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Abstract

We study a model where heterogeneous agents invest in skills and then en-
ter a two-sided matching market which has search frictions. In every period,
agents incur an additive search cost, pairs meet at random, and can either ac-
cept and bargain over the joint output or reject and continue searching for a
better match. Potential sources for inefficiencies are the hold-up problem and
mismatches between skills. Despite these, we prove a second welfare theorem:
the constrained efficient allocation is an equilibrium. Furthermore, we establish
a general assortative matching result, provide conditions for equilibrium unique-
ness, and characterize equilibria in symmetric two-skill economies. Finally, we

show that the efficient outcome can be discriminatory in the marriage market.

1 Introduction

This paper studies two-sided matching markets whose participants engage in costly
search for partners and make investments before entry. Our goal is to understand
how search frictions impact the equilibrium allocation, particularly the investment

decisions, the matching outcome, and social welfare.
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Pre-match investment and search are important features of various market set-
tings. For example, individuals in the marriage market make premarital investments
in their education and career before looking for partners. In the labor market, workers
acquire human capital before searching for jobs, while firms adopt technologies before
hiring workers. A similar situation occurs in other settings: in the real estate mar-
ket, developers often build before finding prospective buyers; in a financial market,
entrepreneurs invest time and money developing start-ups prior to seeking venture
capital funding; and in product markets, sellers make investments in quality before
seeking potential buyers.

In such settings, the agents are usually heterogeneous and the payoff from an
investment depends both on who matches with whom and on the search duration. For
example, in the labor market, a worker’s return to schooling depends on which types
of firms may potentially hire her and how long it will take her to find a job. Likewise, a
firm’s benefit from adopting a new technology depends on the skills of workers it may
potentially hire. Therefore, search frictions not only impact the matching outcome
but also the incentives to invest.

Previous work has extensively analyzed the incentives to invest when agents enter
a perfectly competitive (frictionless) matching market (see, e.g., Cole et al. 2001,
Noldeke and Samuelson 2015). We contribute to the literature by introducing costly

search and decentralized price determination.

We develop a model of matching with transfers between two populations of agents,
called buyers and sellers, but one can equally consider workers and firms, men and
women, or any other two populations that invest and then match. What is important
is that output is produced by pairs of agents, one from each side of the market.
The model has two key ingredients. First, agents invest in skills before entering
the market. The investment costs are heterogeneous and buyer-seller pairs produce
output according to their skills. Second, the trading process is decentralized in the
sense that the agents search for partners and bargain pairwise over prices.

We consider a standard random search and bargaining process with additive search
costs rather than discounting, as in Atakan [2006]. Specifically, in every period, each
agent incurs the same search cost and randomly meets an agent from the other side
of the market. When two agents meet, they can either agree to match or continue
searching. If both agree to match, they exit the market and divide the output ac-

cording to Nash bargaining. A new cohort of agents is born in every period; each
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new-born agent acquires a skill and then enters the market. We analyze a steady-
state equilibrium where, for every skill, the inflow of agents to the market equals the
outflow, so that the distribution of skills in the market is in a steady state.

The term “skill” refers to investments that enhance productivity. For instance,
in the labor market, a worker may invest in acquiring some level of education (the
worker’s skill), while a firm may invest in adopting a particular technology (the firm’s
skill). In a product market, a seller may invest in order to reduce their production cost
(the seller’s skill), a buyer may invest to increase her consumption value (the buyer’s
skill), and the joint production function is the difference between the buyer’s value
and the seller’s cost. In a marriage market, the joint production function depends on
the premarital investments made by both agents and we assume ex-ante symmetry,
that is, men and women can acquire the same skills and they have the same cost

distribution.

The market is competitive in that every skill has a value and agents optimize given
these values. Thus, an agent will acquire a better skill if its marginal value exceeds
the agent’s marginal cost, and when two agents meet they will accept (reject) the
match if their joint output is greater (smaller) than the sum of their values. As in
standard search and matching models, these values are endogenously determined in
an equilibrium and must be consistent with the steady-state conditions, the search
strategies, and Nash bargaining (see e.g., Burdett and Coles 1999; Shimer and Smith
2000). The most important and novel feature of our model is that the values serve
double duty: creating incentives to invest and to accept matches.

There are three potential sources of inefficiencies. First, since investments are
sunk by the time agents meet, a hold-up problem may distort the incentive to invest
(because agents bear the entire cost of investment and receive only a fraction of the
additional output). Second, agents are heterogeneous and mismatches between skills
can occur. For instance, a social planner may want an agent to accept a partner
who is not very productive, but the agent would rather search for a more productive
match. Third, there may exist multiple equilibria, and the agents fail to coordinate

on the efficient one.

This paper has three main points. First, despite potential inefficiencies in both

investment and matching, we prove a version of the second welfare theorem: for any



search cost, the constrained efficient allocation is an equilibrium outcome.! The wel-
fare theorem also establishes the existence of equilibrium. The proof demonstrates
that there are market values which perfectly align the incentives of the agents with
those of the planner, while also satisfying the standard equilibrium conditions. Re-
garding matching, notice that two agents accept each other precisely when their out-
put exceeds the sum of their values, whereas a social planner trades off their match
output versus the output of matching them with other agents, while also taking into
account the impact on the total search cost and the steady-state distribution. The
fact that the efficient matching rule can be decentralized is significant because it
extends Hosios’ (1990) classic efficiency result to a setting with heterogeneous agents.

Turning to investment, agents acquire skills by comparing their marginal cost to
the marginal value of skills in the market. Therefore, for efficiency, the slope of the
value function must coincide with the slope of the social welfare function. It is striking
that these values simultaneously solve the investment and matching problems. The
intuition for why the hold-up problem is resolved is that matched agents divide their
output according to their values from continuing to search. By investing in a better
skill, an agent enhances the productivity of every potential match and also improves
her value, thereby capturing a larger fraction of the additional output.

Our second main point is that the equilibria have a clear and simple struc-
ture. We prove that there is assortative matching if the production function is su-
per/submodular. Furthermore, if the production function is additively separable,
then the equilibrium is unique and it achieves the first-best allocation. Economies
with non-separable production functions can have multiple equilibria and the agents
may fail to coordinate on the efficient one.? To better understand these coordination
issues, we characterize equilibria in a symmetric economy (a marriage market) with
two skills.

The third main point is that in this marriage market, when there is strong sub-
modularity and a high search cost, an asymmetric equilibrium not only exists, but is
in fact constrained efficient. That is, the agents on opposite sides are ex-ante identical,

but they receive different payoffs from investing. Conversely, when the production

!The constrained efficient allocation solves the problem faced by a social planner who controls
the agents’ decisions while respecting the steady-state condition. Since utility is transferable, the
Pareto-optimal outcomes are the constrained efficient ones.

2For example, a no-investment equilibrium may occur if not investing is self-reinforcing: agents
do not invest because all others do not.



function is supermodular or the search cost is low, every (interior) equilibrium is
symmetric, and hence the efficient allocation is as well.

The efficiency of the asymmetric equilibrium hinges on the fundamental tradeoff
between investment costs and search costs: in the asymmetric equilibrium, agents
from opposite sides invest differently, which induces a higher total investment cost
(due to a misallocation of talent as high-cost buyers invest instead of low-cost sellers,
or vice versa), but when the production function is submodular, the lopsided skill
distributions facilitate search (since it is more likely that agents with opposite skills
meet). The latter outweighs the former if and only if there is strong submodularity
and substantial search costs.

These results have practical implications. For example, in the marriage market,
we establish when discrimination can occur, which generates a gender-gap in skill-
acquisition. In the labor market, we establish when sorting occurs (high-tech firms
match with high-skill workers), and the model captures how the degree of sorting af-
fects (and is affected by) investment. For instance, a lower search cost generally leads
to finer sorting, which affects the marginal productivity of some skills and thereby
the incentive to invest. Finally, in product markets, the joint output function is often
assumed additively separable, and we show that there exists a unique equilibrium

which achieves the first-best allocation.

Related Literature

Previous work on two-sided matching with transfers has extended the classical assign-
ment model of Shapley and Shubik [1971] to settings with ex-ante investments. There
is perfect frictionless matching in these models, and it is typically found that the first-
best allocation is a competitive equilibrium outcome, but there may exist additional
inefficient equilibria (see, e.g., Cole et al. 2001, Mailath et al. 2013, Noldeke and
Samuelson 2015, Dizdar 2018).3 In contrast, we study a frictional matching market
where the first-best allocation is typically infeasible. We contribute to this literature
by establishing that the constrained efficient allocation is an equilibrium outcome.

Furthermore, the tradeoff between productivity, search cost, and investment cost has

30ur model has transferrable utility and models of non-transferable utility are less relevant to
ours, but it is important to mention that efficiency is not always attained there (see, e.g., Bhaskar
and Hopkins 2016).



novel implications. For example, in a symmetric two-skill economy with a (strongly)
submodular production function, the constrained efficient equilibrium is asymmetric
(discriminatory) when search costs are high, whereas every equilibrium is symmetric

when search costs are low (see Propositions 3-5 in Section 5.3)

We contribute to the literature on random search and matching with transferable
utility (see, e.g., Burdett and Coles [1999], Shimer and Smith [2000], and Atakan
[2006]). First, we extend these models by introducing pre-match investment, and so
agents’ skills are endogenous. Second, we show that there is an equilibrium in which
both investment and matching are constrained efficient. Third, most previous work
studies sorting in a single population search market (e.g., Atakan, 2006, Shimer and
Smith, 2000) and we extend the existing results by establishing assortative matching
in a truly two-sided matching market, such as labor or product markets.* Finally,
the Welfare Theorem establishes the existence of equilibrium and provides a useful
computational tool since the planner’s problem is often more amenable to numerical

analysis than the equilibrium conditions.?

Our paper contributes to the literature on efficiency in decentralized exchange
initiated by the classic work of Rubinstein and Wolinsky [1985, 1990]. Gale’s [1987]
paper and the subsequent work by Mortensen and Wright [2002] and Lauermann
[2013] investigate economies with quasi-linear utility in which buyers and sellers meet
at random and bargain pairwise over the price of a single homogeneous good. They
demonstrate that as the discount factor goes to one, the equilibrium converges to
the (flow) Walrasian outcome. Moreover, in the limit equilibria, a law of one price
prevails: all meetings result in a trade and all trades occur at the same price. We
consider a setting with a general output function, ex-ante investment, and matching.
In equilibrium, typically, some matches are rejected and there is price dispersion.

Nevertheless, the constrained efficient allocation is an equilibrium.

Hosios’ [1990] classic paper considers a standard search and bargaining model with
homogeneous agents who choose their search intensity. He proves that the equilibrium

can achieve the constrained efficient outcome, provided that the meeting function

4That is, agents on opposite sides of the market may acquire different types of skills, face different
investment costs, and incur different search costs. Moreover, even if the two sides of the market are
symmetric a priori, the endogenously chosen skill distributions might be asymmetric in equilibrium.

°In other search models, the existence of steady-state equilibria can be difficult to establish (see,
e.g., Manea 2017 and Lauermann et al. 2020).



exhibits constant returns to scale and the bargaining weight equals the elasticity of the
meeting function. The key point is that in the equilibrium with this bargaining weight,
the search externalities that agents impose on each other are perfectly offset. We
derive an analogous result for an economy with heterogeneous agents and pre-match
investment (see Proposition 5). In particular, we demonstrate that the equilibrium

values simultaneously resolve both the hold-up problem and the matching problem.

The assumption that agents incur the same additive search cost, rather than dis-
counting time, is crucial for our results. In a search model with discounting, when an
agent rejects a match, she incurs a search cost proportional to her continuation value
because her payoff is delayed. These search costs are heterogeneous (skill-specific) and
as we show in Section 6.4, they create inefficiencies: investments are always inefficient,
matching can be inefficient and even nonassortative. In search-and-matching models
with discounting, previous work shows that the hold-up problem distorts agents’ in-
centives to invest and enter the market (see Acemoglu 1996, Masters 1998, Acemoglu
and Shimer 1999a), and agents do not fully internalize the externalities they impose
on each other when they accept and reject partners (see Shimer and Smith 2001).
Furthermore, the equilibria may fail to exhibit sorting (see Shimer and Smith 2000,
Atakan 2006). The key difference is that the additive search cost model severs the
implicit link between search costs and values. Our findings suggest that inefficien-
cies are not the result of search frictions per se, but rather heterogeneity in search

frictions.

It is well known that when sellers can post prices to attract buyers, the equilibrium
can overcome both the hold-up and matching problems (see, e.g., Acemoglu and
Shimer 2000, 1999b, Shi 2001, Jerez 2017). However, in directed search models, the
search and matching process and the price-determination mechanism are substantially
different than in random search and bargaining models. We are the first to show that
the constrained efficient allocation can be decentralized as an equilibrium for the

latter class of models.

Finally, we also contribute to the literature on premarital investment in the mar-
riage market (see, e.g., Peters and Siow 2002, Fernandez et al. 2005, Nick and Walsh
2007, Chiappori et al. 2009). Previous work without investments or search has shown
that asymmetric equilibria can arise due to complementarities in the household pro-
duction function (see, e.g., K.Hadfield 1999). To the best of our knowledge, we are the
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first to establish the efficiency of an asymmetric equilibrium in a search and matching
environment. The model also provides a useful framework to do comparative statics
and to analyze the gender gap. In models of statistical discrimination (Norman 2003),
and directed search (Mailath et al. 2000), ex-ante identical groups can receive differ-
ent outcomes in the market, but the mechanisms that deliver these unequal outcomes
differ from ours. The current analysis highlights the tradeoff between productivity,

investment, and search costs.

2 The Model

There is a continuum population of buyers f ~ F° and sellers o ~ F*. Each buyer
chooses one skill from a finite set I C N and each seller chooses one skill from a finite
set J C N. The cost of skill i to buyer 3 is C°(i, 3) and the cost of skill j to seller
o is C*(j,0). Output is produced by buyer-seller pairs according to their skills and
is summarized by the matrix G = [g;;], where the entry g;; > 0 denotes the output
of a pair with skills 7, 7. Agents have transferable utility and incur a fixed per-period
search cost ¢ > 0.

