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l. In [2] a generalized version of the Minkowski-Farkas Lemma was stated,
but the proof given was incorrect. Even assuming the set Z (defined in eq.
(4) of [2]) to have been shom closed,y the additional assumption of re-
flexivity of the space X would have had to be made in order to deduce the
result of {2] from equations (7) of {2]. |
2. The remainder of this paper-is devoted to a (correct, one hopes) ver-
sion of the Minkowski-Farkas Lemma which involves additional, though not
vary savere, cbndiﬁona on the nature of the transformation T And/or the
cone Py. (We follor the notation and terminology of [2].) In Euclidesn
spaces the additional conditions are automatically satisfied if T is linear
continuous and Py the nomnegative orthant. Thus the present result cmtains
the Minkowski-Farkas Lemma as given in [L].
3. Lemma. Lethbaa convex cone :l.nthe&nachspaqe!mdlet T be a
bounded linear transformation whose domain is the Banach space X ard the
range Y' is contained in Y, Assume furthermore that at least one of the
following two conditiona holds:

(a) I' =T

(v) Y' 1s closed and F‘y has interior.

1. I am indebted to Professor B. Gelbaum, University of Mimesota, for
pointing out the inadequacy of the argument in [2] concerning the closure
of Z. -



Then if x* is such thst

(1) x€X, T(x) 3 oy

imply

(2) (=) % 0,

it follows that thers exlsts a nonnegative functional y« satisfying the re~

lation .
(3 x* = Tu(yw).
ho Proof,

Lb.dleo We first ostablish the fact that
(k) T(x) = O implies x#(x) = 0.
Clearly, if
(5) T(x) » Oya
we have also
(&)  wx) To,
and

(6m) T(-x) 2 0y

By hypothesis of the Lemma [(1) implies (2), applied successively to x
and -x] we obtain from (6') and (6") respectively the inequalities

(7). =(x) 20,
() x#(-x) 2 0,
hence

( 8) x%(x) = O,

Thus (5) implies (8) which is the assertion of (k).

Le2. We now note that Y0 is closed whether conditimm (a) or (b) of the
Lemma is assumed to hold. Hence Banach's Théoreme 8 ({1], p. 1k9) applies,
and it follows that if x» satisfies (L) (which was shown in L.l to be the



o Y -

case); equation (3) possesses a sclution :r:. However, we want a solution
which is nonpegative. That such a solution exists 1s shown below, |
lo3. We first observe that if y: satisfies (3), we have

(9) y:(:r) 20 for y'.‘.‘oy, yéY,
© For, bty definition of T° (3) is equivalent to
(10) x#(x) = y{I{x)] forall x &X;

Now BsUproes y: satisfies (3), hence (10), while (9) is false. Then there
exists an x, & X such that |

»
(11) (x,) = 0,
while
(12) Y5 Mx,)] « 0.

In virtue of (10), we have
(13)  xM(x,) = 35[Nx)]) <0,
which contradicts the hypothesis of the Lemma, since (11) implies
(W) xx) To.
Thus (9) must hold,
bobse Comidor nﬁw the case (&), i.e., I* = Y. It is clear that in
this case {9) implies the nonnegativeness of y:,- since y:(y) 20 for all
¥ 4 Oyo |
(It may be observed that the following holds:
When the conditions of the Lemma hold with (a) true (i.e.,
Y = X), the solution y# of (3) is unique. (1>y need not
~ have an interior.} This follows from Banach’s Théarame l,
1° ({11, p. 1s8).]
5. It remains to consider the case Y' ¥ Y with condition (b} of the



I emma holding .
We define here ¥, to be the linear boanded functional defined on T°
and such that

150 5, =5 forall y €T,

Noting that Y' is a linear subspace of Y, we shall show that y:O can
be extended to all of Y in such a way that it is nonnegative for all the
nonnegative elements of Y. I.e., there exists a y; such that

* #
(18) 7 (7} = Tool¥) for all ye Y
and |
a7 'r;(.v) 20 for all y & Oy 7 €Y.

4.6, Suppose first that ¥ contains an interior point of Pye Then
the existence of yI is implied by Theorem 1.1 in [3] (p. 13). (The case
7o, (¥) = O for all y € Y1 15 trivial, since ¥} equal to the mull functional
is a solution,)

Byt the condition that Y* contain an interior point of PY can be dis-
pensed with, as shown in [5] (p. XIIT, ho).

4.7. If the assumption that P, has interior is abandoned, y:O atill
has an extension satisfying equations (18} and (17); however, in this case
we are only entitled to clain that y, is additive and homogeneous (as well
as nomnegative), but not necessarily continuous. |
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