =2l 2 = Mg+ 23 1m0 =25l 2 + [ Titno =2l 2 = mig) +12i() 1m0 — Tisenoll 2
which contradicts (29).

D.3 Derivation of algorithm for solution path

Observe that A% = 0 unless for some k, i € 7?,2 and j € /\/lg, and similarly A%j = 0 unless for some
k, j € Ri and i € Mj. Therefore, the first-order conditions (S4) and (S5) can equivalently be

written as

m;/o?(0) = pw(0)+ > AY  jeM),  pw()= > AY  ie€R),  (S6)

i€RY jeMy
Misny/0%(1) = pw(1) + Y A} i€ Mk, pw(0) = Y A jER]. (S7)
JERE ieM]}

Summing up these conditions then yields

> mi/o?(0) = pw(0) - #MY + D DAY = #MY - pw(0) + #RY - pw(1),

jeMy jeEMYieRY
/0% (1) = (1) - #Mj + Ay = #Mi, - pwo(1) + #Ry, - jrw(0)
Mitng/ 0 pw k ] P k- HWY).
ieM;, iEM; JERL
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Following the argument in Osborne et al. (2000, Section 4), by continuity of the solution path, for
a small enough perturbation s, N%(ju 4 s) = N%(u), so long as the elements of A%(u) associated
with the active constraints are strictly positive. In other words, the set of active constraints doesn’t
change for small enough changes in . Hence, the partition Mg remains the same for small enough

changes in p and the solution path is differentiable. Differentiating the preceding display yields

1 om;(p) _ 0. 0.
o2(0) -e%o o # M, - w(0) + #Ry - w(l),
J k

1 OMijtn,
> 2l ) wa) + 4RL - w(0)
ieM}

Ifje M%, then there exists a 7' and 7 such that the constraints associated with A% and A%,
are both active, so that m; + ||Zitn, — Tjllx = Tigne = Mj + ||Titn, — Tj||x, Which implies that
Omj(p)/0pu = dmy(n)/Ou. Since all elements in MY are connected, it follows that the derivative
Om;(w)/Ou is the same for all j in M. Similarly, dm;(u)/Ou is the same for all j in M. Combining

these observations with the preceding display implies

0 1
#Ri() 1 Omisny(p) #R)

1 9m;(p)
#Mg(]‘)w(l)’ o2(1) ou =w(l) + #Mllg(z‘)w(())’

o2(0) Ou

=w(0) +

where k(i) and k(j) are the partitions that ¢ and j belong to. Differentiating the first-order con-
ditions (S6) and (S7) and combining them with the restriction that 8/\% (1)/Op =0 if N% (n)=0
then yields the following set of linear equations for OA?(u)/Ou:

0
aAzj(M)
ou '

#R} OA; (1)
wl)=3 — 0 w1y =Y
#Mg i€ERY On jem?
#R), _ OA; (1) B OA; (1) OAY, (1)

=0 if Nf(p)=0.

JERS ieMj,

Therefore, m(u), A°(u), and A'(y) are all piecewise linear in y. Furthermore, since for i € RY,
Titno (1) = mj(1) + ||isn, — 4]l x where j € MY, it follows that

87"1‘+n0(#) _ 8mj(,u) _ 2 w #Rg w
ow  Ou ©) { 0+ #M;, (1)] '

Similarly, since for j € R}, and i € M3 7;(1) = Mitno (1) + |Titne — 24| x, where j € MY, we have

arj(u) _ OMign, (1) _ #Rl
I gﬂ =o?(1) [w(l) + #Mljﬁw(o)} .
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Thus, () is also piecewise linear in p.

Differentiability of m and A¢ is violated if the condition that the elements of A? associated
with the active constraints are all strictly positive is violated. This happens if one of the non-
zero elements of A%(u) decreases to zero, or else if a non-active constraint becomes active, so that
for some i and j with Njj(u) = 0, Tiyno (1) = mj(p) + ity — 2;jllx, or for some i and j with

Nilj (1) =0, 75(1) = Mgy (1) + ||Zitney — xj]|x. This determines the step size s in the algorithm.