The type distributions F* and F* are continuous and strictly increasing over
their connected supports: B = supp(F®) C R and S = supp(F*) C R. The match
output g;; is strictly increasing in skills. The cost functions are non-negative, strictly
increasing, bounded and continuous. Furthermore, they satisfy increasing differences:
the difference C°(i’, 3) — C°(4, B) is strictly increasing in 3 whenever i’ > i and the
difference C*(j’,0) — C*(j, o) is strictly increasing in o whenever j' > j. That is, a
higher skill enhances match output, but is more costly to acquire, and higher types

have higher costs and higher marginal costs.

Definition. An economy is a tuple (F°, F* I, J,C® C% G,c) consisting of prior dis-
tributions, skill sets, investment cost functions, the output function, and a search

cost. The economy is symmetric if F* = F* I = J, C* = C*®, and g;; = g;i, Vi, j.

Timing. Search and matching takes place in discrete time periods over an infinite
horizon. In every period, a unit measure of buyers and a unit measure of sellers
are born. Each newborn agent chooses a skill and then enters the matching market.
Each agent in the market incurs the search cost ¢ and randomly meets a partner.

When two agents meet, they can either accept the match or continue searching in the
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hope of finding a better partner. If both agents accept the match, then they exit the
market and divide their output according to Nash bargaining. If at least one rejects,
then they both remain in the market. In the next period, a new cohort enters the
market and the process repeats itself. We refer to the agents in the market as the
stock population, the agents entering the market as the inflow population, and the

agents exiting the market as the outflow population.

Steady State. The economy is in a steady state if in the stock population the
measure of agents with each skill is constant over time. Therefore, for each skill,
the inflow of agents equals the outflow. In a steady state, we denote the measures
of skill ¢« buyers and skill j sellers in the stock population by b; and s;. The total
biand S =3, ;
the proportions of skill ¢ buyers and skill j sellers are x; = b;/B and y; = s;/5 (notice
that B > 1 and S > 1). The notation (z;) and (y;) denotes the profile of buyer and
seller proportions. We let z = ((;), (y;), B, S) be the state variable where the set of
all state variables is Z = A(I) x A(J) x [1,00)2.

measures of buyers and sellers in the market are B = ) s, and

il

Meetings. An agent can meet at most one partner in each period and pairs meet at
random. The total number of meetings per period is u(B,.S) = min(B, S). Therefore,
if the market is balanced, i.e. B = 5, then every agent randomly draws a partner
in each period. For now, we will assume that the market is balanced, and denote
the market size by N = B = S and the state by z = ((z;), (y;), N). If the market
is unbalanced, agents on the long side of the market would need to be rationed, but
this cannot occur in equilibrium (see Lemma 1). In Section 6, we extend the analysis

to consider more general meeting functions.

Strategies. An agent’s strategy specifies their choice of skill and which agents they
accept. We assume Markov strategies. The investment strategy of buyer 3 is I? :
Z — [ and that of seller ¢ is 77 : Z — J. The acceptance strategy of a buyer
with skill i is A% : Z x J — [0, 1], which specifies the probability she accepts a seller
with skill j upon meeting. For a seller with skill j, it is A7 : Z x I — [0,1]. Note
that the acceptance strategies do not depend on the agents’ identities because the
match output depends only on skills. To simplify, we will suppress the state variable
in the strategies. It will be convenient to summarize the acceptance strategies by a
matching matrix M = [m;;], where the element m;; = A?(j) - A3(i) is the probability

that buyer ¢ and seller j both agree to match, conditional on meeting.
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2.1 Equilibrium

Every skill has a value in the market and agents optimize given the values and the
steady state. We denote the values of a skill ¢ buyer by v;, and of a skill j seller by w;.
The profiles of buyer and seller values are (v;) and (w;), respectively. As is standard
in the search and matching literature, we define an equilibrium using the matching

matrix and values, rather than the strategies.

Definition. A steady state equilibrium (z, M, (v;), (w;)) consists of a state variable,

a matching matrix, and market values satisfying conditions (1), (3), and (4) below.

The first condition is that acceptance decisions are individually optimal. When two
agents with skills ¢ and j meet, the surplus is s;; = ¢g;; — v; — w;, and the acceptance
decisions satisfies the Efficient Matching condition:

1 if 555 >0

mij = (1)

0 ifs; <0
The condition is intuitive because an agent will accept a match precisely when her
payoft from doing so is greater than her continuation value. When the surplus is
negative, i.e. v; +w; > g;;, the match is always rejected because both agents cannot
receive at least their value, while when the surplus is positive, the agents will reach a
mutually beneficial agreement. If the surplus is exactly zero, then m,; is unrestricted,
Le. 0 <my; < 1.

When two agents accept each other, each receives their own value and half of
the match surplus. This division rule is the Nash bargaining solution and also is a
subgame perfect equilibrium of a strategic bargaining game (see, e.g., Atakan 2006).
The second condition is that the values are self-consistent, and therefore satisfy the

following recursive equation:

vi= )y [mi (v + ) + (L—my)o] —e, Vi (2)
jeJ

Wi = sz [ma; (w; + %2) + (1 — my)w;] —c, V)
el

That is, in every period, buyer ¢ pays the search cost ¢ and meets seller j with
probability y;. If a match is accepted, the buyer receives her continuation value and

half of the surplus, whereas if the match is rejected, she attains her continuation value
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v;. Simplifying, we obtain the Constant Surplus equations:

> ymigsi; = 2¢,Vi (3)
jeJ

Z TiMy;Si5 = 20, \V/j

el

The investment decisions are individually optimal: Z¥ € argmaxc;v; — C (i, 8), V3
and Z° € argmax;cyw; — C(j,0),Vo. Since the cost function satisfies strictly in-
creasing differences, the set of cost types who choose each skill is an interval (and
hence measurable). Furthermore, at most one type can be indifferent between any
two skills,% and thus the values (v;) and (w;) uniquely determine the inflows (up
to measure zero). Formally, we denote by F*(A) = [, dF® the measure of set A
according to F’. The measure of buyers who choose skill i is F® ({ﬁ (I8 = z}) =
F? ({B 14 € arg maxy ey vy — CU(7, B)}), and analogously for sellers.

The final set of conditions is that the economy is in a steady state. We refer to

Equations (4) as the Inflow=Outflow equations:

inflow

out flow
F? ({ﬁ 11 € argmax vy — Cb(z",ﬂ)}> = inzyjmij,Vi el (4)
el el
F? ({0 :j € argmaxwj — C’S(j',cr)}> = Nijximij,Vj eJ
7€ icl

The inflow is the measure of buyers who choose skill ¢. The outflow is the measure of
skill 4 buyers in the market, Nx;, times the probability of exiting (each buyer meets
a skill j with probability, y;, and they accept each other with probability, m;;). The

seller Inflow=0Outflow equations are analogous.

2.2 Equilibrium Properties

The next two lemmas will be useful. The first states that unbalanced states do not

occur in equilibria.

6If buyer 3 is indifferent between acquiring skills 4 and 4’, where i’ > 4, then all buyers 3 < B
strictly prefer skill ¢ to skill 7 and all buyers 8 > 3 strictly prefer skill ¢ to skill 4'.
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Lemma 1. (No Rationing) In any equilibrium, B = S.

Proof. WLOG, suppose that B > S. Then, a buyer meets a seller with probability
p = S/B, and a seller meets a buyer with probability 1. Therefore, the values satisfy:

. Sy 2c
Vi :v; :pZyj |:mij (Ui + 73) + (1 - mij)?)z‘] + (1= pvi —c= Zyjmijsij = ?
JEJ jeJ
\V/] Dw; :Z[L’Z [mij <wj + %) —+ (1 — mij)wj} — C = Zl’imijsij = 2c
icl i€l

Therefore, since Y,z =,y = 1t

% = inzyjmijsij = Z?Jj (Z ximijsij) =2c=DB=35 U

il jeJ jet iel
The next lemma states that, in equilibrium, the agents’ values are increasing and

the marginal values are bounded by the expected marginal productivity.

Lemma 2. In any equilibrium,

> jes Yimij (95 — Gig)
> je Yimij

> jes Yimii(9ij — 9ij)
D jes Yimij

Vv

> vy — v; >0, Vi/ >1

> it Timii(gig — Gij)
D ier TiMij

Ziel Ty (gij’ - gij)

> ier TiMijr

> wy —wj > >0, V) > 7

In particular, if m;; = 1, Vi, j, then the marginal value equals the expected marginal

productivity: vy — v; = ZjGJ Y (95 — gij) and wy —wj =Y. xi(Gij — 9i5)-
Proof. The Constant Surplus and Efficient Matching conditions imply that:
Z Yjmijsi; = 2¢ = Z Yyimisig = Z YjmuigSi
jeJ jed jet
Subtracting the RHS from the LHS, and normalizing;:

2 Y (9es — 9id)

Vi — U; >0
> Yimi

The upper bound is derived analogously by switching i and '. O
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Lemma 2 also implies that there is a uniform bound on marginal values: max; g;/;—
Gij = Vi — Vi 2 Min; girj — gij-
Remark 1. The Constant Surplus equations have two further implications: First,
they determine the values for unchosen (measure 0) skills, and therefore we are not
free to set those values arbitrarily (for instance, to minus infinity). Second, every
agent has at least one partner with whom the surplus is positive. Furthermore, that
partner is not of measure 0, which implies that there are no pathological equilibria

where an agent searches forever.

Remark 2. If (2, M, (v;), (w;)) is an equilibrium, then so is (z, M, (v;+t), (w;—t)) for
any transfer ¢t € R. Therefore, there is at least one degree of freedom in the equilibrium
values. We now show that there is in fact exactly one degree of freedom. This is
because the marginal values, i.e. Awv;, are uniquely pinned down by the investment
decisions and a Constant Surplus equation imposes an additional condition on the

value functions.

3 An Illustrative Example

The following example illustrates the interaction between matching and investment
in the simplest possible setting. There are two skills, I = J = {0,1}. Each agent
can either invest and become skilled 7 = j = 1, or not invest and remain unskilled
i=7j=0.

The cost of becoming skilled is the agent’s type, where 8 ~ Ula,d], 0 ~ Ula,d|
and a > 0. The average cost (which is also the median) is u = (a +d)/2 = 3/2
and the length is [ = d — a. The production function is: G = [§%91] = [53].
In words, the match output of two skilled agents is g;; = 4, the match output of
skilled-unskilled pairs is g19 = go1 = 3, and the match output of two unskilled agents
is goo = 1. This production function is submodular because marginal productivity
is greater when an agent is matched to an unskilled agent than when matched to a

skilled agent, go1 — goo = 2 > 1 = 911 — g10-

First Best. The first-best allocation provides a useful benchmark. Consider a social
planner who controls the agents’ investment decisions and frictionlessly matches the
agents in order to maximize per-period total welfare (total output minus total in-

vestment cost). The planner would have agents with below-average costs invest and
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become skilled, and match agents negatively assortative (skilled-unskilled pairs).”

Total per-period welfare is:

WFB:3—/M5f(ﬁ)dﬁ—/uaf(a)da:3—(3a+d)/4

That is, there is a measure 1 of pairs, each pair produces g9 = go1 = 3 units, and

only the agents with below-average costs invest.

Constrained Efficiency. With costly random search, the planner’s problem is to
choose the agents’ acceptance and investment decisions in order to maximize total
per-period welfare (output minus investment and search costs), while respecting the
steady-state conditions. The constrained-efficient allocation is spanned by the follow-

ing three simple allocations.

1) Negative Assortative Matching (NAM): As in the first-best allocation, agents
with below-average costs invest, those with above-average costs do not, and agents
match negatively assortative. In the stock population, half of the buyers and sellers
are skilled, and so each agent exits with probability 1/2. The Inflow=QOutflow equation
(4) is 1/2 = N/4, and thus the measure of buyers in the stock population is N = 2.

Total per-period welfare is:

WA — gy —ane— [ 8195~ [ of(o)do =3 —dc— (Ba+a) 1

That is, in every period, a unit measure of pairs exit and produce g9 = go1 = 3
units, the stock population incurs the search cost ¢, and the new-born agents with

below-average costs invest.

"To see why this allocation is efficient, notice that the first-best allocation cannot have both
skilled-skilled and unskilled-unskilled matches since then agents could be profitably rematched (be-
cause g10 + go1 = 6 > 5 = g11 + goo). Suppose there is a positive measure of unskilled-unskilled
matches. Less than half of the agents are skilled, and hence there is an agent with below-average
investment cost who is unskilled. If she is matched with another unskilled agent, then it is efficiency-
improving for her to invest (productivity gain of 2 and investment cost of less than p = 3/2). If she
is matched with a skilled agent, then she can be swapped with an agent in an unskilled-unskilled
pair, and then invest. Thus, all matches are skilled-unskilled and investment costs are minimized
when all below-average cost agents invest and all others do not.
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2) All Skills Match: The investment decisions are the same as in the previous
allocation, but now agents accept any partner. Since the market clears every period,
the stock population is N = 1, and half of the buyers and half of the sellers are skilled.

Total per-period welfare is:

WA”—E( + _one— [ ai— [ d
= 7n 910 + o1 + Goo) c ’ Bf(B)dp i of(o)do

=2.75—2c— (3a+d) /4

3) Social Norm (one-sided investment): Every buyer invests and becomes skilled
and every seller remains unskilled. Agents accept any partner. Since the market clears

in every period, the stock population is N = 1. The total per-period welfare is:

d
WSNzgm—QNc—/ BF(B)AB =3 —2c— (a+d) /2

To sum up,
WNAM — 3 4 — (%a—l—%‘d)
WAL= 275 — 2¢ — (3a+1d)
WSN = 3 — 2c — (3a+1d)
Welfare Welfare

1.5
1.425

Social Norm

s s
0.125 0.125

(a) Small Support, [ <1 (b) Large Support, [ > 1
Figure 1: Welfare Comparison
Figure 1 depicts the welfare of each allocation as a function of the search cost

c. The top and bottom panels illustrate the welfare ranking for cost distributions

with small supports (I < 1) and large supports (I > 1), respectively.® These three

8The figure depicts the cases [ = 0.7 and | = 1.5.
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allocations demonstrate the trade-off between the three components of the welfare
function: productivity, investment cost, and search cost. Each allocation optimizes
two components at the expense of the third (see Table 1).

The NAM allocation maximizes productivity because the assignment is efficient
and keeps the total investment cost low. The disadvantage is that every agent must
search twice on average, in order to find the most productive partner.

The All Skills Match allocation reduces the search cost and keeps the total in-
vestment cost low. The disadvantage is mismatching, both unskilled-unskilled and
skilled-skilled matches occur, which reduces total productivity. This allocation is bet-
ter than the NAM allocation when the search cost is high, ¢ > 1/s; and is worse when
c<1s.

