CORLES COMMISSION DISCUSSION PAPERS: ECONCMICS, Ko, 217

Homogencous Systems

by Leonid Hurwics

1, Introduct:l on

The properties of homogeneous functions have recently bsen put
tc & nunber of importaﬁt uges., In particular, they have playsd a
key role in the arguments over tho nature of the (statisz) "Keynesian"

systﬁn. *

*er. ospecially F. Modigliani. Ligquidity Preference and ths Theory of
Interest and Money. FEconometrica, Jemuary, 1944, pe 45 £f.

?oliey recormendations havo, directiy or indirectly, been based
on the presonce or absence of homopsneity snd this fact in itself would
Justify a thoroughgoing investigation of the gemeral properties of the
homogensous function. |

I know of only one systematic discussion of the homogenecus system,

viz, that by Oscer Lange.”

*Price Flexibility end Bmployment. Bloomington, Indiane, 1944, p. 99 ff.

The present note is en attempi to supplement and generalize some
of lange's results.

2., Notation

To simplify writing, we use some rudimentary vector notetion:
Yo (¥ eoe 5 ¥u) |
V' (s een s ) 1€mén
I o (Ygals voe 0 ) |
so that
y = (y'.5).
T T oee »T, ) Ty = fed




ll=2c=

t 18 & scalar. k 1s zero or a positive integer.

3. Definition

A function f(y) is said to be homogeneous in y' of degree k if

(1) £(ty*, y'*) = t¥e(y)

4. cor°11hr! I

If £(y) is homogeneous in y' of degree k then#*

*Instead of.‘(y} sny other component of y' could have been chosen in
2

equatjons and (3).

(2) £y« E oGy, )

or

(3) £(y) ® y'f gl y*')

5, Corollery 2

Given an "underdetermined” systen of equations

(4) fi(y) -0 I = 1,8, see »

n=1

where the fy ere homogencous ia y' of degree lci respectively. we may

replace the system {4) by

(5) yll‘lgi (7, y**) =0 1 21,2, ..
or, provided y; £ 0, by

(6) gy (7, y**) =0 i=1,2,

which is no longer "underdetermined” with regard

2 Il

I n“l

to the n=1 components

of Wend y'', However, the actual megnitudes of the components of y!

do remain indeterminate.

6o Corollarx 3

Flven & determinate system of eguetions
(7) fi(}r) - 0. i 1. 25 'YX}

the assumption that the f; aro Lomogeneous in y*

s

of degree k; respoc~

tively leads to "overdeterminacy.” For by a procedure identical



‘3-

with thet used in the previcus section we obtain & system of n
equations -

(8 51."(.”' y'') =0 101,22, 40 4n
involving only nel unkuowns.

7. Corollary 4

Given a system of squetions

(8) fi(_y)i' ‘ 1=21,2, e60 41
vwhere fj(j =1, 2, vee , n-1) Bre homogeneous in y' of degree ky
.respoctively. it 1s possible to determine the n'ii ‘copponents of ¥
end y'' from the first n~1 equations of the ‘-syst:é%u; |

Thus ¥ end y'* are independent of the functional form of £
and of the parsmeters which enter f,. |

The n=th éqiaation may then be written s

(10) £,y 7 y*') =0
and coneidersd as determining y,.

Be Geneﬂ;;‘;lintton

Homogeaneity of functions eud its implicaﬁﬁnq*aro of particular
interest in economic appliocations, but it should be ncﬁed that it is
but & very speciml omse of & more general type of #tuation,

Thus let there be gi.ven & system of oqua.ﬁm!s-

(11)  £,(y) =0 21,2, cos o ¥
md let there czut & trensformetion carrying thé-.ﬁcﬁbor y into a
vector o = (al. eses @) ouch that -

(12) i) - g4(o) 121,232,080
where the g; have t’ﬁe following factorization propsriy:




=g

(13)  glo) = £330 gy (o) 1932 et
o' o {0y, see s O |
o't = (0'...1, ses » .c,'l)
Then, provided ‘
(14)  gle) £ 0 L =1, 2 ene 5
we obtain a syl’bln of mltiona
(18)  gyy(e"*) =0 121,2, 000 sr
which is overdetermined, determined, or underdetermined as n - m % r.
Cleerly, the sbove corolleries 2, 3, and 4 are special ceses of

.thilo




PAR?T «
Eoonemic Appliostions
The propertise of hemogenecus systems hmmmtly been used
with success t'os' a mmber of purposes
I
Independonce of "subsystems"

A, A number of emnmeraioa have centerod mtmd the leck of

_ dopcndcnce of & warieble {(or group of vnriablu) on gsrtein "sectors"
of the econcmy,. A olassionl example is the question: does the rate
of interest d&pﬁd on the quantity of money and tho shape of the
liquidity preference Nnﬂ;blon? |

B, Modiglisni® has ‘sonstructed & system vwhich nekes use of

*loo. oit.

of Corollary 4 . by meldng all equations of his sytem, except the
liquidity prefersnce equation, homogezneoﬁs in prices end wages.
Using the symbols
W = wages
P = prices
¥ = omployment
X - fe‘al output
r = rate of interest
My = quentity of money (a parameter),
his system may baﬁritﬁan as follows o
(a)  WeER) =0 (damand for labor)
(1b) W Pa) =0 (oup 'f:

 Blr. X, P) =0 ity of % ;
@ (s X F) (mmfya:a Tovestaont)

rof 1abor)




8o

(3) II' - L{r, PX) =0 ("liquidity. prererenoe equation)
where X, G, E, and L are knovn functions of their wgmnts.
E (= the excess or ox ante investment over __m sevings) is homo-
geneous in P of the first degree* and equation :(2-): -oan therefore be
written as

(2} B(r,X,1) =0 (PF0)
or |

@) F(r, %) ;

Actually Modigllani uses an equation which is w apeoial oase of (2),
viz.