D.4 Proof of Lemma B.2

For ease of notation, let f; = f(zi,d;), 0? = o*(vi,d;), and let f; = J~! Z}]:1 fo;iy and u; =

J! Z}'le g, (;)- Then we can decompose

J+1 — J+1
T (@2 - ) = (- ot - -
N . 9 J j—1 1 J
= [(fi = )"+ 2(ws =) (fi = [3)) — 2ugu; + 72 Z e (i) () T 75 Z
7=1 k=1 j=1
12
=T + 215 + 273 + Ty + T5; + 72:: Ue @)~
where
Ty = [(f’t - 71)2 =+ 2(u1 ﬂl)(fz - ?z)]a Th;i = uju;
12 j—1 )
2 2
T3z - ﬁ Z UZJ(Z)Uﬁk(z)7 T4z = ﬁ Z(Ue G) ~ 0'[](2))7 T5z =0 —u
Jj=1k=1 J=1

Since max;||xz,, ;) — 2| — 0 and since o*(-, d) is uniformly continuous, it follows that

max max |aé G~ o? =0,
i 1<5<J

1J
and hence that |> 7 | ap;J ijl(agj(i) —02)] < max; maxj:17,,,7J(a§j(i) —02)>° " an; — 0. To
prove the lemma, it therefore suffices to show that the sums > | a,;Ty; all converge to zero.
To that end,

E]ZamTh] <max Zam+2max\fz £ \ZamE\uZ— U,

i

which converges to zero since max;|f; — f;| < max; rnaszlw,‘”](fi—fgj(i)) < Cpmax; ||z —zp, )| x —

S5



0. Next, by the von Bahr-Esseen inequality,

n n
ElzamePH/ZK < QZarll;rl/ZKE|T5i|1+l/2K < 2m?xa711421< maXE|T |1+1/2K Za L= 0.
= i= k=1

Let Z; denote the set of observations for which an observation j is used as a match. To show that
the remaining terms converge to zero, let we use the fact #Z; is bounded by JL, where L is the
kissing number, defined as the maximum number of non-overlapping unit balls that can be arranged
such that they each touch a common unit ball (Miller et al., 1997, Lemma 3.2.1; see also Abadie
and Imbens, 2008). L is a finite constant that depends only on the dimension of the covariates (for

example, L = 2 if dim(x;) = 1). Now,

n
> aniTy = % > (i =03 ani,
i =1

i€T;

and so by the von Bahr-Esseen inequality,

1+1/2K
1+1/2K 2114+1/2K
B ondTul T < J2+1/KZE|UJ N DI
7j=1 iEZj
(JL)1/2K 2|141/2K 1+1/2K
_Wm]?xE‘Uk—Uk‘ ma. 0/ ZZ@M,

j=14€T;

which is bounded by a constant times max; a,, +1/2K Z] 1 ZlGI Gpi = Max; a 1+1/2KJZ Gni — 0.

Next, since Efujuiug, )tg, i) is non-zero only if either ¢ = ¢/ and ¢;(i) = {x(¢'), or else if i = £;(7')

and ¢ = ¢;(i), we have Y ;_, am-/E[uz-uZ-/u@j(i)wk(i/)] < max; ny/ (a UZ @+ UZ (i) > so that

var(z aniTa;) = Z i Bluiug, (i 1y Wir U, @) < 2K? MAX Gyt Z an; — 0.
i

3,9,k i

Similarly for j # k and j' # k, >0 _, am/E[uzj(i)uék(i)uéj,(i/)wk,(i/)] < max; 20§j(i)02k(i), so that

Var( E CLm'Tgi)
i
j—14'—1

= 4 Z Z Z anlam'lE{ué (8) Uty (i )Ug i (1 )Ug (’)] < 2K2 maxam Zanz — 0.

i,1',7,7 k=1 k'=1
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