The Social Norm allocation maximizes productivity and minimizes the search cost,
but the disadvantage is that buyers with above-average costs invest, while sellers
with below-average costs do not, which increases the total investment cost. This
talent misallocation problem is exacerbated as we stretch the support of the cost
distribution. Therefore, the Social Norm allocation is better than the All Skills Match

allocation when the support is small, [ < 1, and is worse when [ > 1.

’ \ Productivity \ Search Cost \ Investment Cost ‘

NAM v X v
All Skills Match X v v
Social Norm v v X

Table 1: Welfare Comparisons

The next claim establishes when each of these allocations is an equilibrium.

Claim 1. The NAM allocation is an equilibrium if and only if ¢ < 1/s. The All Skills
Match allocation is an equilibrium if and only if ¢ > 1/8. The Social Norm allocation

is an equilibrium if and only if [ < 1.

The proof can be found in the Online Appendix. Figure 2 illustrates the equi-
libria and their welfare. Panels (a) and (b) depict welfare as a function of search
cost ¢ for the small and large support case (e.g. for [ = 0.7 and [ = 1.5). Panels
(c) and (d) depict welfare as a function of the length [ for low and high search costs,
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Welfare == Equilibrium
Welfare

1.625

Social Norm 1.5

0.125

(a)l<1

Welfare Welfare

Social Norm NAM Social Norm All Match

1.18¢

1.09

() e<1/8 (d) e>1/8
Figure 2: Equilibrium Regions

respectively (e.g. for ¢ = 0.08 and ¢ = 0.2). The equilibrium regions are shaded blue.
The key takeaways are:

1) The Second Welfare Theorem. The constrained efficient allocation, which is
the upper envelope of the three lines, is an equilibrium allocation. In the next section,

we establish a general second welfare theorem.

2) Assortative Matching. In all equilibria, there is negative assortative matching,
which means that unskilled-skilled pairs always match. In Section 5.1, we estab-
lish assortative matching for any economy that has a super/submodular production

function.

3) Discrimination. The efficient outcome can be discriminatory. Discrimination
induces the two groups to invest differently and thereby minimizes search costs and

enhances productivity, but at the expense of higher investment costs.

4) Multiplicity. Multiple equilibria may exist and the agents may fail to coordinate

on the efficient one.
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4 The Second Welfare Theorem

To simplify notation, we label the skills as I = {0,1,...,]/| -1} and
J = {0,1,...,]J| —1}. The constrained efficient allocation is the solution to the
problem of a social planner who chooses the investment and acceptance strategies
and sets the stock in the matching market, in order to maximize per-period total
welfare, subject to the condition that the economy is in a steady state. Without loss
of generality: i) the planner chooses a balanced state,” B = S = N; ii) the match-
ing strategies are represented by a matching matrix; and iii) since the investment
cost functions satisfy strictly increasing differences, the planners’ optimal investment
strategies can be defined by thresholds 5y > 51 > ... > Brand og > 01 > ... > 0y, S0
that all buyers of type 8 € (B;41, 5;) choose skill 7 and all sellers of type o € (0j11,0;)
choose skill j. Notice that the thresholds are descending because costs increase with
type, so higher types choose lower skills. The planner chooses a tuple (z, M, (5;), (0;))

of steady state, matching matrix, and investment thresholds in order to maximize:

Bi
W ({2 M, (), (o)) = 3 > Nawgymizg; —2Ne = > [ C*6, B)f(B)dB (5)
iel jeJ iel ¥ PBit1
—Z/ C*(j,0)f*(0)do
jeJ v i+l
subject to  flow! := (F*(8;) — F*(Bi41)) — Nay 3 _ yymi; = 0,Vi
JjeJ
flows := (F*(0;) = F*(0511)) = Ny; Y wimy; = 0,V
el
X=1-) ;=0
el
Yi=1-) y; =0
JjeJ

L >mi; > 0,Vi, )
F*(B) = F*(015) = 0
F*(Bo) = F*(00) = 1
18
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The first term in the objective function is per-period total output (the measure of
formed matches between buyer ¢ and seller j is Nx;y;m;; and the match output is
gij), the second term is the per-period total search cost, and the last two terms are the
per-period total investment costs. The first constraint is that inflow equals outflow.
The other conditions stipulate that z;,y; are proportions, m;; are probabilities, and

that the planner must assign a skill to every agent.

Remark 3. Notice that the maximization problem does not explicitly require that
Bo>p1>...>pPrand oy > 01 > ... > oy, nor that N > 0, because these conditions

are implied by the other constraints (see proof).

Theorem 1. (Second Welfare Theorem) For every economy (F°, F*. I, J,C% C* G, c):

i) There exists an optimal policy (z, M, (5;), (o).

i) Every optimal policy (z, M, (B;), (c;)) can be decentralized. That is, there are
values (v}), (w}), and a matching matriz M* such that (z, M*, (v}), (w})) is an equi-
librium, where m;; = my; for all i,j such that x;, y; > 0.

The theorem demonstrates that any optimum policy can be decentralized as an
equilibrium. The proof shows that the equilibrium values that decentralize the op-
timal allocation are the shadow values of the flow constraints in the dual problem.
We show that these values are internally self-consistent with the bargaining proce-
dure, that is, they satisfy the Constant Surplus equations; and also motivate the
agents to invest and match efficiently. For instance, if the planner wants buyer
B and seller o to choose skill i* and j*, then i* € argmax;erv; — C®(i,3) and
J* € argmax;e; w; — C*(j, 0); and if the planner wants them to accept (reject) each

other, then v + wj« > gije (Vi + wje < gieje ).

Proof. First, we show that the constraints of the problem imply that N > 0, and
B; > By for all i, and o; > 041 for all j. To see this, observe that F°(f) = 0 and
F*(By) = 1, and so there exists a skill i such that F(8;) > F(3;11). By constraint
flow?, it must be that N, Zjej y;my; > 0. Since z;,y;, m;; are all non-negative, it
follows that N > 0. Thus, the outflow of every skill is non-negative, and from the

flow conditions, it must be that 5; > ;1 for all 4, and likewise 0; > 0,11 for all j. (i)

Existence: To demonstrate existence, since the objective is continuous, all we need
to show is that the policy space is compact. First, there is a uniform upper bound N

so that in any optimum, N < N (recall that N > 0). For the upper bound, notice
19



that the Inflow=Outflow constraints imply » ., Zje s Nw;y;m;; = 1, and therefore
the first term in the welfare expression is a convex combination of g;; and therefore
is uniformly bounded by max g;;. Thus, limy_,. W = —00 and so the optimal policy
cannot involve arbitrarily large N. The planner can choose quantiles F'(;) instead
of thresholds f;, and since the objective is also continuous in the quantiles and the

quantile space is bounded, a maximum indeed exists.

(ii) Decentralizing optimal allocations: The dual problem is

L ({2 M, (B:), (0,))) = Y > Nayyymyg;; — 2Ne

el jeJd
_ by - b B o S
;/&0 (2, 6)f(B)dp ]Ze;/st’ (j, o) f*(0)do
+ Y v flowy + ) wj - flows + oy + Y iy +9X +AY
e JjeJ - ;
+ Z Z (mijma; + 05 (1 — my; )
i€l jeJ

We will first show that a constraint qualification holds and then construct an equi-

librium using the shadow values from the KKT conditions.

1) The Constraint Qualifications: Since the problem is not convex, we use the
constant rank regularity condition, which requires that for each subset of the gradi-
ents of the active inequality constraints and the equality constraints, the rank in the
vicinity of the optimal point is constant (Janin [1984]). The formal proof is given in

Lemma 4 in the Appendix.

2) Deriving values from the KKT conditions: Due to the constraint qualifica-
tion above, the first order conditions (FOC) of the dual problem L are necessary at

any optimum:

FOC(N):
Z Z TiYMijGij — 2€ — Z v; (% Z yjmij) - ij (yj Z szmU) =0
iel jeJ iel jeJ jed il

= Z inyjmij(gij —v; —wj) =2c
i
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FOC(z;) and FOC(y;):

N Zyjmijgij — N Zyjmij -N Z wimijy; — 5 + ¢i =0

J J J

— Nzyjmij (gij —vi —wj) =7 — &
J
NZ TiMi;Gij — NZ ViXiMy; — ijZmijxi - A + ¢j =0
< NZ%m” (gz] — V; —'LUj) =\ _wj
Complementary slackness: ¢;x; = 0 and y;4; = 0 and ¢;,1; > 0.
FOC(m”)

Nwiy;gij — vilNaiy; — wiNwiy; + i — 73 = 0

<= Ny, (gi; — vi — w;) = —n;ij + 0ij

Complementary slackness: 7;;m;; = 0 and 7;;(1 — m;;) = 0 and 7;;,7;; > 0.

For i€ {1,...,1—1}, FOC(8,):
FPBi) (v —viea) = f2(8:) (C0, B;) — C(i — 1, 8:))
For j € {1,...,J — 1}, FOC(0;):
fo)(wj —w;a) = f*(0;) (C(j,05) = C(j = 1,05))

We now show that the shadow values v;, w;, together with the matching matrix
M and state z, constitute an equilibrium.
Decentralizating the constrained optimal allocation when z is interior (ii):

To verify the Constant Surplus equations, notice that:

N - 2c= NZ szy]m”(g,j —V; — U)j) = ZZEZNZy]mU(g” —V; — U}j)
1 J 1 J
= Z%(V‘f‘@) = ZW%‘ + ¢ix; = ZV%’ =
I 1 1
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The first line uses FOC(N), while the second line uses FOC(z;), complementary
slackness (¢;z; = 0), and the condition ), x; = 1. Therefore v = 2¢N. Since z
is interior, ¢; = 0, and the FOC(z;) is >, y;m4j (95 — vi —w;) = 2¢, which is the
Constant Surplus equation for skill 7. An analogous argument holds for the sellers’
Constant Surplus equations.

To verify the Efficient Matching conditions, notice that if g;; — v; — w; > 0, the
FOC for m;; requires that 7;; > 0 and therefore m;; = 1. Similarly, if g;; —v; —w; < 0,
the FOC for m;; requires that 7,; > 0 and therefore m;; = 0.

To verify that the investments are incentive compatible, we show that for any type
B € [Bix1, Bi], their most preferred skill is i. To see this, for any lower skill, i < i, the
FOC for the threshold g; is f(8y)(vi —vy—1) = f(B)(C(¥, By) — C(#' — 1, ) and
recall that By > B. Since f > 0 everywhere, this can be simplified to vy — C(¢', B;) =
vy — C(i' — 1, By). Since type By is indifferent between the skills i and ¢ — 1, by
single-crossing, type (8 weakly prefers skill 7/ to skill i’ — 1. Thus, type 8 weakly prefers
7 to any lower skill /. An analogous argument applies for higher skills.

The case of a non-interior z can be found in the Appendix (Section 8.1). O
It immediately follows from Theorem 1 that an equilibrium exists.

Corollary 1. An equilibrium ezists.

The following proposition demonstrates some comparative statics for welfare.

Proposition 1. The welfare function W is continuous, strictly decreasing, and convex

in c. Moreover, the population size N 1is weakly decreasing in c.

The proof is in the Appendix. It relies on the observation that OW/dc = —2N,
which follows immediately from the envelope theorem, implying that a shock to ¢ has

greater impact on welfare when ¢ is small than when c is large.

Remark 4. (Matching and Values of Unrealized Skills) Theorem 1 proves that any
optimum can be decentralized (modulo matching between unrealized skills). The
planner can match unrealized types in any fashion because they have no impact on
welfare, and thus the optimization problem places no restriction on their matching.
However, the equilibrium conditions (the Constant Surplus equations and Efficient
Matching conditions) apply for all skills, including unrealized ones. In the Appendix

(Section 8.1), we construct the matching and values for these unrealized skills.
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5 Equilibrium Structure and Applications

In the previous section, we demonstrated the second welfare theorem: the constrained
efficient allocation can be decentralized as an equilibrium. However, the first welfare
theorem need not hold since the economy can have multiple equilibria and the agents
may fail to coordinate on the efficient one.!°

In this section, we show that it is not the case that “anything goes” and the
equilibria have a clear and simple structure: Section 5.1 shows that every equilibrium
exhibits assortative matching if the production function is super /submodular. Section
5.2 considers an additively separable production function (product market) and shows
that the equilibrium is unique. Finally, Section 5.3 characterizes the equilibria of a
symmetric two-skill economy (marriage market). These sections demonstrate the
applicability of our model and its implications. Furthermore, they show that for our

second welfare theorem, the efficient allocation is not caught in a widely cast net. All

results in this section are proven in the Appendix.

5.1 Assortative Matching

Denote the matching set of skill-i buyers by M; = {j : m;; > 0} C J, this is the
set of seller skills with whom buyer ¢ matches. Similarly, for sellers, M, = {i :
m;; > 0} C I. The maxima and minima of these sets are denoted m; = max M;,
m; = min M;, m; = max M; and m; = min M;. We say that a seller’s matching set
Mj is convex if m; < i < m; implies that m;; = 1, and we define convexity similarly
for a buyer. A matching matrix M exhibits positive assortative matching (PAM) if the
matching sets are convex and the maxima/minima are weakly increasing. Likewise,
M exhibits negative assortative matching (NAM) if the matching sets are convex and
the maxima/minima are weakly decreasing. Finally, we say that All Skills Match if
m;; = 1 for all 4, 5.

The production function G is supermodular (submodular) if the marginal produc-
tivity of every skill ¢, guy1); — ¢4, Is strictly increasing (decreasing) in j, and the
marginal productivity of every skill j, g;(j+1) — gij, is strictly increasing (decreasing)
in i; G is separable if the marginal productivity of every skill 7 is constant j, and the

marginal productivity of every skill j is constant in i.

10Similar coordination issues also create multiplicity in the frictionless market (e.g. Noldeke and
Samuelson [2015]).
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Previous work established sufficient conditions for positive/negative assortative
matching in a search-matching equilibrium within a single population of agents (Shimer
and Smith [2001], Atakan [2006]). The case of matching between two symmetric pop-
ulations is similar to a single population model as every agent faces the same matching
problem. However, in many two-sided matching setting, such as labor and product
markets, the two sides are inherently different. An open question in the literature is
whether assortative matching holds when the two populations are not identical. The
next result answers a firm yes. To our knowledge, this is the first paper which estab-

lishes assortativity (convexity + monotonicity) beyond the symmetric framework.