(2e)  By(r, xr).?_ -0
and asswues By to be homogeneous in XF, Thie, however, leads toc over~

determinacy as c¢an be seen from the fact that - ocould then be obtained
either from equations (1) end (2a) or (2a) and (8).

Modigliani then procesds to show thet equations (1_) ﬂnd (2*Y) dﬁtermine
I, whisch, therefore, is independont of the shape of L and of the value
of My, On tha.'oﬁhﬁ"' hend P is determined from oquation (3) since X
ie imown from equetion (1) end r from oquations (1)} Qnd ).

C. Modiglimni's point is that the only difference between his
system end the Heymesian system is the homogeneity of (1b), while

the conclusions are ltrictly "orthodox"~, m: givaa perhaps too

*The rate of Morost 16 8 "real” (non-ponetary) phmon while the
price level dw on the quentity of money. -

mnch emphasis o the rigid“ *irrational"e bclwvior of the workers,

’Both_ of these tmura used as synonymous ﬁﬁhmk 'of homogeneity.

assumed in the Mnuing wversion of equation (mi jh:l"@h may be written
as
(1b*) K - B(P,N) =0

where the left member is assumed tc be nonsl




T

For suppose that we should have retained m #ssinnption of
"rational" behﬁior*of workers, while discardmifﬁ&ahwngeneity
assumption of either the demend for labor eq'l_m_ﬂ::s’n-' (iﬁ.o. equation la)
or the savingsiiﬂostmmt equetion (i.e. eqﬁatiim 2). |

It can be qnozlx_,itlmt'here es in the usual Xeyuesisn spproach
(besed on equetion 1b') we should find it w@hle %o solve for r

without using the liquidity preference egquationss Thus Keynes con~

clusions are bﬂ_ﬁeﬂ on the assumption that at lﬂlttom* (no matter

“The non-homogeneous nature of the supply of lebor funotion iu the
Keynssian system is not an sceident, however.

If we are to' acknowledge the existence of “involuntery employment"
without abaudon.i g the easumption of euilihri' - m the labor market,

which) among the aquutiona (1a) s (1b), end (2) t.: --ﬁéh-ﬁnmgenwusl

D. While the- “iri'a'hionality*‘ .of workers! bbhwi#r is stressed,
the importance e:t‘ the nonehomogeneous nature of the ligquidity preference .
equations tend to be ovorlooked.

If one should drop the assumption that th_e" qnantity of money is
a fixed parmeﬁe? and mske it & genuine variabl%_ of the system in
such & way that |

K(r, X, P} ® M(r, X, P) - L{r, XP)

should become homogeneous in P while {1b') were non-homogenecus, the

resulting system mld be

(la) WePX'(N) =0 (demand for labor)
(1b*) W = B(E, ¥) = 0 (supply of labor)
(2) . _"(-‘-"'I_" =0 ' (saﬁn@?ginvostnent)

() K(r.X, 1) =R(r,X) =0  (1iquidsy preference)




be-

In this system & snd X are determined by Wiens (2, 3),
ree) wages then follow from (1a) while money wages: an& prices are
obtained from (1b')

| 11
~ SZotally homogensous® sm
A. Professor hngl" oonsiders & system where sll the equations

.OP- odte, Do uigp ﬁm (4.11)

are homogeneous, some of ioro, some of first dmco.

In order to svold overdeterminacy (see Gmllﬂry-'S) he should
have oomsidered the pﬁgiml (non=homogenedus) amanas "underdetermined.”
This may, for instanoe, be accomplished by regarding one of the n equa-
tions as an identity.

In any case, once t-!io overdeterminacy is r‘med_, Lange's point
is en importent epplication of our Corollery 1 wis. that while the
"relative price" Hoh-)r'.?.' is deternminate, the sotual prices y' are
not, so that vﬂﬂﬁua- pr:l.e’.. and wage lovels aro'oomﬁble (et oquilibrium)
with the same valuas of ¥ reletive prices (e.g. resal mges) end other
variables (e.g. the level of employment).

B. It should be noted that lange's mfem to Iaynea at this

polnt brings out the exstenco of two distinet “Keyn

1. quantity of money given, rete of lnterest mﬁb}.c’. horizonal labor
supply ourve; 2. & “totally homogenebus" ay'si:é d'bhthe rate of
interut__aa gim. _

While Modigliani ‘hroats the first variety m 1# thus able to
determine all miablus, including money wages Ind prioes. Lange

considers the second and, therefore, obtains a system with money




ﬂgﬁ

wages and prioce level indotorminato, although real wapes are determinate.
C. A word might not be out of place about the interpretation of
the fact that in lLenge's version of the Keynesien system one equation
should be considered a-. an lidenti '..jr.
If would seem proper to selsct for this rdlei. the excess supply
of securities (or money) equati ons..

For, as Lange points out,* "total homoseneity" of the system

¥op. oit., p. 103, footmote 21,

‘implies a "neutral monetery system.” Assuming, as argued by Lenge,”
that individual excess supply of securities is homogeneous in commodity
prices, we might say that e meoutral maﬂatary poliey™ consists in
equating (identically) the central bank's excess déinmd for securities

to the public's excess supply.

*op. cit., p. 102
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