Theorem 2. In equilibrium, there is PAM whenever G is supermodular, NAM when-

ever G is submodular, and All Skills Match whenever G is separable.

To outline the argument, we first show that the surplus function s;; inherits su-
per/submodularity from G. We use this observation and Lemma 2 to establish that
the bounds of the matching sets are monotonic. We prove convexity from algebraic
manipulations of the Constant Surplus equations. In contrast, existing proofs rely
heavily on symmetry (Shimer and Smith 2001; Atakan 2006). In the discounting case,
to show that the matching sets are convex, Shimer and Smith [2001] place further
restriction on the production function which imply that the surplus function s;; is

convex. Our proof works for any super/submodular production function.!!

‘mw‘]l‘h‘h‘ﬂ‘%‘

io
i3
i4
i5

Table 2: A PAM matrix: m;; = 1 (blue), 0 < m;; < 1 (green), and m;; = 0 (blank)

In Table 2, we depict a matching matrix that satisfies PAM. To maintain PAM,
this matrix cannot be modified so that buyer 1 matches with seller 3 (pure or mixed)
because that would violate the convexity condition for buyer 1. Likewise, it cannot

be that buyer 2 matches with seller 5 because that would violate monotonicity.

HIn fact, there are examples where G is supermodular and s;; is not convex, and yet there is
PAM.
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Remark 5. The assortative matching result is useful for numerical analysis. For
example, in the 5 x 5 case depicted above, there are 22° ~ 33.6 million pure matching
matrices, but only 2, 762 of them satisfy PAM. In the 5 x 7 case, there are 23° ~ 34
trillion pure matching matrices, of which only 21,659 satisfy PAM.!2

Having analyzed the matching sets, we proceed to the investment decisions.

5.2 A Product Market (Separable Production)

We consider a product market in which each seller can produce one unit of a homo-
geneous good and each buyer desires a single unit. A buyer that invests in skill ¢
receives the payoff «; from consuming the good and a seller that invests in skill 5 can
produce the good at a cost x;. The consumption value ¢ is increasing in ¢ and the
cost x; is decreasing in j. When a buyer and seller meet, their output is g;; = a; — r;.
This production function is separable because the marginal productivity g,; — gi;
is independent of j. In general, any separable production function can be written
as gij = ¢; + gj, and so the following analysis applies for any separable production
function.

As in Gale [1987], we allow for endogenous entry, that is, 13

every new-born agent
either invests and enters the market or opts out and receives the outside payoff equal

to u® for buyers and u® for sellers.

Proposition 2. Any economy with a separable production function (with or without

outside options) has a unique equilibrium and its allocation achieves the first best.

Proof. The first-best allocation is unique and satisfies:

First-Best Matching: All pairs match. Since the marginal productivity of an agent

is not affected by the skills of her partner, all pairs match to minimize the search cost.

First-Best Investment: Buyer 5 and seller o acquire the skills: i*(5) = arg max; a;—
C*(i, B) and j*(0) = argmax; —k; — C*(j,0). Denote by C**(B) = C°(i*(B), ) the
investment cost buyer 5 pays to acquire the efficient skill, and likewise C** (o) =

C*(j*(0), 0).

12At 1000 calculations per second, this is the difference between a program taking a millennium
and 21 seconds.

13Tn Gale [1987], the output function is separable and the agents make entry decisions, but there
are no investments. In Section 6, we allow for endogenous entry and show that our second welfare
theorem is robust.
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The social welfare of a match between buyer § and seller o is w(8,0) = a;=(3) —
C™(B) = Kj=(o) — C**(0) — 2¢. To focus on the interesting case, we assume that there
are types, 3, 0", 3,6 such that w(f', ') > u® +u* > w(f3, ). This implies that in the

first-best, some agents enter and others don’t.!4

First-Best Entry: Buyer § and seller o enter iff 3 < [y and ¢ < 0y. The entry
thresholds are pinned down by'® F(8y) = F*(0y) and w(fBy, 09) = u® + u?.

Since ¢ is separable, Lemma 2 implies that in equilibrium, the marginal value
equal the marginal productivity: Av; = ;41 — oy, for every 4, and Aw; = — (k41 —
k;), for every j. Therefore, the match surplus s;; = a; — k; — v; — w; is constant. As

a result:

Equilibrium Matching: Theorem 2 demonstrates that in every equilibrium, all
skills match.

Equilibrium Investment: The individually optimal investments satisfy

arg max {vi — C*(i, ,8)} = arg max {ai - C*(i, ﬁ)} , for evey

argmax {w; — C*(j,0)} = argmax {—x; — C*(j,0)}, for every o
J J

The maximizers are equal because o — v; and —k; — w; are constant

Equilibrium Entry: First, we show that there is entry. If not, then v;- (5 — C** () <
u’ and wj« () —C (o) < u*, for all B, o, and 50 v+ (5 —C** (B)+wjs () —C** (o) < ul+u?.
Substituting in the Constant Surplus equations, it follows that, a; — C**(8) —
Kj=(o) — C*(0) —2¢ < u® + u*, which violates the assumption that there are types,
B, 0" such that w(f',0’) > u® + u®. By a similar argument, it cannot be that all
agents enter. Second, since some agents enter and others do not, denote by 3,0 the

threshold types for whom the entry constraints hold with equality, notice that

w U = v = O (B) + w0 — C (a)
=0 () — C" (B) = Ky — € (@) — 20 = w(B, 0)

The second equality follows from the Constant Surplus equation, v;+w; = a; —r; —2c.

14The case where everyone enters is trivial.
15Since buyers and sellers exit in equal numbers, in a steady state they must also enter in equal
numbers.
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In a steady state, the same measure of buyers and sellers enter, F°(3) = F*(c). These

two equations are the same as the equations that characterized the first-best entry

decisions, and therefore it must be that 8 = and o = 0y. n

Theorem 2 demonstrates that in any equilibrium, All Skills Match. The rest of
the proof immediately follows from Lemma 2: when All Skills Match (m;; = 1 for
all 7, 7), in equilibrium, the marginal values equal marginal productivity, and hence
the agents’ private incentives to invest are aligned with the planner. Finally, a law
of one price prevails (all trades occur at one price) and endogenous entry uniquely

pins down the price that equates supply and demand.'¢

When investments by sellers affect the consumption value of buyers, the match
output g;; is no longer separable and market prices must also solve a non-trivial
matching problem. The next subsection considers an economy with a nonseparable

production function.

5.3 A Marriage Market

We now consider a two-skill economy in which the two sides are symmetric (a marriage
market). That is, I = J = {0,1}, F* = F* = F, and g19 = go1. Each agent can invest
and become skilled (i = 1) or remain unskilled (i = 0). It is without loss of generality
that only skill 1 is costly and the cost is the agent’s type,'” that is, C(8,7) = Bi and
C(o,j) = 0j. We assume throughout that F' has a large support: both F(g10 — goo)
and F'(g11 —gi10) are strictly positive and less than 1. This implies that the equilibrium
is interior (by Lemma 2).

We use the notation x = x; and y = v, and therefore 1 — x = xg and 1 — y = .
We denote the marginal values by Av = v; — vy and Aw = w; — wy. The difference
in marginal productivities, Ag = g11 — g10 — (go1 — goo), measures the modularity of

production: G is supermodular if Ag > 0, submodular if Ag < 0, and separable if

Ag = 0. We will denote the matching matrices M = [ o] by MPAM = [10];
NAM __ . All _

MY =19 ¢]; and M2 =[] 1].
16The buyer’s payoff from a match is v; + % = v; + ¢ and his value of the good is «y, so there is

an implied price p;; where p;; = a; — v; — c. The proof shows that a; — v; is independent of 7, and
hence p;; is independent of both i and j, and hence the law of one price prevails.

ITRescale each cost function to é(ﬁ,i) = C(B,i) — C(B,0) and then relabel the cost types as
B = C’(ﬁ, 1). Thus, skill 0 is free and the cost of skill 1 is each agent’s type.
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As demonstrated in Section 3, this economy can have symmetric and asymmet-
ric equilibria. The following propositions identify conditions for the existence and

efficiency of each type.

Proposition 3 (Symmetry). If G is supermodular, then every equilibrium is sym-

metric, that is, x =y and Av = Aw and M is symmetric.

For the next proposition, assume that G is submodular and F' is centered: ¢1; —
g10 < med(F) < g10 — goo- The assumption implies that, for a majority of agents, it

is not a strictly dominant strategy to invest or to not invest.

Proposition 4. If G is submodular and F' is centered, then for sufficiently small c,
there is a unique equilibrium: it is symmetric and satisfies v = y = 1/2, N = 2,
Av = Aw, and M = MNAM

The previous two propositions demonstrate that asymmetric equilibria can not
occur when G is supermodular or when the search cost is small. The next Proposition
demonstrates the converse: asymmetric equilibria exist, and are in fact efficient, when
(G is sufficiently submodular and the search cost is large. We first establish that for

large c, all skills match.
Lemma 3. For ¢ sufficiently large, in every equilibrium M = MAY.

Intuitively, if ¢ is large enough, then every pair would rather match than continue
searching. Recall that in any equilibrium where all skills match, Lemma 2 shows that

the marginal value of each skill equals its marginal productivity:

Av = y(g11 — g10) + (1 — y)(go1 — Joo)

Aw = (911 — go1) + (1 — 2)(g10 — Goo)

Therefore, in a symmetric equilibrium, F(Av) = x = y = F(Aw), the two above
equations reduce to Av = g19—goo+AgF (Av). Moreover, if Ag < 0 (submodularity),
then there is a unique Av which solves this equation and we denote the threshold type

who invests by 3™ = Av.'* Consequently, there is a unique symmetric equilibrium
which is defined by this threshold.

8 Existence follows because F(g1o — goo) > 0 and F(g11 — g10) < 1. Uniqueness is straightforward
since the LHS is increasing in Av and the RHS is decreasing in Awv.
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Proposition 5. If G is submodular and |Ag| f(5Y™) > 1, then for sufficiently large

¢, the efficient equilibrium is asymmetric.

The intuition underlying these propositions is that the agents’ investments are
affected by the market values and their cost. The symmetry in costs pushes towards
symmetry in investments. For supermodular production functions, investments are
strategic complements, i.e. the payoff of each buyer from investing increases with
the proportion of skilled sellers, and similarly for each seller, which also pushes the
investment levels towards each other. In contrast, when production is submodular,
investments are strategic substitutes, which pushes investment levels away from each
other, which can generate asymmetric equilibria.

The intuition for Proposition 5 is that when c is sufficiently large and G is sub-
modular, there is a unique symmetric equilibrium. A planner can deviate from this
symmetric allocation by increasing one side’s investment and reducing the other’s.
The advantage of such an asymmetric investment policy is that it increases produc-
tivity (by reducing the mismatch between skills) while the disadvantage is that it
increases total investment cost. The productivity improvement term is proportional
to |Ag| and total investment cost depends on the density f. When the former out-
weighs the latter, this deviation improves welfare and thus the efficient equilibrium

is asymmetric.
We can summarize the main takeaways as follows:
Supermodularity V Low Search Cost = Every equilibrium is symmetric

Strong Submodularity A High Search Cost = The efficient equilibrium is

asymmetric

To illustrate this takeaway and the equilibrium structure, consider first a case
where the production function is supermodular and the search cost is small. The fol-

lowing proposition derives the necessary and sufficient conditions for an equilibrium.
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Proposition 6. Let G be supermodular. For sufficiently small ¢, every equilibrium

satisfies the following conditions: M = MM 1 =y N = m, and
inflow out flow
7 N 7 2 N
guin C Joo c z
FlAv)=F|———— | ¥ — = 6
(Av) <2 x <2 1—x>) 224+ (1 —x)? (6)

Furthermore, these conditions are also sufficient: if z satisfies them, then there are

values (v;), (w;) such that (z, MPAM (v;), (w;)) is an equilibrium.

In words, there is strict positive assortative matching and the fundamental equa-
tion (6) pins down the state variables x, which in turn determines y, N, Av, Aw. For
the Efficient Matching condition to hold, the search costs must be low enough so that
skilled and unskilled agents do not want to match with each other, which is equivalent

to the following (see proof):

Agr (1 —x) > 2c (7)

Equation (6) pins down precisely how the equilibria responds to an exogenous change
in F or G. For example, consider G*7 = [§% 9] = [1 %], and F = N(u, p*) with the

means p = 1.3,1.5,1.7 and standard deviation!® p = 0.3. We rewrite equation (6) as:

c c z?
1.5 —— =F' —
: 1=z (x2+(1—x)2>

In Figure 3, we graph this equation: the dashed lines illustrate the LHS for different
search costs, the solid lines illustrate the RHS for different distributions, and the

intersections are the equilibrium candidates. Each candidate z is an equilibrium
if and only if the Efficient Matching condition (7) holds, as depicted by the lightly
shaded area. Notice that when ¢ = 0.02, there is a unique PAM equilibrium for every p
(panel a). On the other hand, when search costs are ¢ = 0.2, no equilibrium candidate
satisfies the Efficient Matching condition (7) and a PAM equilibrium therefore does
not exist (panel c¢). For ¢ = 0.12, a PAM equilibrium exists when g = 1.5, but not
when p = 1.3 or 1.7 (panel b).

9Notice that F has a large support, and therefore every equilibrium is interior.
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Figure 3: PAM Equilibrium

Table 3 summarizes the equilibrium variables in the case of ¢ = 0.02.

t=y N Av=Aw F(Av) | Prod— Search—Inv=W
pw=171] 035 1.83 1.47 0.22 1.66 — 0.07 — 0.58 = 1.02
p=15| 05 2 1.5 0.5 25—-0.08—-1.26=1.16
p=131 065 183 1.53 0.78 3.34 —0.07-183=1.44

Table 3: Equilibrium Values, ¢ = 0.02

In this example, when the search cost is high, a PAM equilibrium does not exist,
but an All Skills Match equilibrium does. The following proposition provides the

necessary and sufficient equilibria conditions for an All Skills Match equilibrium.
Proposition 7. For sufficiently large ¢, every equilibrium satisfies the following

conditions: M = M4 N =1, and

(8)
(9)

v =F(Av) = F (y(911 — 910) + (1 = y)(g01 — 900))
y=F(Aw) = F (z(g11 — go1) + (1 = 2)(g10 — 900))

Furthermore, these conditions are also sufficient: if x,y satisfies (8) and (9), then

there are values such that (z, MA" v, w) is an equilibrium.

The fundamental equations (8) and (9) pin down the candidate state variables
x, 1y that are consistent with the fact that the marginal value must equal the marginal
cost (Lemma 2) and Inflow=Outflow. Each candidate (z,y) is an equilibrium if and
only if the Efficient Matching conditions holds, so that every pair of agents would

rather match than continue searching (see proof):
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Sub :|Ag| max {(1 —z)(1 —y),zy} < 2¢ (10)
Sup :Agmax {(1 — z)y,z(1 —y)} < 2c

For example, consider ¢ = 0.13, F = N(u,p?) with p = 1.5 and p = 0.3, and
two production matrices G**7 = [1%] and G*** = [13%]. In Figure 4, the dashed
lines represent Equation (8), the solid lines denote Equation (9), and the intersection
points are the equilibrium candidates. In panel (a), G = G*** and these equations
reduce to y = F(2—x) and z = F(2—y); in panel (b), G = G*?, and these equations
reduce to y = F(1 4 x) and x = F(1 +y). Every candidate (z,y) is an equilibrium if
and only if it satisfies the Efficient Matching condition (10) as depicted by the shaded

area.

y=F(2-x)
----- x=F(2-y)

Constraint

—_— y=F1+x)
————— x=F(1+y)
Constraint

(a) Gsub (b) Gsup

Figure 4: All Match

Table 4 summarizes the equilibrium values for high c.

Av Aw z=F(Av) y=F(Aw) | Prod— Search — Inv =W

Symmetric 1.5 1.5 0.5 0.5 2.75 —2¢—1.26 =1.49 — 2c¢
Asymmetric 1 | 1.92 1.08 0.92 0.08 293 —2c—141=1.52—-2c
Asymmetric 2 | 1.08 1.92 0.08 0.92 293 —2c—141=1.52—-2c

Table 4: All Skills Match (G Submodular)

Notice that in panel (b), G is supermodular and every equilibrium is symmetric
(i.e. the intersection points lie on the 45° line). However, in panel (a), G is submodular
and there is one symmetric equilibrium, where z = y = 1/2, and two asymmetric ones,
r=1—y~09and z =1—y = 0.1 (which are mirror images of each other). In
Table 4, notice the tradeoff between investment cost and productivity: the asymmetric

equilibrium achieves higher productivity than the symmetric one (2.93 vs 2.75) but
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total investment cost is also higher (1.41 vs 1.26). In this case, the former outweighs

the latter, and thus the asymmetric equilibrium achieves higher welfare.?°

Remark 6. Table 3 also illustrates the equilibrium effects of a uniform investment
tax or subsidy. For example, imagine a government policy that pays a uniform subsidy
of 0.2 to any agent who invests and thus shifts the cost distribution leftward from the
red line (1 = 1.7) to the green line (1 = 1.5). As a result, the proportion of agents
who invest more than doubles, from 22% to 50%, and the proportion of skilled agents
in the stock population increases from 0.35 to 0.5. The subsidy increases inequality
since skilled agents are made better off by the subsidy and it is now easier for them
to find a partner (their expected search duration decreases from 2.86 to 2 periods),
whereas unskilled agents are worse off because their search duration increases (from
1.54 to 2 periods) and they don’t receive the subsidy. Total welfare increases by 0.14
(from 1.02 to 1.16), although importantly, the welfare gain does not offset the cost of
the subsidy, which is 0.2 (the total inflow of buyers and sellers is 2 and half of them

receive the subsidy).

6 Extensions

In this section, we discuss several extensions of the second welfare theorem.

6.1 Outside Options and Endogenous Entry

Suppose that every new-born agent can either invest and enter the market or opt out
and receive the outside payoff equal to u® for buyers and u* for sellers. In equilibrium,
buyer 3 enters the market if and only if max; v;—C(i, 8) > u®, and seller o enters if and
only if maxw; — C(j,0) > u®. We focus on the interesting case where there are gains
to trade, and so for at least two types, f and o, max;e jes ¢;; —2¢—C(i, B)—C(j,0) >
ub + .

The only difference from the baseline model is that the planner now also chooses

the entry thresholds 5y and oy in order to maximize:

20Here, |Ag| = 1, and f(B9YM) = 1.32981, so |Ag|f(B°Y™M) > 1 and therefore the symmetric
equilibrium is inefficient.
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W = NZszy]m”gw QNC—Z/ B)fP(B)dp — Z/ fi(o)do

il jeJ iel VY Bit1 jeg Yo+
+/ ubfb(ﬁ)dﬁ—i-/ u’ f*(o)do
0 (4]

and the boundary conditions F°(3y) = 1 and F*(0g) = 1 are removed.

Corollary 2. In a model with outside options, the constrained efficient outcome is

an equiltbrium.

The proof shows that the shadow values still constitute an equilibrium (see Ap-
pendix). As before, vy is the shadow value of the skill 0 flow constraint. However, there
is an additional first-order condition since 3y is now endogenous: vy — C(0, By) = u®
which is precisely the equilibrium entry condition for buyers. An analogous argument

holds for sellers.

Remark 7. In the baseline model, there is exactly one degree of freedom in the
equilibrium values (see Remark 2). In the model with outside options, there is an

additional entry condition and thus the values are unique.

6.2 Asymmetric Bargaining Weight and Search Costs

We now allow buyers and sellers to differ in their search costs, ¢® and ¢*, and their
bargaining weights, @ and 1 — a. When a buyer with skill i and a seller with skill j
accept each other, the buyer receives v; + as;; and the seller receives w; + (1 — a)s;;.
In the baseline model, Lemma 1 establishes that the equilibrium state is balanced,
B = S, and the proof turned on the assumptions that ¢ = ¢* = ¢ and a = 1/2. If
either assumption does not hold, then the equilibrium state can be unbalanced, for
instance, if B > S, then every buyer meets a seller with probability S/B and every

seller always meets a buyer.

Corollary 3. The constrained efficient allocation is an equilibrium if and only if

cb

O=ra-

Proof. In the constrained efficient allocation, the state must always be balanced.
Otherwise, WLOG, if B > S, then the planner can increase welfare by setting B = .S

without affecting productivity or the investment cost.
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Define p = min(B, S). In equilibrium, the values satisfy:

= (u/B) (Z yj [mij (vi + asy) + (1 - mij)vi]) + (1= p/B)v; — &, Vi

JjeJ

= (u/9) (sz mgj (w; + (1 — a)si;) + (1 — mij>wj]> + (1 —p/S)w; — ¢, V5

el

Rewriting, we obtain the modified Constant Surplus equations:

b

C
Yim;jSij = ——=, Vi (11)
2 = ST
szmwsm = C—avj
e (1 =) (p/S)

S

)~ 2 Tyt = S = s

iel  jeJ jeJ el
B « c’
- = = . 12
S 1—-a ¢ (12)
Therefore, in equilibrium, the state is balanced if and only if o = % Since the

constrained efficient allocation has to be balanced this condition is necessary for
= + —<—. With this «, the Constant Surplus

equations (11) are the same as in a model where buyers and sellers have the same

efficiency. For sufficiency, suppose that a =

search cost ¢ = (¢* + ¢?)/2, and same bargaining weight o/ = 1/2. Moreover, the
two models also identical constrained efficient allocations and equilibria. Therefore,
applying our second welfare theorem to that model yields equilibrium values (v;)
and (w;) that support the constrained efficient outcome as an equilibrium of this
model. O]

Remark 8. By Equation 12, if the bargaining weight o # o* = - +C,,, then any
equilibrium is unbalanced and therefore inefficient. In particular, B > S whenever
a > af, and B < S whenever a < «o*. Intuitively, the second welfare theorem holds

when buyers’ bargaining power equals their proportion of search costs.
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Corollary 4. For any bargaining weight o, and search costs ¢® and c*, an equilib-
rium exists. Moreover, in every equilibrium, there is PAM (NAM) whenever G is

supermodular (submodular).

6.3 Alternative Meeting Functions and the Hosios Condition

We now consider a general meeting function where p(B,S) is the total number of
meetings in a period. In every period, each agent can meet at most one other agent,
and so p(B,S) < min{B, S}. Meetings are still random and the probability that a
buyer meets a seller is u(B,.S)/B, while the probability that a seller meets a buyer
is u(B,S)/S. As is standard, we take p to be homogeneous of degree 1 and differen-
tiable.

Corollary 5. The constrained efficient allocation is an equilibrium if and only if

o B*®  0w(B*,S5*)/0B
B¢t + S*c¢s pu(B*,S*)/B*

where B*, S* are the constrained efficient stock.

In words, the constrained efficient allocation can be decentralized as an equilib-
rium if and only if the bargaining weight of each side equals their share of the overall
search costs, which also equals the elasticity of the meeting function at the optimum
(the Hosios condition). The proof closely follows that of the welfare theorem (see
Appendix). Hosios (1990) shows that when agents are homogeneous the search exter-
nalities that they impose on each other are perfectly offset under the “right” sharing
rule. In contrast, in our model, agents are heterogeneous and they make ex-ante

investments. Remarkably, the same sharing rule still works.

6.4 Time Discounting

In our model, agents incur a fixed additive search cost in every period and do not
discount time. In a model with time discounting, the constrained efficient allocation is
not an equilibrium outcome (generically). The key issue is that when two agents reject
each other, each one incurs an implicit search cost because her payoff is delayed. These
implicit search costs depend on an agent’s value, and therefore acquiring a higher skill

entails acquiring a higher implicit search cost, which perturbs the incentives to invest.
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This link between agents’ values and search costs can also distort the matches that
form in equilibrium. In contrast, a fixed additive search cost severs this link.

To illustrate, consider the case of two skills I = J = {0, 1}; separable production,
gij = gi + gj; equal bargaining weights, a = 1/2; and a discount rate of § € [0, 1]. For
any equilibrium of the time discounting model, the equilibrium values must satisfy

the standard conditions:

Value Equations ‘ Efficient Matching

V; = Zje] yjmij%(gij - (S’LU]' + 51}1) 1 when 5(UZ + ’lUj) < Gij
m;;, =
U)j = Zie[ .CszZ]%(gU — (5'Ui —+ 611)]) J

0 whenod(v; +wj) > gyj
Since production is separable, the efficient matching rule is All Skills Match, for
any discount factor. Plugging m;; = 1, V7, j into the above equations and differencing,

. — — 91—4
we get: Aw = Av = 4.

Case 1. Inefficient investment. If All Skills Match, then the efficient investment
rule is that all buyers and sellers with costs below g; — go will invest. However, the
above equations show that only buyers and sellers with costs below =% invest, and
therefore, there is underinvestment in equilibrium. Intuitively, this is because when
an agent invests, they increase their value and also their implicit search cost, which
dampens the investment incentive.
Av=Ag—Av(l—6), Av(2—68) = Ag, Av = 2L
This can be seen by rewriting the above value equations in a similar style to our
Constant Surplus Equations where the implicit search costs are (1 — d)v; for buyers

and (1 — 0)w; for sellers.

2(1 = d)v; = Zyjmz’j<gij — dw; — dv;)

jeJ

2(1 — 6)1,(]] = szmzj(gw — 52]2' — 5’[1)])

iel

Case 2. Inefficient matching. We now show that All Skills Match need not be
supported as an equilibrium. Since buyers and sellers have the same marginal values,

the equilibrium is symmetric, * = y = F(Av), and WLOG vy = wp, v; = w2

2INotice that given any symmetric All Skills match equilibrium with values (9, 91, Wo, 1), there
is an equivalent equilibrium where vy = wg = (99 + wo)/2 and v1 = w1 = (01 + w1)/2.
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Therefore, the unskilled buyer’s value is vy = %y(glo—(SAv) —|—%(1 —¥)goo- Substituting
in from the above equations, we obtain that vy — dgp > 0 if and only if

g 12-0

g Yy 0
That is, low-skill agents will not match with each other whenever g; /g is too large.
Intuitively, this is because unskilled agents have low search costs and therefore “hunt”
for skilled agents from whom they can extract more surplus (because the skilled agents
have higher implicit search costs). For example, if y > 0.9, § > 0.9, and gy = 1, then
unskilled agents won’t match if g; > 2.36.

Remark 9. Under random search and bargaining with time discounting, it is often
found that the constrained efficient allocation is approximated by an equilibrium as
the discount factor goes to 1 (Gale, 1987). However, when the discount factor is
uniformly bounded away from 1, the equilibrium is typically not constrained efficient
(Acemoglu and Shimer 1999a, Shimer and Smith 2001, Mortensen and Wright 2002).

7 Discussion

We developed a model to study the structure and efficiency of equilibria in two-sided
matching markets with heterogeneous agents. The key features of the market are that
the agents invest in skills before entering and the trading process is decentralized:
agents must engage in costly search and bargain pairwise over the joint output.
There are three main points. First, the constrained efficient allocation is an equi-
librium. That is, there are values that satisfy the equilibrium conditions and also
perfectly align the individual incentives to invest and to accept/reject matches with
the planner’s. The welfare theorem also guarantees the existence of equilibrium.
Second, the equilibria have a clear structure. Strikingly, we establish a general as-
sortative matching result for two-sided markets with super/submodular production
functions. Moreover, if the production function is additively separable, then there
exists a unique equilibrium. For nonseparable production functions, we characterized
the equilibria of two-skill symmetric economies and demonstrated some comparative
statics. The equilibrium set is tractable and small, dispelling any concerns that the
welfare theorem operates by catching the efficient outcome in a “widely cast net”.
Third, for this symmetric economy, we showed that if there is strong submodularity

and a substantial search cost, then the efficient equilibrium is asymmetric.
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The welfare and sorting results are robust in the sense that they continue to hold
in economies with outside options and for meeting functions that satisfy constant re-
turns to scale (see Section 6). However, the welfare theorem relies on the assumptions
that buyers and sellers incur the same additive search costs and have the same bar-
gaining weights. More generally, if the two sides have different search costs, then the
constrained efficient allocation is an equilibrium if and only if the bargaining weight
a = ﬁ (see Corollary 3). This condition is equivalent to the famous Hosios condi-

tion (Hosios, 1990). Otherwise, the stock variable is inefficient in every equilibrium.
b

the long side of the market, B > S. Every unbalanced stock variable is inefficient,

For example, if a > then buyers are in an advantageous position and become
and there may be additional distortions of investment and matching.

However, when agents discount time, each agent’s search cost is implicitly caused
by delaying payoffs and it is therefore proportional to their continuation value in the
market. This link between search costs and the value of each skill in the market
has consequences for efficiency and sorting in discounting models. First, when an
agent acquires a higher skill, she also acquires a higher search cost which reduces her
incentive to invest (see Subsection 6.4). Second, it may be impossible for agents to
match efficiently in any equilibrium. We provided an example where unskilled agents
do not match with each other, but rather hunt skilled agents from whom they can
extract surplus (skilled agents are vulnerable because of their higher implicit search
costs, see Subsection 6.4). Third, sorting results require strong assumptions on the
production function (see Shimer and Smith, 2000). We show that by severing this
link, the fixed additive search model delivers powerful results: the Second Welfare
Theorem and the sorting result are very general, existence is guarantee, and the

equilibria have a clear and intuitive structure.
Our results have several implications:

Labor Market - Our results address a central question in the literature on sorting
in the labor market: When do high-skill workers match with high-tech (or capital
intensive) firms? The previous sorting results of Shimer and Smith [2000] and Atakan
[2006] do not apply to the labor market because the agents on opposite sides do
not face the same type distribution. Our results provide a theoretical foundation
for assortative matching (both monotonic and convex matching sets) for two-sided

markets.
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There is an extensive literature studying the mismatch between labor skills and
production technologies. However, the skill-technology mismatch also affects (and is
affected by) investment in human and physical capital. For instance, a lower search
cost generally leads to finer sorting, which affects the marginal productivity of some
skills and thereby the incentive to invest. Alternatively, a change in the investment
costs changes the composition of skills in the market, which may further impact
search and matching. Our model provides a general framework to study investment
and matching together, rather than in isolation, including how they are affected by

agents’ search cost, investment cost, and production function.
) )

Product and Marriage Markets - The joint production function in a product
market is often assumed to be separable. Therefore the equilibrium is unique, and
by our Welfare Theorem, it must be efficient. On the other hand, in a marriage mar-
ket, the joint household production function typically has complementarities between
skills, which can generate multiple equilibria. It is not surprising that a symmetric
economy has symmetric equilibria, but we show that there can also be asymmetric
equilibrium, which can even be efficient. The asymmetric equilibrium is discrimina-
tory in the sense that the return on investment depends on gender, which generates
a gap in skill acquisition. This gender gap can persist even when it is inefficient (see
Section 3) and in some cases can be corrected by a policy intervention such as an

investment subsidy or tax.

Taxes and Subsidies - It immediately follows from our second welfare theorem that
at the efficient equilibrium, any policy intervention causes a harmful distortion (see
Remark 6 in Subsection 5.3). However, there is still room for policy interventions at
inefficient equilibria. For example, an investment subsidy in the marriage market can
boost welfare by eliminating inefficient discriminatory equilibria without affecting the
efficient one. To illustrate, consider the example in Section 3 depicted in Figure 2: in
the regions where the Social Norm equilibrium is inefficient (panels a and c), a finely
tuned investment tax or subsidy can steer the economy away from the Social Norm
equilibrium towards the efficient NAM equilibrium.?? In the regions where the NAM
or All Skills Match equilibria are inefficient (panels a,c,d), a policy that subsidizes
investment only for one side of the market can uniquely implement the efficient Social

Norms equilibrium.

22Tf the government pays a subsidy t to every agent who invests, and a — 1 < t < d — 1, then
the subsidy eliminates the SN equilibria without impacting the NAM equilibrium (which is the only
remaining one). 40



Applications and Simulations: In the two-skill economy, a full characterization
of equilibria and comparative statics can be done analytically. However, this analyt-
ical approach is more difficult in larger economies. The welfare and sorting results
are useful technical tools for applying and simulating the model. In particular, the
planner’s problem is more amenable to numerical simulations than the equilibrium
conditions, as there are less conditions and values need not be derived. For an n-skill
economy, the endogenous variables (v;), (w;), (z;), (y;), (5:), (0;) are of order n, but
the matching matrix [m;;] is of order n?. The assortative matching result facilitates
simulations by reducing the number of matching variables (from n? to 2n), which
brings the whole problem from O(n?) to O(n). It remains to be seen whether the
model can be calibrated to derive useful empirical predictions, but the theoretical

results found here are promising.
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8 Online Appendix

8.1 Omitted Proofs for Section 4

Theorem 1. (Second Welfare Theorem) For every economy (F°, F*,1,J,C® C* G, c):
i) There exists an optimal policy (z, M, (5;), (0;)).
ii) Every optimal policy (z, M, (B;), (0;)) can be decentralized. That is, there are
values (v;), (w}), and a matching matriz M* such that (z, M*, (v}), (w})) is an equi-
librium, where m;; = my; for all i,j such that x;, y; > 0.

We now prove the non-interior case; and the constraint qualification.

Proof. =z is non-interior:
Given any optimal policy (z, M, (5;), (0;)), the FOCs imply that there are shadow

values (v;), (w;) such that (see proof of Theorem 1 in text):
Z yimi; (9i; — vi — wj) > 2c with equality when z; > 0
J
Z ximyj (gi; — v; — w;) > 2¢ with equality when y; > 0
Niy;(gi; — vi — w;) = —nij + 1

where 7;;m;; = 0 and 7;;(1 — m;;) = 0 and n;;,7;; > 0.

The above equations demonstrate the Constant Surplus equations for all ¢ where
x; > 0. But, the Constant Surplus equation may not hold for skills ¢ where z; = 0.
Therefore, for any skill + where z; = 0, we define v to be the unique value which
solves . y;max {g;; — v; —w;,0} = 2c. For any skill i where z; > 0, we define
v; = v;. Likewise, for sellers j where y; = 0, define w} to be the unique value which
solves Zj y;max (gz-j — v — w;‘,O) = 2c y; > 0. For sellers j where y; > 0, define
wj = wj. Define a matching matrix by m;; = 1gij_v;_w;_>0 whenever z; =0 or y; =0
and setting m;; = m;; otherwise.

It now remains to be seen that (z, M*, (v;), (w})) satisfies the equilibrium con-
straints.

The Constant Surplus Equations hold: For any skill ¢ where x; > 0, from
the above, we have that > y;m;; (9ij —v; —w?) = > Yimij (g5 — vi —wj) = 2¢

because v; = v; and whenever y; > 0, then m;; = m;; and w; = wj. For any skill ¢
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where x; = 0,

Zyj (93 — v —wj) Zyjmaxgu v —w;,0)

:Zyjmax gij — vy —w;,0) =2c

because w; = w; whenever y; > 0. The same argument demonstrates the Constant
Surplus equations for the sellers.

Efficient Matching holds: For any two skills 4, 7 where z; = 0 or y; = 0, the
efficient matching condition holds by definition. For any two skills ¢, 7 where x; > 0
and y; > 0, then v; = v;, w; = w;, and mj; = my; and the Efficient Matching
condition is a direct consequence of FOC(m;;).

Optimal Investments: Regarding optimal investments, just as in the proof in
the main section, here the values (v;) satisfy incentive compatibility for investments.
However, it is not readily evident that the values (v}) satisfy incentive compatibility
because the values for unrealized skills are modified, and may be increased. We now
show that for all unrealized skills v; > v}.

Since mjx;y; = mj;wyy; for any two skills 4, j, the policy (z, M*, (8:), (0;)) is ad-
missible and optimal. By the constraint qualifications, there are values (7;), (w;)
which satisfy the FOCs for (z, M*,(3;),(c;)). From FOC(S;), we have that the
marginal values are equal for all i, v; — 0,1 = C(i,5;) — C(i — 1,5;) = v; — v;_1.
Likewise, for all sellers j, w; — w;—1 = w; — w;—;. Thus, there is a constant ¢ such
that 0; +w; = v; +w; +t for all 4, j. For any skill ¢ such that x; > 0,

2c = Z y;m gw (% Z Y;m gz] — Wy — t)
:Zyjmij gij—vi—wj—t :2c—t2yjmij
j g

Therefore, t = 0 and so 0; + w; = v; +w; for all 4, j.

For any unchosen skill 4,

Zy] gz] U _w]) =2c> Zyj gzg U — W Zy] gm i_wj)
J

46



Therefore, we can conclude that v; > v?. This demonstrates incentive compati-
bility. For every skill i, v; > v} with equality if z; > 0. As (v;) satisfied incentive
compatibility and (v}) differs by only lowering the value of unrealized skills, the values
(v7) also satisfy incentive compatibility. This establishes that for the values (v;), (wj),
no agent wishes to choose any unchosen skill and completes the proof. O]

Constraint Qualification

We prove the constraint qualifications.

Lemma 4. The planner’s optimization problem satisfies the Constant Rank Con-

straint Qualification.

Proof. We show that for each subset of the gradients of the active inequality con-
straints and the equality constraints, the rank at a vicinity of the optimal point is
constant (Janin [1984]).

There is an immediate linear dependency among the gradients:

aV flow? — aV flows =0
> aVflow} = aV flow;

iel jeJ
which follows from
Zflowf — Zflowj =0
iel jeJ

We will show that this is the only linear dependency, which suffices for the constant
rank constraint qualification. Suppose that ) «,V, = 0 where the summation is
over all the active gradients. To simplify notation, we label the skills as I = {0, ..., k}
and J = {0,...,1}. Notice first that (8;) and (¢;) appear only in the flow constraints:

oy T,
\4 B B2 B3 . Bk N
Y, Mg
Vflow) | —f°(5) 0 0 0 0 —Z0 Y jeq YiMoj
Vilow? | fP(B1) | —f*(Ba) 0 0 0 —T1) ey Yimy
V flows 0 f2(B2) | —f"(Bs) 0 0 —T2 ) ey Yy
V flow;,_, 0 0 0 FPBea) | —f2(Br) | —tr1 D ey Yima—1j
V flow? 0 0 0 0 12(Be) —T D ey Yk
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Since f3; only shows up in up in flow?, flow? , it must be that

b
0= Z Qn ggn = Z Q; agl;wi = f(Bi)ay — f(Bir)cvirsq for all &
n v er v

Thus, there is an « such that a; = o for all the coefficients of the constraints V flow?.

Similarly, there is a x so that a; = x for all the coefficients of the constraints V flows.

Furthermore, N only shows up in the flow constraints, so it must be that
—a Y w Y = x Yy ) wimi =0
i j j i

which implies x = —a (notice that >, x; Y ;y;mi; = 1/N). Therefore, there is

exactly one linear dependency

Zainlowf + Zaijlowj- =« <Z V flow? — ZVflowj) =0
J ( J

Second, the coefficients on V(z; > 0) and VX are all zeros. The reason is that z;
appears in the flow constraints and the constraints z; > 0 and X = 0. By the previous
step, in any linear dependence, the flow constraints cancel each other out, so only the
constraints z; > 0 and X = 0 are relevant. . Therefore, if Y,V (z; > 0)+£(VX =0,
then 0 = figiz + fg—;i =& — ¢, and so & = € for all 7. If £ # 0, then it must be that
every inequality on x is active, so z; = 0 for every i, contradicting 0 = X =1-> ", x;,

which holds in any admissible tuple. The same argument applies to the y;. So
& =&=¢& =0foralli,j.

Third, the coefficients on the m,; constraints are zeros. The reason is that the vari-
able m;; appears only in the flow equations and the inequality constraints on m;;. The
flow constraints cancel each other out. For the m,;; constraints,
V(1 > m;; > 0) = (0,...0,£1,0...) and at most one of the m,;; constraints can
be active where the only non-zero element is in the m,;; coordinate and therefore

these gradients coefficients must be 0. O]
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Propsition 1. The welfare function VW s continuous, strictly decreasing, and convex

in c. Moreover, the population size N is weakly decreasing in c.

Proof. Consider the economies I'. = (F°, F* I,.J,C® C*, G, c) indexed by their search
cost ¢ and denote its constrained efficient welfare as V... Denote an optimal allocation
as x. with associated population N, (there may be multiple optimal allocations).
Notice that by an imitation argument, W, > W. + 2N (¢')(¢’ — ¢) because the planner
could implement z. when faced with the economy x.. This implies that welfare is
decreasing in ¢, as expected. Reversing ¢ and ¢ gives 2N(¢)(¢' — ¢) + Wy > W..
Taking ¢ > c¢. this implies that W, —W.| < 2N(c)(¢’ — ¢). That is, when N(c)
is unique, it is the case that ag(\:zc = —2N(c) and otherwise the left-derivative is
sup —2N(c) and the right-derivative is inf —2N (¢). To see convexity of W,, it suffices
to demonstrate that N is increasing in ¢. Take ¢ > ¢. Since W, > W.+2N () (d —c¢),
and similarly W, > W, + 2N(c)(c — ). Adding these two equations together gives

0> 2(N(d) — N(c))(¢ — ¢) and therefore N(c) > N(c'). O

8.2 Omitted Proofs for Section 5

Assortative Matching

Theorem 2. In equilibrium, there is PAM whenever G is supermodular, NAM when-

ever G is submodular, and All Skills Match whenever G is separable.

Proof. Demonstrating PAM requires demonstrating two components, that the bounds
of the matching set are weakly increasing and that the matching set is convex.
Throughout, we will use the following key fact: if G is supermodular, then so are

the surpluses [s;;].

Increasing Upper Bounds: Fix two buyer skills 75 > ¢;. Suppose that m;, < m;,.
Denote these as jo» = my;, and j; = m;,. By Efficient Matching, it must be that
Siyi = 0> 54,5, By supermodularity, then it must be that for every j < j; it is the

case that s;; > s;,;. This violates the Constant Surplus equations because

2e= Y Yising < ) YiSug S ) Yy = 2

JEM;, JEM;, JEM;,
The case for lower bounds and for submodular GG are analogous.
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Convexity: Suppose not. That is, there is a buyer ¢ and sellers j; < 7 < 75 such
that m;; < 1, and m;;,, m;;, > 0. Then, it must be the case that seller j has a strictly

positive surplus with a lower buyer and that buyer is present with non-zero measure.

2c = insjj < insjh < 2c

P> P>

Otherwise

with the inequality being due to the fact that s;j, > s;; 4+ sij, > Sij, + Sivj > s34, for
every i’ > i due to the supermodularity of s. Therefore, there is some i’ < 7 such that
xzy > 0 and sy; > 0.
An analgous argument demonstrates that there is:
1. A higher buyer i’ > i such that x; > 0 and s;;; > 0.
2. A lower seller j < j such that y;; > 0 and s;; > 0.
3. A higher seller j* > j such that y;; > 0 and s;; > 0.
Let j = arg maxj<; s;5 and likewise j = argmax;i>; s;i. Similarly, let i = arg max;<; si;

and likewise i = arg max;>; Sy;. oee below for an illustration of the matching matrix.

i1 5 .73
i 1
1 1 mij<1 1
i 1

Define y = y;, y = > yy and § = >, yyr. Similarly, v = 2, 2 = 37, 2w,
and T =), xy. Notice that T, z, Y,y > 0 as shown above.
By the supermodularity of s, for any ' > i, it is the case that s,5 + si; > sij + 55

and since s;; < 0, it follows that s,; > sy; + s;7. Thus,

2c > Z TS5 > Z%"(Si/j +8;7) = (Z a:i/si/j> + (v +7T)s;5 (13)

>4 >4 >4

The strict inequality use the fact that x;; > 0 for some i’ > i.
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Next, notice that s;; > s;; for all 7/ < i. Therefore,

ISij = E QZ'Z'/SU'E E Ty Sitj

i< i<

Adding equations (13) and (14) gives

And therefore,

2c+ s > Z.TZ'ISZ'/J' + (z+7)

v

xsi; > (T +7T)s;5

Similarly, it can be observed that:

Sz > Sij + s3; for all j > J'

sirj > sirj + 545 for all j <

Repeating the same arguments as above:

(14)

As shown earlier, all of the surpluses, sy, s;;, 55, 5;; are positive. Taking the

product of the above four inequalities and dividing by the surpluses yields:

which is a contradiction due to the strict inequality.

zTyy > (2 +2)(T+2)(y +y) (¥ +y)

Separability Implies All Skills Match: By Lemma 2, it is the case that for

any two sellers, wj

- Wi = g5~ Y5

Therefore, the surplus function is constant

Sijy = i + 9y —v; —wjr = g; + g; — v; — w; and by the Constant Surplus equations,

it must be that s;; = 2¢ for all 7, j. So, every pair of agents accept their match.

o1
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Proofs for Subsection 5.3 (Marriage Market)

Proposition 3. If G is supermodular, every equilibrium is symmetric, that is, v =y
and Av = Aw and M = M7T.

Proof. Recall that x = x; and y = y;. The case where x or y is non-interior is trivial.
For example, suppose z = 1, that is, all buyers invest. Then, by Lemma 2, it is the
case that Aw = g11 — g10 and g11 — g10 = Av > g0 — goo- S0, the sellers have a
weakly greater incentive to invest than buyers and it must be that all sellers invest
y = 1. Thus, again by Lemma 2, Av = g1 — g10 = Aw. Finally, 2¢ = g11 —v; —w; =
g10 — V1 — Wo = o1 — Vo — W1 = o1 — g11 + g10 — Vo — Wo < Joo — Vo — wo wWhere the
last inequality is by supermodularity, so all agents match and M is symmetric. The
cases where z = 0,y = 1, or y = 0 are analogous.

For the interior case, let s;;- = max {0, g;; —v; —w;}. The Constant Surplus
equations are

ysii + (1 —y)sfy = 2¢

ysg1 + (1 —y)sgy = 2¢
rsf, + (1 —x)sd; = 2¢
rsiy + (1 —z)sgy = 2¢
M = MT: Suppose not and WLOG that miy > mg. By Efficient Matching,
v+ wo < g10 = go1 < vy + w; = Av < Aw. By the Inflow=0Outflow equations,

F(Aw) = Ny(myz +moi1(1 —x)) > Nx(mpy + mio(l — y)) = F(Av)

= ymn(l —x) >azmp(l—y) =y >z (15)

However, since mqg; < 1, by Efficient Matching, si; = 0, and two of the Constant
Surplus equations are,
ysiy + (1 —y)sfy = 2¢
rsf, = 2c
which implies that x > y, a contradiction.

xr = y: Suppose Sig > So1. Then, gi9 — v1 — wy > go1 — Vo — w1 which implies
Aw > Av. By Equation (15), it must be that y > z. But, then the two Constant
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Surplus equations are:

ysii + (1 —y)sfy = 2¢

rsf, + (1 —x)sd; = 2¢

By Lemma 2, s;; > sjo. This is a contradiction because ysj; + (1 — y)s{, >

rsf; + (1 — x)sd; as the left hand side is a convex combination of larger numbers
which puts higher weight on the largest number.

Av = Aw: Since M = M7Tand z = vy, the outflow of skilled buyers equals the
outflow of skilled sellers and therefore their inflows must also be the same F(Av) =
F(Aw). Since F' has non-zero density, Av = Aw. O

Proposition 4. If G is submodular and F is centered, then for sufficiently small
¢, there is a unique equilibrium: it is symmetric and satisfies v =y = 1/2, N = 2,
Av = Aw, and M = MNAM

The proof relies on the following two Lemmas.
Lemma 5. In any two-skill economy, every equilibrium has N < 2.

Proof. G can be separable, submodular, or supermodular. When G is separable, we
have already proven that N = 1. We now show the submodular case (the supermod-
ular case follows a similar argument).

From Theorem 2, in any equilibrium, m;y = mg; = 1. Thus, 3 types of matching
matrices can occur.
All 1’s, M = [1 }]: The total outflow of buyers is 1 = N(z + (1 —x)) = N.

Three 1’'s, WLOG M = [}, ] where my; < 1: The skilled buyer and unskilled
seller Constant Surplus equations are (1 — y)s19 = 2¢ = xs19 + (1 — 2)s09. Therefore,
1 —y > z. The outflow of unskilled buyers is N(1 — z) < 1 and unskilled sellers is
N(1 —y) <1. Summing these 2 > N(1 -2+ (1 —y)) > N(1 —x +x) = N. This

argument can be repeated for any other matching matrix with exactly three 1’s.

Two 1’s, WLOG M = [mfo mll 1} where mgp, m1; < 1: The skilled buyer and
unskilled seller Constant Surplus equations are, (1 — y)sjp = 2c = xs1p = 1 —y = x.
The total outflow of buyers is 1 = N(xymy;+x(1—y)+(1—2)y+(1—2)(1—y)me) >
N(a(l = y) + (1 - 2)y) = N(z2+ (1 - 2)?) = N/2

O
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Lemma 6. If F' has a large support, there exists 6 > 0 such that for any c the

equilibrium state is uniformly bounded: 1 — 6 > x,y > 9.

Proof. By Lemma 2, Av, Aw are bounded by the marginal productivities, g11 — g1o
and g10 — goo- Therefore, the inflow of skilled buyers is between F(g1; — g19) and
F(g10 — goo). Since F has large support, the inflows are uniformly bounded, and by
the Inflow=Outflow equations and the fact that N < 2, the stocks are uniformly
bounded as well. O]

Proof of Proposition 4:

Proof.
Step 1: Show that M = MN4M by using Lemma 5.

By Lemma 6, the state x, y are uniformly bounded away from [0, 1]. That is, there
exists some 0 > 0 such that § < x,y < 1 — 9. From Theorem 2, in any equilibrium,

myg = mo1 = 1. Therefore, the Constant Surplus equations are:

2c
8102910—U1—w0<7
2c
801:901—Uo—w1<3

As g is submodular, we can take a ¢ small enough so that 2¢/§ < —Ag/2. Therefore,
v + Wy + vg + wo > g0 + go1 + Ag = g11 + goo it must be that at least one of soy or
s11 is negative. Let us assume that s;; < 0 and sg9 > 0, then my; = 0 and the CS

equations are

(1 —y)sio = 2c
yso1 + (1 — y)se0 = 2c
(1 —x)sg = 2c
xs10 + (1 — x)sgp = 2¢

implying marginal values, Aw = g190 — goo — Of{ffﬁ and Av = g10 — goo — %
Since = and y are bounded away from 1 and F'is centered, F'(g10— goo) > 1/2, then for

c sufficiently small, p = F(Av) > 1/2 and ¢ = F(Aw) > 1/2. The Inflow=Outflow
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equations are:

z(l —y) _
(1 —y)+ (1 —z)y+ (1 —2)(1—y)mo

(1-2)y B
(1 —y)+ (1 —2)y+ (1 —2)(1 - y)me

imply p 4+ ¢ < 1, a contradiction.

If 531 > 0 and sgg < 0, then mgy = 0, and we apply the same argument,
(1 —y)si0+ysu =2c

Yso1 = 2¢
(1 —x)so1 + 811 = 2¢

TS0 = 2cC

2ellz) 2(1-y)
xy

Implying the marginal values, Aw = g11 — g1+ == and Av = g11 — go1 +
Since F is centers, p = F(Av) < 1/2 and ¢ = (Aw) < 1/2, for sufficiently small c.

The Inflow=0Outflow equations are:

(1 —2)y .
xym11+x(l—y)+(1—x)y_1 b

(1—y _1y
zymu + (1 —y) + (1 —2)y

implying that p + ¢ > 1, a contradiction.
Therefore, it must be that s;; < 0 and sgg < 0. Therefore, by Efficient Matching,

it is the case that mgy = mq1 = 0.

Step 2: Show that © = 1 — y and the fundamental equation (16) both hold.
Since mq; = mog = 0 and mg; = myg = 1, two of the constant Surplus equations
are (1 —y)s10 = 2¢ = xsyp and thus 1 — y = x. Therefore, the Constant Surplus

equations reduce to

z(gr0 — v1 — wp) = 2¢

(1 — l')(gol — Vg — wl) = 2¢c
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Dividing and taking the difference gives Av—Aw = 2% — % The Inflow=0Outflow

1—x

equations require that F'(Av) = Nz(1 — y), F(Aw) = N(1 — z)y, and 1 = Nz(1 —

y)+ N(1—2x)y, which together with x = 1—y yields F(Av) = a:2+(x+x)2 and F(Aw) =
(1-2)?

RN ra The two conditions on the difference between the marginal values imply,

(ost) )

Step 3: Show that there is a unique solution to Equation (16).
The value x = 1/2 solves Equation (16). To see that there is no other, we take the

derivatives of both sides of 16 and show that they are ranked for csmall enough:

2z(1 — x) 2z(1 — x) 1 1
2 2)2 -1 T3 2)2 —1 >2c| 5+ 2
(2> + (1 —2)?)2f(F'(2) (22 + (1 =) f(F(1-2)) 22 (1—-x)
where z = ﬁ To see the ranking, since x is uniformly bounded, there is some

e so that the LHS is strictly greater than e for all € [§,1 — §] and then there is some
¢ small enough so that the RHS is less than e for all x € [0,1 — d]. Recall that in

every equilibrium, x € [0, 1 — §] and therefore, there is at most one equilibrium.

Step 4: x =y =1/2, N =2, M = MV Mand Av = Aw = p is an equilibrium.
From the Second Welfare Theorem, we know that an equilibrium exists, and since

there is a unique equilibrium candidate (from the conditions above), we know that it

is indeed an equilibrium. In particular, it is straightforward to verify that the above

variables with the following values constitute an equilibrium: v;, = w;, = w

gro—4c+med F ) D

and vy = wy = 5

Lemma 3. For c sufficiently large, in every equilibrium M = M4,

Proof. WLOG suppose g¢;; > 0, Vi, j. Define g = max g;; and let ¢ = 2g. The buyers’
Constant Surplus equations are » ; yjs;; = 2¢ > 4g. Thus, for each i there is some
j such that 4g < sj; = gij — v; — wj. Therefore, v; + w; < —2g. By Lemma (2), for
any other j', it is the case that wj —w; < max; g;jy — g;; < g. Thus, for any other j’,
v+ wy =v+w; + (wy —w;) <v;i+wj+9<—-2g+79 <0< gy So, by Efficient
Matching, all agents match with probability 1. O
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Proposition 5. If G is submodular and |Ag| f(5Y™) > 1, then for sufficiently large

¢, the efficient equilibrium is asymmetric.

Proof.
Step 1. Lemma 3 shows that for large ¢, in every equilibrium All Skills match.

Step 2. The efficient equilibrium is asymmetric.
If all skills match and the buyer/seller investment thresholds are (31, 0y, then social

welfare is

b1 o1
W = zygu+z(1-y)gio+(1-2)ygo1 +(1—y) (1—2) goo— i Bf(ﬁ)dﬁ—/o of(o)do—2c

where x = F(f;) and y = F(oy). We will show if f(8°™)|Ag| > 1, then the solution
is not symmetric.

FOC:

(B1) (g1 + (1 = y)g10 — ygor — (1 = y)go0) — B1f(B1) =0

(01) (xg11 — xg10 + (1 — x)go1 — (1 — z)goo) — o1f(01) =0

Implying, 81 =y (911 - 901) + (1 - y) (910 - 900) and 07 = @ (911 - 910) + (1 -
T) (901 - 900)-

SOC:
We,s, = f'(B1) (y (911 — go1) + (1 — ) (910 — goo)) — f(B1) — BLf'(Br) = —f(Br)
Woi6, = f/(<71) (IU (911 - 910) + (1 - x) (901 - goo)) - f(01) - Ulfl(al) = _f(Ul)

Wﬁlm = f(ﬁl)f(a—l) (Ag)

If (B1,01) satisfy the FOC, then it is a saddle point whenever

W5, Woror — (Waior)? = F(B1) f(01) — (F(B1) f(01))? (Ag)* < 0

or in other words, when

f(ﬁl)f(al) (AQ)Q > 1

Therefore, the symmetric solution is a saddle point if f(8%%™)|Ag| > 1, which com-
pletes the proof. n
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Proposition 6. Let G be supermodular. For sufficiently small c, every equilibrium

satisfies the following conditions: M = MPAM  x =y, N = m, and
in flow out flow
Y 7 2
gn € goo c o
FlAv)=F(———— | *& — = 17
(Av) (2 z (2 1—:,;)) 22+ (1 — 2)2 (17)

Furthermore, these conditions are also sufficient: if z satisfies them, then there are

values (v;), (w;) such that (z, MPAM (v;), (w;)) is an equilibrium.

Proof.
Step 1: We show that if ¢ is sufficiently small, M = MP4M_ From Theorem 2, we
know that mq; = mgy = 1.

By Lemma 6, the state is uniformly bounded, 1 — 6 > x > § > 0. The Constant

Surplus equations are:

2c
zsy + (1 —x)sfy =2c = s, < —
2c
—x

(1 — )sp0 + T8¢, = 2¢ = sp0 <
Therefore, for all ¢ < ¢ =0 x |Ag|/2,

2c
811:911—U1—w1<F<A9/2

2c

500 = Goo — Vo — Wy < 5 < Ag/2.

Summing these two inequalities, v1 + w4+ vo + w1 > g11+ goo — Ag = 2¢19. Therefore,
it must be that either s19 = g10 — vy — wy < 0 or 591 = go1 — Vo — wy < 0, so at least
one of myg, mg; equals 0. From Proposition 3, we know that mg; = myg, so it must
be that mig = mg; = 0.

Step 2: We derive necessary and sufficient conditions for the PAM equilibrium.

Since m1g = mg; = 0, the Constant Surplus equations imply ys;; = 2¢ = xs11,
2c

1-z
22 ). Furthermore, to maintain a steady

and thus x = y. These equations reduce to s1; = % and sgg = Subtracting

implies that Aw + Av = g1 — %C _ (900 _

state, skilled buyers and skilled sellers must enter at the same rate (because skilled
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buyers and sellers exit at the same rate), and so Aw = Ay = 4L — £ — (&0 _ _c )
The Inflow=Outflow equations require that F(Av) = Nz? and 1 = Na? + N(

which together impose a further restriction

—_
|
=
~—
[\

inflow out flow
7 N 2 N
g11 c oo c z
FlAvy=rF (2L -2 (20 _ S E— 18
(Av) (2 x <2 1—x>) 224+ (1 —x)? (18)

The Efficient Matching condition is:?3
Agr(l—z)—2c¢>0 (19)

which holds if ¢ is sufficiently small (in particular, if ¢ < Agd(1 — §)/2).
Step 3: The conditions are sufficient. Given an z satisfying conditions (18) and

csufficiently small, it is straightforward to verify that v; = w; = &t — £, vy = wy =

20 — < and M = MP4M are an equilibrium. O

Proposition 7. For sufficiently large c, every equilibrium satisfies the following
conditions: M = MA" N =1, and

r=F(Av) = F (y(g911 — g10) + (1 = y)(go1 — goo)) (20)
y=F(Aw) = F(x(g11 — go1) + (1 — 2)(g910 — goo0)) (21)

Furthermore, these conditions are also sufficient: if x,y satisfies (20) and (21), then

there are values such that (z, MA" v, w) is an equilibrium.

Proof.
Step 1: By Lemma 3, for ¢ sufficiently large, All Skills Match, M = M4,
Step 2: The above conditions are necessary. If all skills match, then Lemma 2 implies

that the marginal values equal the marginal productivity,

v = F(Av) = F (y(g911 — g10) + (1 = ¥)(go1 — Go0)) (22)
y = F(Aw) = F (2(g11 — go1) + (1 — 2)(910 — goo))

23To explain, since Av = Aw, it follows that v, +wg = vg +wy. Thus, v1 +we > gio < Vo +wy >
g10 & v1 + wo + vg + w1 > 2g19. Substituting in the Constant Surplus equations, we get condition
(19).
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To satisfy the Efficient Matching conditions, the Constant Surplus equations imply

s11 20 <= —Ag(1—2)(1—-y) <2c (23)
son >0 <= Agz(l —y) <2

s10 >0 <= Ag(l —2)y < 2c

So0 > 0 <= —Agxy < 2c

Sufficiency: Take z and y satisfying the above conditions, we set Av = F~!(z) and
Aw = F(y), y(gn —v1 —w1) + (1 = y)(g10 — v1 — wo) = 2¢, and wy = 0. L

8.3 Omitted Proofs for Section 6

Proofs of Corollaries 2 and 5:
Corollary 2. In a model with outside options, the constrained efficient outcome s
an equilibrium.

Corollary 5. The constrained efficient allocation is an equilibrium if and only if

B ouB,SY)/0B
- Brcb 4 S*c¢s p(B*,S*)/B*

where B*, S* are the constrained efficient stock.

Proof. To simplify, we focus on the case where the state is interior and the proof
repeats that argument with the appropriate modifications. The same could be done
for the boundary case as well. Recall that pu(B,S) is the number of meetings in
every period. The original planner’s problem 5 is modified because the agents have
an outside option and there is a general meeting function, and so the measure of
buyers B need not equal the measure of sellers S. The planner now chooses the state

= (B, S, (x;), (y;)) instead of z = (N, (z;), (y;)), the investment thresholds, and the

matching rule to maximize

_M(Bas)zzxiyjmijgij —5¢ — Z/ (8)ds

icl jeJ icl Y Bi+1

_Z/a C*(j,o )da+/ﬂ:0u”f”(5)d5+/ao u*f*(o)do

]EJ J+1
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subject to the steady state conditions,

Bi
flow; = (BB — zi(B, S) Zyjmij =0,Vi

Bit+1 jeJ
flow; = [ f*(0)do —y;u(B,S) Y ximy; = 0,j
95+1 i€l
B,S >0
X=1- Zx =0
el
Y=1-) y=0
JjeJ

1>my >0,Y,
Fb(ﬁm) = FS(UIJl) =0

Notice that taking weighted sums of the flow conditions implies that F*(5y) = F*(0y).
The planner’s problem is modified in three ways: i) agents can take an outside option
which is included in the objective function and the conditions F'(fy) = 1 and F(oy) =
1 are removed; ii) the measure of buyers B and sellers S may differ and since we
assumed that the are gains to trade, the conditions B, S > 0 will not bind at the
efficient solution; iii) the Inflow=Outflow equations are modified because the outflow

of buyers and sellers is

(Bu;) (@) > ymi; = wp(B,S) Y yymi, Vi

jeJ jeJ
B, S .
el el

The KKT conditions regularity conditions continue to hold, by the same arguments

as in Theorem 1 (because the linear dependencies of the gradients do not change).
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The Lagrangian is

B S szzy]mz]gm BC — Sc — Z/ﬁ 6
—Z/ c(j,0)f*(o da+/ bf”(ﬁ)d/ﬂ/ u' f*(0)do

+Zvlﬂowz + Zw]ﬂOwj + Z oir; + Z@b]y] + X + Y

i€l jeJ
+ZZ Migmij =+ T (1 — mij))
el jeJ
FOC(B): (Ou/0B) (Zleyjmw Gij — U — W )) —ct=0
el jed
b
= Zzwly]mzjslj = alu/aB
i€l jeJ
FOC(a): 10 yymujgiy — vip Y yymag — Y wiyimi; —y — ¢ =0
JjeJ JjeJ JjeJ
S yimigsi; = v+ o
700y T
JjeJ K

and x;¢; = 0.
Thus substituting FOC(z;) into FOC(B), the second into the first, we get & =

au/aB (because )., x; = 1 and x;¢; = 0). Thus

c’ b
ZmeUSZJ a /aB +

and if ¢; = 0, then

b
c
> yimisij = = (24)
y ou/o0B
We now do the same for the sellers.
CS
FOC(S): > s = s

Jj€J el
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FOC(yj;): Y imigy — wip Y xmi — Y vgwimig — 1 — ;=0
I I I

A+
inmijsij =
7 K

and ¥;y; = 0. Thus,

S

S emits = g7 (25)

Decentralizing the optimal allocation: we show that the shadow values v;, w;
together with the matching matrix M and state z constitute an equilibrium, provided
that the bargaining weight is @ = 2428 To see why, substitute ou/0B = a(u/B)

n/B
into condition (24)

Cb .
D yimisi; = o (u/B)’ Vi

jed

which is the Constant Surplus equation for skill 7.

For sellers, since p is homogeneous of degree 1,24 8Z ;gs =1 % ;%B, and thus,
l—a= az ;gs‘ Substituting into equation (25) gives the sellers’ Constant Surplus
equations:

S

Zx MijSi; = C—av.]
(1 —a)(n/9)

icl
The FOC(fy) condition is precisely the equilibrium entry condition, voy—C(0, 5y) =
u’, and so the shadow value vy and threshold 3, satisfy the equilibrium entry con-
dition. Likewise, the seller’s entry condition holds as well. The proofs that the
Efficient Matching conditions and individual optimal investments hold are the same
as in Theorem 1.
Furthermore, by FOC(B) and FOC(S), we have that ¢* (0u/0B) = c* (0u/05S).
By homogeneity of degree 1,

B (0u/0B) + S(0u/0S) = = " [B(0u/0B) + S(0u/dS)] =

Substituting in gives:

ou/0B e
~ Beb + Ses

2Homogeneity of degree 1 implies B (Ou/dB) + S(0p/dS) = u <= (0u/0B)/(u/B) +
(011/08)/ (1/5) = 1.

" (Ou/OB) + Sc* (0p)OB) = *u =
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ou/0B Bcb

B = Boise and so the seller’s

Therefore, the buyers’ bargaining weight a =

Sc®
Bcb+Ses*

< Recall that, in an equilibrium, the Constant Surplus equations imply Equation

bargaining weight is 1 — a =

(12) g =2 . % Therefore, if the constrained efficient solution is an equilibrium, it

e
must be that Z—Z = % and therefore, it must be that o = —Bch—il,)S’cs' O

Corollary 4. For any bargaining weight o, and search costs ¢® and c*, an equilib-
rium exists. Moreover, in every equilibrium, there is PAM (NAM) whenever G is

supermodular (submodular).

Proof. Assume WLOG that = - i—z > 1. We set ¢ =

problem:

—Q(fia) and define the auxiliary

g

Bi J
W=NY > wymigy —2Ne=> | C°0,8)f"(B)ds - C*(j,0)f*(o)do

icl jeJ iel v Bit1 jeJ Y oit
Bi
subject to flow; = fo(B)dp — miNZyjmij =0,Vi
61'—0—1 ]eJ
flO'U}]' = fs(O')dO' — yJNlemU = O,V_]
9j+1 iel
N >0
y; = 0,V
X=1-) ;=0
i€l
Y=1-) =0
jed

1>m;; >0,Vi,5
F*'(B1) = F*(o15) =0

The above problem has a solution. Let v; and w; denote the shadow values of
the flow constraints, 2* = (N*, (z}), (yj)) denote the optimal state variable, and M*
denotes the optimal matching matrix. Set S = N* and B = N* (ﬁ . Z—Z), and

z = (B,S, (z¥), (y7)). We argue that (2, M*, (v;), (w;)) constitutes an equilibrium.
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Notice that the steady state flow equations hold by construction. The Constant

Surplus equations are

B
my;si = ————— Yi 26
;yﬂn]sa amin(B, 9) ¢ (26)
E TiMijSij = ¢ S ,VJ
= (1 — a)min(B,S)

Notice that once we set S = N* and B = N* (ﬁ . Z—Z), then these equations are
the FOC of the above auxiliary problem (see proof of Theorem 1). In addition, the
Efficient Matching conditions and optimal investment conditions are both implied by
the FOC. Therefore, an equilibrium exists.

For assortative matching, the proof of Theorem 2 applies in this case as well. The
reason is that the proof uses the Constant Surplus equations of only one side of the
market at a time, and thus the same argument holds even when buyers and sellers

have different search costs, measures, and bargaining power. O

8.4 Omitted Proofs for Section 3

Claim 1. The NAM allocation is an equilibrium if and only if ¢ < 1/s. The All Skills
Match allocation is an equilibrium if and only if ¢ > 1/8. The Social Norm allocation

is an equilibrium if and only if [ < 1.

Proof.

All Skills Match: By Lemma 2, in any all skills match equilibrium, it must be that
Av =2 —y and Aw = 2 — z. The Inflow=Outflow equations require that N = 1,
x=F(Av) = F(2—y) and y = F(Aw) = F(2 — x). Given that F' is uniform with
mean g = 1.5, the only interior solutions are x = y = /2 and Av = Aw = 3/2.
Values which satisfy the Constant Surplus equations are: v; = w; = 17/8 — ¢ and
vo = wy = 5/8 — ¢. Such values constitute an equilibrium if and only if the Efficient
Matching conditions are satisfied. That is, there is an All Skills Match equilibrium if
and only if v; +w; = 17/4 — 2¢ < 4 and vy + wy = 3/4 — 2¢ < 1 which holds if and only
if ¢ < 1/8 (the constraints v; + wy < 3 always hold).

Every set of values which satisfies the Constant Surplus equations has that v; +
wy = 17/4—2c. Therefore, if ¢ > 1/8, then the Efficient Matching condition is violated
and there is no All Skills Match equilibrium.
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NAM: If ¢ < 1/8, the values v; = w; = HTH — 2c and vy = wy = 377“ — 2¢ support
the NAM allocation as an equilibrium. That is, the tuple (z, MN4M o w) where
the state * = y = 1/2 and N = 2, and matching MV4M =[0 1] is an equilibrium:
Inflow=Outflow: The marginal values are Av = Aw = i , and so every type below
the median invests. The inflow of skill (unskilled) buyers is 1/2 which equals the
outflow, and the same for the sellers.

The Constant Surplus equations hold: %(3 — v —Wp) = %(3 —wy — vg) = 2¢,

Efficient Matching conditions hold: since p = 3/2 as long as ¢ < %,

vo+wy=3—p—4c>1=gg
U1—|—U}1:3+,LL—4C>4:Q11

v+ wy = vy +wy =3 —4c < 3= gio = gor1-

If ¢ > 1/8, then any set of values that satisfies the Constant Surplus equations with
mi = Mmoo < 1, must have 3 —v; —wg =3 —w; —vg =4¢c = v +wy + wy + vy =
g10 + go1 — 8¢ = 6 — 8c. However, the RHS< 5 when ¢ > 1/8, and therefore either
v +w; < 4 = g11 (and skilled agents match) or vy + wg < 1 = ggo (and unskilled

agents match).

Social Norm: By Lemma 2, in equilibrium, the marginal values 1 < Av < 2 and
1 < Aw < 2. Therefore, if the support is large [ > 1, the Social Norm allocation is
not an equilibrium because a positive measure of agents on each side become skilled
and unskilled. Conversely, if the support is small [ < 1, the NAM equilibrium exists,
a supporting set of values is v; =2.5—¢, vg =0.5—¢, w; = 1.5 —cand wyg = 0.5 —c.

The buyer with the highest cost wants to invest because her cost f < 2 = Av and
the seller with the lowest cost does not want to invest because her cost ¢ > Aw = 1.
The market clears every period, and so inflow equals outflow.

The Constant Surplus equations are satisfied: g¢;0 — v; — wg = 2¢, Vi and
g1j — v1 —wj = 2¢, V.

The Efficient Matching conditions hold: v; + w; < g;; Vi, j, because all pairs

(including unchosen skills) generate positive surplus. O
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